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Preface 


The text material evolved out of teaching a course on quality and reliability in an 
undergraduate program in mechanical engineering. This is a required course in the 
second semester of our junior year. I have taught the course every year for the past 
ten years. I received positive feedback from the students who took the course and 
from the managers in industry who employed them. These positive interactions pro- 
vided the motivation to develop the course material into a book. This book is a cul- 
mination of more than forty years of my experience as a design and manufacturing 
engineer, teacher, researcher, and consultant. 

The underlying philosophy of the book is that a quality product results from the 
specification of quality at the design stage; measurement, monitoring, and control of 
quality at the production stage; and quality performance at the final stage. A course 
on quality and reliability covering all three aspects is needed in every mechanical 
engineering or manufacturing engineering program. Practicing engineers in design, 
manufacturing, and quality engineering need to have this material handy in one 
place. Industrial engineering students also need an exposure to quality specification. 
There are many excellent books on each of the three areas, but books integrating 
the three areas are not available. 

This book is intended as a textbook for an upper-level course in mechanical 
engineering, manufacturing engineering, and industrial engineering programs. The 
book can be used as a reference book for upper-level capstone design courses, and 
also as a learning resource for practicing engineers. Each chapter introduces the 
underlying concepts and attempts to explain the origin of some of the data in the 
tables. As an example, the estimation of the standard deviation in terms of the sam- 
ple range used in various process control charts is shown to come from order statis- 
tics. These and other relationships have been implemented in generating the tables 
available in the Appendix. The corresponding tables provided on the CD included 
with this book have active formulas. 
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xii Preface 


Complete computer programs that implement and parallel the theory have been 
provided. These programs are in Microsoft Excel and are available on the CD 
included with the book. Several full-fledged programs have spreadsheet simplic- 
ity. Pressing Alt+F11 will show the modules and functions that have been devel- 
oped. Several programs have interactive features using the spin buttons in Microsoft 
Excel. All tables given in the Appendix are available on the CD in the form of 
spreadsheets or programs. 

The book is organized as follows: Chapter 1 gives definitions of quality and reli- 
ability providing a brief historical development. Quality philosophies are presented. 
Chapter 2 develops the concept of preferred numbers before introducing the inter- 
national tolerance system. The relationship of manufacturing processes and toler- 
ances is presented. Tolerance selection and tolerance allocation decisions are also 
discussed. Chapter 3 gives an overview of geometric dimensioning and tolerancing. 
Tolerances of form, profile, orientation, location, and runout are discussed. Evalua- 
tion aspects of form tolerances - straightness, flatness, circularity, and cylindricity - 
are discussed, and several computer programs are included. 

Chapters 4, 5, and 6 provide the key concepts of probability and statistics, sam- 
pling concepts, and data presentation tools. Chapter 7 introduces the concepts of 
order statistics and other preliminaries and goes on to present various control charts 
for variables and attributes. Operating characteristic curves are given for both vari- 
ables and attributes. Chapter 8 discusses process capability, measurement system 
analysis, error propagation, and tolerance intervals. Chapter 9 presents acceptance 
sampling for attributes and variables. Interactive programs are provided for the 
design of sampling plans for both attributes and variables. 

Chapter 10 gives concepts of experimental design. Completely randomized 
single-factor experiments, randomized block experiments, two-factor factorial 
experiments, and 2* factorial experiments are discussed. Chapter 11 introduces reli- 
ability concepts, and various failure distributions are presented. The evaluation of 
system reliability of series and parallel systems, K-of-N systems, and standby sys- 
tems are discussed. Chapter 12 discusses parameter estimation aspects for Weibull 
and lognormal distributions and sampling procedures for reliability life testing. 

Programs in mechanical engineering and manufacturing engineering are 
expected to cover all chapters. Chapter 6 may be covered through some discussion 
followed by assignments. Some topics in Chapters 7, 8, 9, and 12 may be left as read- 
ing material. A course on quality improvement in industrial engineering programs 
may use Chapter 2 as optional reading material and skip Chapter 3. Needed mate- 
rial from Chapters 4 and 5 may be reviewed. Chapters 6, 7, 8, 9, and 10 should be 
covered in their entirety. Chapters 11 and 12 may be used as needed. A first course 
on reliability may cover Chapters 1, 4, 5, 6, 10, 11, and 12, and other chapters may 
be used as needed. 
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Preface xiii 


Junior- or senior-level capstone design and project-based courses in mechanical 
and manufacturing engineering may use this book as a study reference, with students 
expected to study Chapters 1, 2, 3, 4, 5, 6, 10, and 11. Some testing aspects of Chap- 
ter 12 may also be used. 

Training programs in the areas of quality and reliability may use relevant chap- 
ters and programs for short courses. Practicing professionals should find the book 
useful for self-learning. 

The use of computer programs must be stressed; the included Excel programs 
should serve well for this purpose. I would like to get your feedback concerning 
the included software (you may contact me at Chandrupatla@rowan.edu). Use of 
software such as MINITAB and other commercial software is encouraged. 
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Quality Concepts 


1.1 Introduction 


Quality is perceived differently by different people. Yet, everyone understands what 
is meant by “quality.” In a manufactured product, the customer as a user recognizes 
the quality of fit, finish, appearance, function, and performance. The quality of ser- 
vice may be rated based on the degree of satisfaction by the customer receiving the 
service. The relevant dictionary meaning of quality is *the degree of excellence." 
However, this definition is relative in nature. The ultimate test in this evaluation 
process lies with the consumer. The customer's needs must be translated into mea- 
surable characteristics in a product or service. Once the specifications are developed, 
ways to measure and monitor the characteristics need to be found. This provides the 
basis for continuous improvement in the product or service. The ultimate aim is to 
ensure that the customer will be satisfied to pay for the product or service. This 
should result in a reasonable profit for the producer or the service provider. The 
relationship with a customer is a lasting one. The reliability of a product plays an 


important role in developing this relationship. 


1.2 Quality and Reliability Defined 


There are many definitions of quality available in the literature. A definition 
attributed to quality guru Crosby states the following: 


Quality is conformance to requirements. 


The preceding definition assumes that the specifications and requirements have 
already been developed. The next thing to look for is conformance to these require- 
ments, Another frequently used definition comes from Juran: 


Quality is fitness for use. 


2 Quality Concepts 


This definition stresses the importance of the customer who will use the product. 
W. Edwards Deming defined quality as follows: 


Good quality means a predictable degree of uniformity and dependability 
with a quality standard suited to the customer. 


The underlying philosophy of all definitions is the same — consistency of confor- 
mance and performance, and keeping the customer in mind. 
Another definition that is widely accepted is 


Quality is the degree to which performance meets expectations. 


This definition provides a means to assess quality using a relative measure. 
We provide here the definition adopted by the American Society for Ouality 
(ASQ): 


Quality denotes an excellence in goods and services, especially to the 
degree they conform to requirements and satisfy customers. 


This definition assimilates the previous ones and is our definition of choice. 
Reliability implies dependability — reliability introduces the concept of failure 
and time to failure: 


Reliability is the probability that a system or component can perform its 
intended function for a specified interval under stated conditions. 


Quality and reliability go hand in hand. The customer expects a product of good 
quality that performs reliably. 


1.3 Historical Development 


The history of quality is as old as civilization. The Harappans of the ancient Indus 
Valley civilization (3000 Bc) achieved high precision in the measurement of length, 
mass, and time. The smallest division, which is marked on an ivory scale from 
Lothal, was approximately 1.704 millimeters, recorded in the Bronze Age. The 
dimensions of the pyramids, built around 2500 nc, show a high degree of accuracy. 
However, the use of tolerancing systems for the specification of quality and statis- 
tical principles to monitor quality are of recent origin. The quality movement may 
be traced back to medieval Europe. Craftsmen began organizing into unions called 
guilds in the late thirteenth century. Manufacturing in the industrialized world fol- 
lowed the craftsmanship model throughout the eighteenth century. The factory sys- 
tem, with its emphasis on product inspection, started in Great Britain in the mid- 
1750s and grew into the Industrial Revolution in the early nineteenth century. In 


1798 Eli Whitney introduced the concept of producing interchangeable parts to sim- 
plify assembly. 


1.4 Quality Philosophies ы 


Objective methods of measuring and ensuring dimensional consistency evolved 
in the mid-1800s with the introduction of £o gages. A go gage for a hole checks for its 
lower limit (maximum material condition). No-go gages, which are used to check the 
upper limit for a hole, were introduced much later. Frederick W. Taylor introduced 
the principles of scientific management around 1900 and emphasized the division 
of labor with a focus on productivity. There was a significant rise in productivity 
but it had a negative effect on quality. Henry Ford's moving automobile assembly 
line was introduced in 1913. This required that consistently good-quality parts were 
available so that the production assembly line would not be forced to slow down. In 
1924 Walter A. Shewhart introduced the basic ideas of the statistical process control 
chart, which signaled the beginning of the era of statistical quality control. By the 
mid-1930s, statistical quality control methods were widely used at Western Electric, 
a manufacturing arm of the Bell system. 

World War II brought increased recognition of quality in manufacturing indus- 
tries and military applications. The American Society for Quality Control was 
formed in 1946. (Eventually it shortened its name to ASQ in 1997.) A qual- 
ity revolution in Japan followed World War II: the Japanese began applying the 
lessons learned in producing military goods produced for export. Quality stalwarts 
W. Edwards Deming and Joseph M. Juran lectured extensively in Japan. As a 
result, the Japanese became leaders in quality by the 1970s. Japanese manufactur- 
ers began increasing their share in American markets, resulting in widespread eco- 
nomic effects in the United States. The U.S. response emphasized not only statistics 
but approaches that embraced the entire organization - a movement that became 
known as Total Quality Management. Several other quality initiatives followed. The 
ISO 9000 quality system standards were published in 1987. The Baldrige National 
Quality Program and the Malcolm Baldrige National Quality Award were estab- 
lished by the U.S. Congress in the same year. The quality philosophies that intro- 
duced the modern concepts of quality are presented in the next section. 


1.4 Quality Philosophies 


Several individuals made significant contributions to quality control and improve- 
ment. We take a closer look at the approach and philosophies of W. Edwards 
Deming, Joseph M. Juran, Philip B. Crosby, and Armand V. Feigenbaum. 


W. Edwards Deming 


W. Edwards Deming is perhaps the best-known quality expert in the world. He was 
instrumental in the post-war industrial revival of Japan. Subsequently his ideas were 
increasingly adopted in industry in the United States and other countries. Dem- 
ing received his electrical engineering degree from the University of Wyoming and 


» 


4 Quality Concepts 


his Ph.D. in mathematical physics. He worked for the Western Electric Company 
with Walter A. Shewhart, the developer of the control chart. Deming then worked 
with the U.S. Department of Agriculture and the U.S. Census Bureau. Starting in 
1950 he delivered a series of lectures to top management in Japan on statistical pro- 
cess control. Japanese industry adopted his methods which resulted in a significant 
improvement in quality. Deming firmly believed that quality is the responsibility of 
the management. The Deming philosophy is summarized in the following fourteen 
points,’ which were included in his monumental work Out of the Crisis. 

The fourteen points apply to both small and large organizations, to the service 
industry as well as to manufacturing. They also apply to a division within a company. 
The fourteen points are presented here. 

1. Create constancy of purpose for improvement of product and service. The 
point stresses the need for a mission statement which must be understood by all 
employees, suppliers, and customers. The strategic plan should look for the long- 
term payback. 

2. Adopt the new philosophy. Management must learn the responsibilities and 
take on leadership for change. Poor workmanship, defective products, or bad service 
are not acceptable. 

3. Cease dependence on mass inspection. Eliminate the need for inspection on a 
mass basis by building quality into the product in the first place. Statistical methods 
of quality control are more efficient. 

4. End the practice of awarding business on the basis of price tag alone. Instead, 
minimize the total cost. The aim in the purchase of new tools and other equipment 
should be to minimize the net cost per hour of operation or per piece produced. 
Move toward a single supplier for any one item, on a long-term relationship of loy- 
alty and trust. 

5. Improve constantly and forever the system of production and service. The 
improvement of product and service is an ongoing process. The Deming cycle 
involves the four-step process of plan, do, check, act. At the plan stage, the oppor- 
tunities for improvement are identified. The theory is tested on a small scale at the 
do stage, the results of the test are analyzed at the check stage, and the results are 
implemented in the act stage. 

6. Institute training. On-the-job training must be provided for all employees. 
Employees must be encouraged to implement the knowledge developed through 
training. 

7. Adopt and institute leadership. The aim of supervision should be to help 
people to do a better job using machines. Supervision must create an environment 
where the workers take leadership roles in accomplishing their work. 


i Deming, W. Edwards, Out of the Crisis, pp. 23-24, © 2000, Massachusetts Institute of Technology, 
by permission of the MIT Press, 
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8. Drive out fear. Management must create an environment where workers are 
encouraged to ask questions and make suggestions. A climate of innovation leads 
to progress. 

9. Break down barriers between departments. People in research, design, mate- 
rial procurement, sales, and production must work as a team. They must understand 
the requirements and specifications. Teamwork leads to improvements in quality 
and productivity. 

10. Eliminate slogans, exhortations, and targets for the work force. Exhortations 
such as asking for zero defects and new levels of productivity only create adversarial 
relationships. The bulk of the causes of low quality and low productivity belong to 
the system and thus lie beyond the power of the work force. 

11. Eliminate numerical quotas for the work force and eliminate numerical goals 
for people in management. Quotas lead to the deterioration of quality. Learn the 
capabilities of processes and methods to improve them. 

12. Remove barriers that rob people of pride of workmanship. Quality is 
achieved in the company when all employees are satisfied and motivated. Manage- 
ment must create an environment where the workers take pride in their job. 

13. Encourage education and self-improvement for everyone. Ап organization 
needs people that are improving with education. 

14. Take action to accomplish the transformation. The transformation is every- 


body's job. 


Joseph M. Juran 


Joseph M. Juran is the founder of the Juran Institute, which offers consulting and 
management training in quality. Juran obtained his degree in electrical engineer- 
ing from the University of Minnesota in 1924 and then worked with Shewhart at 
Western Electric. He worked with a team from Bell Laboratories in 1926 to set up 
the first statistical process control techniques for factories. He published his Quality 
Control Handbook in 1951. In 1954 he was invited to Japan, where he conducted 
training courses in quality management. Juran contributed to quality through his 
original ideas and the vast amount of literature he developed on quality. He defined 
quality as fitness for use. Juran proposed the quality trilogy: quality planning, quality 
control, and quality improvement to develop a universal thought process for qual- 
ity. Quality planning is the process for preparing to meet the company's goals. Both 
internal and external customers are identified and their needs are determined. Prod- 
ucts and services are developed to fulfill these needs. Ouality control is the process 
for meeting company goals during operations, and statistical process control tech- 
niques are the primary tools of control. Quality improvement is the process for 
breaking through to superior, unprecedented levels of performance. Juran stated 
categorically that waste must be identified and eliminated. Juran conceptualized the 
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Pareto principle, which helps in identifying the vital few out of the trivial many. This 
is commonly referred to as the 80-20 principle — 80% of the problems are created 


by 2096 of the causes. 


Philip B. Crosby 


Philip B. Crosby is a businessman and author who influenced quality improvement 
through his writings and lectures. He started the Crosby Associates, which provides 
consulting and training in quality management. In his book Quality 15 Free, Crosby 
provides a detailed quality management grid which provides various stages of man- 
agement understanding and attitude, quality organization status, problem handling, 
cost of quality in relation to sales, quality improvement actions, and company qual- 
ity posture. Crosby's response to the quality crisis was the principle of “doing it right 
the first time." He also included four major principles: (1) quality is “conformance 
to requirements," (2) the management system is prevention, (3) the performance 
standard is zero defects, and (4) the measurement system is the cost of nonconfor- 
mance. The concept of zero defects was ahead of its time. More recently the concept 
of zero defects has led to the creation and development of Six Sigma, pioneered by 
Motorola, which has since been adopted worldwide by many other organizations. 


Armand V. Feigenbaum 


Armand V. Feigenbaum is a pivotal figure in the history of quality. He received his 
Ph.D. from MIT. In 1951 he published his book Quality Control: Principles, Practice 
and Administration, which was later published under the title Total Quality Control 
in 1961. Feigenbaum broadened a discipline that had relied primarily on production 
employees to a new stage in which everyone in an organization participates in the 
process of quality improvement. His book influenced much of the early philosophy 
of quality management in Japan in the early 1950s. He proposed a three-step process 
for quality improvement: quality leadership, quality technology, and organizational 
commitment. Total quality control is an effective system for integrating the quality 
development, quality maintenance, and quality improvement efforts of the various 
groups in an organization, enabling production and service to operate at the most 
economical level to achieve full customer satisfaction. 

We have briefly described the philosophies of Deming, Juran, Crosby, and 
Feigenbaum. Each of them stressed the importance of quality and the pivotal role 
management must play in the implementation of quality improvement. 


1.5 Conclusion 


We have presented a brief description of quality history and the philosophies that 
influenced the quality movement. There are many others who contributed to quality 
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improvement. Readers are encouraged to study current trends such as the Six Sigma 
approach and ISO 9000 certification. Quality improvement is an ongoing process, 
and the implementation of quality principles is not limited to industry — these 
principles are for all businesses, offices, services, education, healthcare, and other 
organizations. 


Questions for Discussion 


1. The chapter discussed four quality gurus. Who are the other major contributors 
to quality improvement? 
. What is the Malcolm Baldridge National Quality Award? What are the criteria 
for this award? Which organizations are the past recipients? 
3. What is the underlying philosophy of Six Sigma? Which companies spearheaded 
this movement? 
4. Who proposed the “zero defects" concept? Why did this philosophy lose its 
appeal? 
5. How does improvement in quality benefit a manufacturing company? 
6. Why do quality and reliability go hand in hand? 
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Tolerances and Fits 


2.1 Introduction 


Quality in a product starts at the specification stage. A number of choice 
ina Poems with respect to dimensions, sizes, and tolerances. Preferred n 
an important role in simplifying these choices. The concept of yl 'ec 
is discussed and then the topics of tolerances and fits are developed, f. 
discussion of how tolerances are related to manufacturing processes. 


— A 
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R40: 10, 10.6, 11.2. 11.8. 12.5, 13.2, 14, 15, 16, 17, 18, 19, 20, 21.2, 22.4, 23.6, 25, 299, 


28, 30, 31.5, 33.5, 35.5, 37.5, 40, 42.5, 45, 47.5, 50, 53, 56, 60, 63, 67, 71, 75, 80, 
85, 90, 95, 100. 


We note that multiples of 10, 100, ... and fractions 1/10, 1/100,...аге also included 
within each series. 

Other rounded numbers are suggested for preferred metric sizes. These may be 
used for choosing dimensions, capacities, and so on: 


First choice 10 16 25 40 60 100 
Second choice 12 20 30 50 80 


Third choice 11 к 459,409 28...55 444-722 Eq 20 


As an example, the automotive engine capacity designations 1 liter, 1.6 liter, 
2.5 liter, 4 liter, etc., are numbers that originate from this series. The rounded off 
preferred numbers here may be used as preliminary values for design. For more 
detailed use, we recommend the use of values from ISO or ANSI standards. 


The use of preferred sizes is a step toward standardization, which reduces 
variety. 


Example 2.1. ^n automotive engine manufacturer produces engines with 1.6- 
liter, 2.5-liter, and 4-liter capacities from the R5 series. Based on the demand, 
it is determined that a new engine is to be introduced with a capacity between 
1.6 and 2.5 liters. What capacity do you suggest? 


Solution. We note that 1.6 and 2.5 are also included in the R10 series and 2 is 
the value between these numbers. The suggested capacity is 2 liters. We also 
observe that 2 is the geometric mean (2 ~,/(1.6)(2.5)) of 1.6 and 2.5. Thus, the 
geometric mean is included in one of the R series. 


Another example of preferred sizes is the spindle speed in machine tools. Geo- 
metric speed steps are used in multiple-speed gear boxes. 

Part sizes and tolerance values are chosen from the preferred numbers. The 
tolerance of a part is a measure of quality, and the specification of tolerance plays 
an important role in making economic decisions. 


2.3 Tolerances and Fits 


No engineering component can be manufactured repeatedly to an exact size. If a 
number of components of specified dimensions are made by the same process, their 
sizes will vary and these variations will be random in nature. The variations may 
be reduced by controlling the variables of the process. The designer must make a 
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SHAFT Figure 2.1. Definitions of tolerances fop 


shafts and holes (LD, lower deviation: 
UD, upper deviation: MMC, maximum 
material condition; LMC, least material 
condition) 


BASIC SIZE 


size and 15 specified by a letter; U 


letters designate shafts, The tolerance on a part is completely specified by specifyin 
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the basic size, fundamental deviation, and the tolerance grade; for example, 50H7 
specifies the tolerance on a hole of basic size 50 mm, and 50g6 specifies the toler- 
ance on a shaft of basic size 50 mm. The maximum size of a shaft and the minimum 
size of the hole defining a fit indicate the maximum material condition (MMC). Tt 
is clear that the part has the most material in it at MMC. The MMC represents the 
most severe condition for a fit. The maximum size of a hole and the minimum size 
of the shaft may be referred to as the /east material condition (LMC). A loose fit has 
its maximum clearance at LMC. 


Tolerance Grades 


In defining the tolerance grades ITS through IT16, we make use of the tolerance 
unit i ит (1 jum = 1079 m or 0.001 mm) defined by 


i = 0.45 3 + 0.001 D um, (2.1) 


where D is the dimension in millimeters. 
The tolerance values for various grades are given as follows: 


Grade ITS IT6 IT7 IT8 IT9 IT10 IT11 IT12 IT13 IT14 IT15 ІТ16 
Tolerance 7i 10i 16i 25i 40i 64i 100i 160i 250i 400i 640i 10001. (2.2) 


The tolerance value increases tenfold after five steps; thus, the values follow the 


R5 series of preferred numbers. 
The tolerances for ITO1, ITO, and IT1 are taken as 0.3 + 0.008D, 0.5 + 0.0120, 


and 0.8 4- 0.020D, respectively. Tolerance grades IT2 and IT3 are placed between 
IT1 and ІТ5 to form a geometric progression. 


Example 2.2. Calculate tolerance grades ITO1 through IT16 for the nominal 
size of 40 mm. 


Solution. The unit tolerance is calculated using D — 40 mm: 
i = 045D + 0.001 D = 1.578978 um. 


For grade ITS, 7i = 11.1 шт; for grade ІТ01, 0.3 + 0.008 D = 0.6 um; for grade 
ITO, 0.5 + 0.012 D = 1.0 ит; and for grade IT1, 0.8 + 0.020 D = 1.6 им. Grades 
IT6 to IT16 are calculated using Eq. (2.2). Grades IT2, IT3, and IT4 are placed 
to form a geometric series. The final result is as follows: 


IT Grade 01 0 


Ia. бо E Фен ава M. AS. 15 
Tolerance (шт) 0.6 1 1.6 2.6 4.2 68 1 


1.1 15.8 25.3 39,5 63.2 101 158 253 395 632 1011 1579 
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Figure 2.2. Position of tolerance zones for holes and shafts 


The preceding calculations are given to explain the rationale of tolerance grades. 
These calculated values have been rounded and provided in Table 2.1. 

Letter designations are given to define the placement of the tolerance zone with 
respect to the basic size. The placement is based on the fundamental deviation. The 
relative placement of the tolerance zones for various letter designations is shown 
schematically in Fig. 2.2. 

We observe that H for holes and h for shafts have a fundamental deviation of 
zero. Holes with the H designation are of basic size and larger and shafts with the 
h designation are of basic size and smaller. The fundamental deviation formulas for 
some typical shaft designations are given in Table 2.2. 

The fundamental deviation for 50f7 is —5.5 (50)9^! = —27.35 um. The rounded 
value from the standard tables is —25 um. The IT7 tolerance of 25 jum is now placed 
in line with the zone suggested іп Fig. 2.2. Thus, the tolerance is —25 to —50 um. 
The standard tables for the tolerance values are given in ISO 286-2:1988, ANSI 
B4.2-1978, and other national standards. We provide typical recommended fits in 
Table 2.3. 

The tolerance conditions of the hole and the shaft result in a fit in an assembly. If 
clearance occurs under all tolerance conditions we call it the clearance fit. If interfer- 
ence occurs under all tolerance conditions we call it the interference fit. И clearance 
or interference is determined by the actual size within the permissible tolerances, we 
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Table 2.2. Formulas for fundamental shaft deviations 
Shaft tolerance letter Fundamental deviation in ит for D in mm 
ааа шина бивак кен кке аа 
с —52D"? for D < 40 

—(95 + 0.8D) for D > 40 

—16 ро“ 

“45 po“ 

—2.5 00.34 

0 
(4 to 7) +0.6 0934 

4-5 D934 

+IT7 + 0 to 5 

+IT8 + 1to4 for < 50 

+ЇТ7 + 0.4D for D > 50 b- 
u +IT7 + D 23 | 
Жайны а ыы EIS ы... ама uere PY ee 


да жо "со. 


call it the transition fit. A fit between а hole and a shaft is conveniently determined | 

by fixing the tolerance zone for one of the members and choosing different toler- 
ance zones for the other. In the hole basis system all holes are designated H, a 
different shaft tolerances are used for the desired fit. In the shaft basis system, the 


Table 2.3. Description of preferred fits (from ANSI B42) ——— 


— 1 
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shafts are fixed as h and the holes of various designations are used for different fits. 
Ав ап example, the outer dimension of a ball bearing is h-type (shaft basis), and the 
inner diameter is H-type (hole basis). The housing and shaft tolerances are chosen 
to obtain the desired fit. Suggested fits from the standards are given in Table 2.3. The 
production of a hole is more difficult than the production of a shaft of the same size. 
In choice of a fit, the tolerance of a hole is generally designated one grade higher 
than that of its mating shaft. In Table 2.3, common hole-basis fits are H7/g6, H7/h6, 
H7/k6, H7/p6, H7/s6, and H7/u6. The tolerances for these recommended fits are 
given in Tables 2.4 and 2.5, 


Example 2.3. Make your choice for a sliding fit for a basic size of 50 mm and 
provide the tolerances for the hole-basis and shaft-basis approaches. 


Solution. The choice is 50 H7/g6 for the hole basis and 50 G7/h6 for the shaft 
basis. 


Hole basis (50 H7/g6 tolerances): from Table 2.5, the tolerance for 50H7 is 
+0 to +25 um; from Table 2.4, the tolerance for 50g6 is —9 to —25 jum. 


Shaft basis (50 G7/h6 tolerances): from Table 2.5, the tolerance for 50G7 is 
+9 to +34 um; from Table 2.4, the tolerance for 50h6 is 0 to —16 um. 


The part tolerances are related to the parts’ manufacturing processes. 


2.4 Manufacturing Processes and Tolerances 


For the most common parts used in engineering assemblies, the tolerance grades 
range from IT4 through IT11. The range of grades ITO1 to ІТ? is generally used for 
components in measuring tools and optics. Grades IT8 though IT16 are used for 
material stock specifications. The tolerance grades obtainable with various manu- 
facturing processes are given in Table 2.6. 

Table 2.6 shows that there is a close relationship between the process and the 
tolerance grade. In each process, the achieved tolerance is related to a number of 
variables, such as precision of the machine used, the skill of the operator, the pro- 


cessing variables that are selected, and so on. 


2.5 Tolerance Selection in Assemblies 


The tolerances of components are chosen at the design stage. An assembly has sev- 
eral components. If the components are stacked as shown in Fig. 2.3, the resulting 
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Table 2.6. Manufacturing processes and IT grades 
Process IT grade range 


Lapping and honing 
Grinding 

Precision turning and boring 
Broaching 

Reaming 

Powder metallurgy (sintered) 
Turning and boring 

Milling, planing, shaping 
Drilling 

Punching, blanking 

Die casting 

Casting 


(Ref: ANSI B4.2) 


nYis the sum of the component dimensions: 
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Figure 2.4. Assembly – difference of 
dimensions 


We observe that the square of the resulting tolerance is the sum of squares of the 
component tolerances. Whether a dimension is added or subtracted when obtaining 
У, the square of its tolerance is added to the right-hand side of t}. We now state this 
for a general case. 

Let Xj, X2,..., Xm be the т member dimensions and let Y be the resulting 
dimension obtained by a linear combination of the member dimensions with coeffi- 
cients +1 or —1. The resulting tolerance is 


tcv... (2.5) 
nce i may be classified into two categories: 


се 58 £1, o, ..are known, what is the resulting tolerance ty? 
2. If the final «аена $ is known, how do v we allocate it to the component tol- 
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dimension is about 2096 bigger than the smallest — is called the equal tolerance 
approach. The second approach is more rigorous and is applicable for wide 
variations in dimension. 


Equal Tolerance Approach 


In this approach we set all component tolerances equal: 


т=з = 0 =. =. 


Then from Eq. (2.5) we get 
ty 


t = Jm 
Example 2.5. ^ gap of 0.2 mm is to be maintained in an assembly with a to 
ance of +16 ит. The gap is поч at as a combination of two dimensior 


follows: 
: 2 02=30.5 — 30.3. 
Determine the tolerances of each еш с 


` Solution. Thec component dimensic ear las qua i3) 1 this n. W 
ше едип allocation 2200 Ме have h у= 32 рт. The number of compe 
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Tolerances are then placed appropriately with respect to the basic dimensions. Note 
that C is a constant of proportionality so that the tolerance will have the same 
units as fy; however, the dimensions must be in millimeters for the applicability of 


Eq. (2.8). This weighted approach gives a good allocation that is consistent with the 
IT system. 


Example 2.6. Dimension Y is obtained as the composite of dimensions Xi, 
* СҮФРРР Ха as follows: 


Y = X + 0 — X% + №. 


The desired tolerance of Y is +0.4 mm and Хі = 30 mm, X; = 40 mm, 
X3 — 20 mm, X4 — 10 mm. Determine the tolerances of each dimension. 


Solution. The smallest dimension is 10 mm and the largest is 40 mm. Since the 
variation is large, we use the unit tolerance approach for the tolerance alloca- 
tion. The unit tolerance values for the dimensions are as follows: 


i4 = 0.454/30 + 0.001 x 30 = 1.4283 
р = 0.454/40 + 0.001 x 40 = 1.579 

i4 — 0.454/20 4- 0.001 x 20 — 1.2415 
i4 = 0.454/10 + 0.001 x 10 = 0.9795. 


From Eq. (2.10), we get 
ty 0.8 


C= = mmm 
fiz ++ +i% 1.42832 + 1.579? + 1.2415? + 0.9795? 


The tolerances are obtained using Eq. (2.9): 


ti = Сі = 0.432 mm 

р = Ср = 0.4785 mm 
в = Сіз = 0.3763 mm 
f4 = Cig = 0,297 mm. 


= 0.3031. 


We use symmetric placement to arrive at the dimensions 30 + 0.216 mm, 
40 + 0.24 mm, 20 + 0.19 mm, and 10 + 0.15 mm. 


2.6 Summary 


The chapter explains the basis for choosing dimensions from the preferred number 
series, The IT system and the specification of tolerances for holes and shafts have 
been covered, and recommended fits have been given in complete detail. The theory 
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of tolerance allocation has been presented. The material in this chapter will be of ` 
use in tolerance specification for quality improvement at the design stage. 


EXERCISE PROBLEMS 


———————————————— MÀ c: —————————ÓÀ— —— À S—9ÓÀ——— 0 , 


2.1. What are hole-basis and shaft-basis systems for specification of fits? Where do | 
you recommend each of these systems? 


2.2. What is the basis for preferred numbers? How do they help in standardization? | 


2.3. A close running fit is desired between a shaft and a hole. The nominal diameter | 
is 20 mm. | 


| a. Give your choice of the fit. 73 
| b. Provide the tolerance values. 


2.4. A hole-shaft assembly is P the tolerance $40 H7/p6. Алеке 
following: 
a. Isthe tolerance hole basis or shaft basis? 
b. Give the MMC and LMC sizes of the shaft and the hole. 
с. iva) of fit does it result in? 
Give the maximum and minimum values of puter’ r 
а] iate. Also determine the corresponding va 


Exercises 2,9—2, 10 23 


2.9. The gap of 0.1 mm in an assembly 


is to be maintained with a tolerance of 
4-0.012 


mm. The gap is arrived at as a combination of several dimensions as follows: 
0.1 = 30.5 + 20.1 + 15.2 = 65 7. 


Determine the tolerances of each dimension. State any assumptions made. 


2.10. The fit between a shaft and a hole is s 


pecified as $45 H7/g6. What type of fit 
does it represent? 


Give the mean clearance or interference as appropriate and its 
minimum and maximum values using the sum-of-squares rule. 
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Geometric Tolerances 


3.1 Introduction 


The tolerances presented in Chapter 2 dealt with variations in the size of а рагі. 
The form of the part may vary within the tolerance zone of the size of a part. If the 
dimensional tolerances are specified for a cylinder, the boundary of the cross section 
of the cylinder may be of any form within the bounds defined by the upper and lower 
limits. However, such a form may not be acceptable from a functional point of view. 
There are other geometric features such as the position of a hole or the relationship 
of one surface with respect to another, such as parallelism or perpendicularity, that 
need to be specified. Tolerances on such features are called geometric tolerances. 
We present the basic ideas of geometric tolerances in this chapter. 


3.2 Geometric Tolerances — Some Basic Ideas 


Geometric tolerances are covered in ASME Y14.5M-1994, ISO 10303-519:2000, and 
other national standards. We follow the ASME Y14.5M notation in our discussion. 
Geometric tolerances are classified as shown in Fig. 3.1. The various symbols used 
for the tolerance specifications are also shown in the figure. Tolerances of form - 
straightness, flatness, circularity, and cylindricity — refer to the variations from a 
true straight line, a plane, a circle, and a cylinder, respectively. Thus, they are not 
defined relative to any reference feature or datum. The orientation, location, and 
runout are always relative to another feature such as an axis or a surface, referred 
to as a datum. Tolerances of line or surface profiles fall into either category. 
Geometric tolerances are specified on a drawing in a feature control frame. An 
example of a feature control frame for position tolerance is shown in Fig. 3.2. It 
has rectangular areas designated for the tolerance symbol, tolerance, and reference 
datums. Other modifying symbols for specifying the feature, such as the diameter 
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Figure 3.1. Geometric tolerances 
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Figure 3.2. Feature control frame 
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Figure 3.3. Modifying symbols 


tolerance with reference to the geometric tolerance of the part. 


Rule I. When only a size tolerance is specified, the limits of size of an individual 
feature control the form às well as the size of the feature. 
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Figure 3.4. Symbols shown on a drawing 


Rule 1 is also referred to as Taylor's principle after Frederick W. Taylor (1856- 
1915). The rule implies that no element of the feature may extend beyond the 
envelope of the perfect form at maximum material condition (MMC). The local size 
at any section must be within the least material condition (LMC) size limit. A part 
produced at LMC size may have the maximum form variation. Rule 1 does not apply 
for stock such as bars, sheets, tubing, and so on, or for parts subjected to free-state 
variation. If it is desired that a surface of a feature should exceed the boundary, a 
note to that effect must be specified. An interpretation of Rule 1 is shown in Fig. 3.5. 
Rule 2. The condition regardless of feature size (RFS) applies with respect to the 
individual tolerance, datum reference, or both, as applicable. MMC or LMC must 


be specified on the drawing where it is required. 


If MMC is specified for an individual tolerance, the precise tolerance applies at 
MMC and any deviation from MMC is added to the tolerance. This additional toler- 
ance is referred to as the bonus tolerance. This bonus tolerance enables more parts to 


be acceptable in comparison with conventional tolerancing; we present some exam- 


ples later. 
We stated earlier that the geometric tolerances of orientation, location, and 


runout are relative to some reference feature called a datum. We now develop the 


concepts for defining datums. 
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Figure 3.6. Datums 
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Figure 3.7. Cylindrical part 


with the primary and secondary datums, the part is moved to contact the tertiary 
datum (one-point contact). The part is now completely located. This is the 3-2-7 
principle of location. А rigid part in space has six degrees of freedom (df) - three 
translational df along the axes and three rotational df about the axes. A fully located 
part requires all six df suppressed. If it is not possible to use an entire surface to 
establish a datum, points, lines, or areas may be defined as datum targets consis- 
tent with the 3-2-1 principle. The ASME Y14.5M standard provides symbols for 
these targets. Fig. 3.7 shows a cylindrical part with its axis defined as the primary 
datum. The axis is established by holding the part using a self-centering arrange- 
ment (four points) and one end face is the secondary datum (one point) and the 
keyway defines the tertiary datum (one point). One may observe that the three-jaw 
self-centering arrangement arrests four degrees of freedom, leaving the part free 
to translate along and rotate about the axis. We now discuss the various geometric 
tolerances. 


3.3 Tolerances of Form 


Tolerances of form consist of straightness, flatness, circularity, and cylindricity. 
These geometric tolerances represent variations from a true form and do not need 
any datum reference. 


Straightness 


Straightness is a condition where an element of a surface or axis is a straight line. 
A straightness tolerance specifies a tolerance zone within which the considered ele- 
ment or derived median line must lie. For cylindrical parts, the straightness of a 
surface element or the straightness of its axis may be specified. 
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Figure 3.8. Straightness of surface elements 


A. straightness representation of surface elements is shown in Fig. 3.8. Every 
surface element must lie between two parallel lines separated by the straightness 
specification of 0.01 mm in a plane common with the nominal axis. The entire object 
must lie within the boundary defined by the MMC. И the cylindrical part has a uni- 
form size of $19.995 mm, the straightness error allowed is 20.000 mm (MMC) — 
19.995 mm = 0.005 mm. 

If the axis is controlled by the straightness tolerance as shown in Fig. 3.9, the 
applicable tolerance is valid at every size. The part itself can go outside the MMC 
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Figure 3.9, Straightness axis 
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Figure 3.10. Unit straightness 


boundary. If the MMC symbol is not given in the tolerance control frame, then for 
every size from 19.916 to 20.000 mm, the straightness tolerance is 0.01 mm (КЕЎ). 
The MMC specification defines the virtual condition (MMC + form tolerance = 
20.01). The straightness tolerance allowed is *virtual condition — size of the part," as 
shown in the bonus table in Fig. 3.9. The MMC specification allows bonus tolerance. 
In some situations, if a tighter tolerance is to be specified on a per unit basis, a 
double-height feature control frame is used as shown in Fig. 3.10. 

We provide the mathematical definition of straightness in the mid-plane 
x-y. This definition is useful for measuring straightness using coordinate measur- 
ing machines. Let (xi, уг), i = 1,2,..., n, shown in Fig. 3.11 be n points measured 
using the coordinate measuring machine (CMM). As seen in the figure, we define 


hi = — xi sin@ + Yi соза 
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Figure 3,11. Straightness 
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the distance h; of point i from line d passing through the origin, and inclined at angle 


а with respect to the x-axis. Then 


h; = —x sino + yj COS & 
Straightness = тіп, | тах h; — min һ) , (3.1) 
-§<a<5 \1515п 1 «i €n 


Straightness is evaluated by searching for all angles within the range shown. This 


has been implemented in the program Straightness.xls. 

a were generated to test for the straightness 
traightness and orientation of the surface 
sing http://www.npl.co.uk/ssfm/theme2/rds/ 


Example 3.1. The following dat 
of a surface element. Find the s 
element. (Data were generated u 
chebyshev.best.fit.line.html.) 


i Xi yi 
1 —4.392 39.993 
2 0.945 41.119 
3 6.282 42.243 
4 11.644 43.247 
5 16.984 44.363 
6 22.531 45.440 
7 27.665 46.583 
8 33.016 47.639 
9 38.358 48.740 
10 43.720 49.745 
11 49.052 50.895 
12 54.395 51.993 


Solution. The twelve points are entered in sheetl of the program Straight- 
ness.xls. On solving, we get 


Straightness — 0.0902 
Angle with respect to x-axis = 11.46". 


The formulation shown in Eq. (3.1) is called the minimum zone (MZ) eval- 
uation of straightness, which is consistent with the ASME Y14.5M standard. The 
other formulation that is also used extensively is called the /east squares formula- 
tion. In the least squares formulation, the square of the error from the best-fitting 
line is minimized. This formulation leads to eigenvalue and eigenvector analysis and 
a quicker evaluation. The results differ from the MZ evaluation but are close for 
small errors. The direction established from the least squares formulation may be 
used for searching for the MZ error. 
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Figure 3.12. Flatness specification 


The straightness of an axis is the smallest diameter of the cylinder inside which 
it is enclosed. Thus, the straightness of an axis is closely related to cylindricity, which 
we discuss in a later section. 


Flatness 


Flatness is the condition of a surface where all elements lie in one plane. A flatness 
tolerance zone is defined by two parallel planes between which the surface must lie. 
The surface must lie within the specified limits of the size (Rule 1). An example of 
the flatness specification and its interpretation is shown in Fig. 3.12. Flatness may 
also be specified on a unit basis, in which case the flatness on a unit area measuring 
25 x 25 may be added in a double-height feature control frame. The unit tolerance 
is smaller than the overall flatness tolerance on the surface. 

If x; = (xi, yi, Zi), i = 1 to n, are coordinate measurements of n points on а sur- 
face for which flatness is to be evaluated, the MZ flatness is given by 


min ( max x;:d— min x;- a) 
1<і<п 1<і<п | 


(3.2) 
subject to d.d—1 


A geometric interpretation of Eq. (3.2) is shown in Fig. 3.13. The constraint in 
the preceding formulation leads to the search on a unit hemisphere. The program 
Flatness.xls uses this formulation for flatness evaluation of data. The Nelder-Mead 
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Figure 3.13. Flatness 


simplex method is used in the program, and the starting direction is established by 
the least squares formulation. 


Example 3.2. The following data represent coordinates of points on a surface. 
Find the flatness and orientation of the surface. 


і Xi Yi Zi 
1 27.154 65.776 61.291 
2 12.809 79743 61.286 
3 —1.550 93.635 61.311 
4 —15.880 107.586 61.276 
5 38.663 77.627 72.565 
6 24.313 91.557 72.973 
7 9.954 105.480 72.596 
8 —4.383 119.424 72.976 
9 50.156 89.460 83.874 
10 35.815 103.400 83.862 
11 21.460 117.326 83.879 
12 7.118 131.266 83.867 


Solution. The twelve points are entered on sheet1 of the program Flatness.xls. 
On solving, we get 


Flatness — 0.0405 
Unit normal direction for the surface — (—0.3932, —0.4047, 0.8256). 
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Circularity is the condition of a section where all points lie on a circle. For a cylinder 
or a cone, the cross section is taken perpendicular to its axis, and for a sphere, the 
cross section is taken through the center of the sphere. Fig. 3.14 shows the circularity 
specification on a conical surface. The circularity tolerance zone of 0.2 is established 
at each section normal to the axis. The circularity of a perfect ellipse is half of the 
difference between its major and minor axes. 

If (xi, yj), i = 1 to n, are coordinate measurements of n points expected to be 
on a circle as shown in Fig. 3.15, the circularity is given by 


Circularity — min (mas r; — min п) 
а, 


1<і<п 1<і<л | 
2 2 
ri = y (xi — а) + (yi — b) 


The formulation in Eq. (3.3), which involves a two-variable search, has been 
implemented in the program CircleSphere.xls. The program also finds the sphericity, 
which is defined by 


(3.3) 


Sphericity — min (max ri - min л) 
а, 


СА 1<і<п 1<і<п 


r -Үү(х- а)? + (y — Б)? + (а — с)? 


(3.4) 
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Figure 3.15. Circularity measurement 


т 


If the data include three-dimensional measurements (x, у, 2), the program finds 
the sphericity. A three-variable search is used to find the sphericity. 


Example 3.3. The following data represent points on a circle at a cross section. 
Determine the circularity of the data set and the location of the center. (Data 
were generated using http://www.npl.co.uk/ssfm/theme2/rds/chebyshev. best. 


fit circle.html.) 


і М Yi 
1 7.473 56.946 
2 41.703 15.765 
a 11.912 25.817 
4 22.164 17.909 
5 6.481 54.367 
6 46.561 17,299 
7 22.313 69.484 
8 21.179 18.349 
9 64.970 43.509 
10 16.266 68.418 
11 64.656 49.443 
12 41.923 74.168 
13 11.499 26.330 
14 17.019 20.958 
15 9.361 60.620 
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Figure 3.16. Cylindricity interpretation 


Solution. The fifteen points are entered on sheetl of the program Circle- 
Sphere.xls. On solving, we get 


Circularity — 0.044 

Center location — (35, 45) 
Maximum radius — 30.022 
Minimum radius — 29.978. 


Cylindricity 
Cylindricity is a condition of a surface of revolution where all the points are equidis- 
tant from a common axis. Cylindricity is identified by the minimum radial distance 
between two coaxial cylinders which enclose the surface. Cylindricity is a composite 
form tolerance that includes circularity, straightness, and the taper of a cylindrical 


feature. 
An example of the cylindricity specification is shown in Fig. 3.16. To determine 
the cylindricity, the coordinates x; = (xi, у, zi); ! = 1,2, ..., n, of a set of n points 


are measured using a CMM. To evaluate the cylindricity from the data, we need to 
determine a point хо and the direction of a unit vector, d, as shown in Fig. 3.17 so 
that 
Cylindricity — min (pax rj — min п) 


1<і<п | «i Xn 


ri = y (x; — хо): (i — ху) — [оч — xo) - d] 


(3.5) 
subject to 
а.а = 1. 
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Figure 3.17. Cylindricity determination 


The cylindricity evaluation formulation, Eq. (3.5), has been implemented in the 
program Cylindricity.xls, which uses the Nelder-Mead simplex method. Several 
data sets from published literature have been included on sheet2 of the program. 
The program gives the fixed point xo, the direction d, and the cylindricity value. 
Starting values are randomly chosen by the program. 

We note that, for a given direction d, the cylindricity is the same as the circu- 
larity on a plane normal to d. This observation is used to improve the efficiency of 
calculations in the computer program. 

The straightness of an axis in three dimensions is similar to the cylindricity 
defined in Eq. (3.5) except that min r; is not to be included: 


Straightness — min (max ri) 
хо 


1<і<п 


rj = J (Xi — xo) (х; — ху) — [(xi — xo) - d]? (3.6) 


subject to 


d.d = 1. 


The program Straightness3D.xls solves formulation (3.6). Several example data 
sets from the published literature are included on the program spreadsheet. 
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Figure 3.18. Line profile 


3.4 Profile Tolerances 


A profile is the outline of an object or the cross section through the object. Profile 
tolerances are assumed to be bilateral unless specified otherwise. The true profile is 
defined by basic radii, basic angular dimensions, basic coordinate dimensions, basic 
size dimensions, or formulas. The profile tolerance is a uniform boundary along the 
true profile within which the line or surface must lie. 

A line profile specification is shown in Fig. 3.18. The tolerance of 0.2 is equally 
distributed on either side of the true profile to establish the boundary limits. 
Unequal or unilateral distribution must be shown as illustrated in Fig. 3.19. The 
surface profile in Fig. 3.19 is established with reference datum A. 

A surface definition that uses basic (exact) dimensions and profile control 
through tolerance specification enables precise control of fits of complex forms. A 
door panel in an automobile is a good example of a profile form. 


3.5 Orientation Tolerances 


Parallelism, perpendicularity, and angularity are orientation tolerances that control 


how features are oriented to one another. 
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Figure 3.19. Surface profile 


Parallelism 


Parallelism is the condition of a surface or mid-plane equidistant from a datum plane 
or datum axis. Parallelism tolerance establishes the distance between two planes 
parallel to a datum plane within which the surface must be enclosed (see Fig. 3.20). 
If the parallelism occurs with respect to an axis, the tolerance zone is defined by the 
diameter of a cylinder whose axis is parallel to the datum axis (see Fig. 3.21). The 
MMC provides the bonus tolerance for deviation from MMC. 


Perpendicularity 


Perpendicularity is the condition of a surface, mid-plane, or axis perpendicular to a 
datum plane or axis. The tolerance zone is established as the distance between two 
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Figure 3.20. Parallelism of a plane surface 
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Figure 3.21. Parallelism of an axis 


parallel planes at a right angle to the datum plane. To determine the perpendicu- 
larity of an axis, the tolerance zone is established as the diameter of a cylinder with 
its axis perpendicular to the datum axis. Examples of these two cases are shown in 
Figs. 3.22 and 3.23. Fig. 3.23 also shows the effect of the MMC specification, which 
defines the virtual condition. The perpendicularity of a hole, such as a bolt hole, is 
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Figure 3,22, Perpendicularity 
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Figure 3.23. Perpendicularity of an axis 


defined by specifying the height of a pin or bolt projecting from the hole. The sym- 


bol from Fig. 3.3 for the projected tolerance zone precedes the height specification 


in the feature control frame. 


Angularity 


Angularity is the condition of a surface, mid-plane, or axis at a specified angle with 
respect to a datum plane or axis. The angle dimension is basic. The tolerance zone 
is established as the distance between two planes parallel to the datum plane at the 
true specified angle as shown in Fig. 3.24. The tolerance zone for an axis is estab- 
lished as the diameter of a cylinder whose axis is at the true orientation with respect 
to the datum. Once the orientation is established, the specification is similar to that 
of perpendicularity and parallelism. 


Figure 3.24. Angularity of a plane surface 
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Figure 3.25. Position tolerance 


3.6 Tolerances of Location 


Location tolerances included in this section are tolerances of position, concentricity, 
and symmetry. 


Position 


A position tolerance specifies a zone within which the center, axis, or mid-plane of a 
feature of size is permitted to vary from a true (theoretically exact) position. Based 
on the MMC or LMC, the virtual condition boundary is defined, which may not be 
violated by the surface or surfaces of the feature under consideration. 

Position tolerance, shown in Fig. 3.25, implies that the center must lie in a cylin- 
der of diameter 0.1 located at (30, 20) regardless of the size of the hole. If the MMC 
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Figure 3.26. Position tolerance with MMC 


is specified as shown in Fig. 3.26, the position tolerance of 0.1 is allowed at the MMC 
size of 20.000. Any variation from this size will be added to the tolerance. The bonus 


table shows the tolerance. 
Virtual condition = 20.0 (MMC size) — 0.1 (position tolerance) = 19.9. 


A pin with size equal to the virtual condition that is placed at the true posi- 
tion defines a go gage. A part that fits into this gage is an acceptable part (see 
Fig. 3.26). 

If the LMC is specified in the drawing, the position tolerance applies at 
LMC. Deviation from LMC provides the bonus tolerance. Fig. 3.27 shows the 
position tolerance at LMC. The LMC specification guarantees a minimum wall 


thickness. 
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Figure 3.27. Position tolerance at LMC 


In some specifications, the relationship between the features and the datums 

and the interrelationships of the features (pattern location) may have to be dis- 

tinguished. An example is illustrated in Fig. 3.28. The feature control frame has 
two parts. The upper tolerance is the conventional one already discussed. The 
virtual size pins for this are shown in gage 1. The lower tolerance is in relation 
to datum A only; it refers to the tolerance zone for the relative position of the 
holes. Gage 2 shows the virtual size pins and their locations for this lower toler- 
ance zone. Position tolerance is covered in great detail in the ASME Y14.5M-1994 


standard. 


Concentricity 


Concentricity (or coaxiality) is the condition where the median points of all dia- 
metrically opposed elements of a surface of revolution are congruent with the axis 
of a datum feature. Fig. 3.29 shows an example of concentricity specification. The 
median points of all diametrically opposed surface lines must lie within a cylinder of 
diameter 0.3 whose axis coincides with the datum axis. 
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Figure 3.28. Feature relating and pattern locating tolerances 


Symmetry 


Symmetry is the condition where the median points of all similarly located elements 
of two or more feature surfaces are congruent with the centerline/centerplane of the 
datum feature. Fig. 3.30 shows the symmetry specification. 
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Figure 3.29. Concentricity 


3.7 Tolerances of Runout 


Runout is a composite tolerance used to control a combination of circularity, cylin- 
dricity, and concentricity relationships of one or more features of a part to a datum 
axis. 


Circular Runout 


Circular runout is used to control the coaxiality and circularity of a feature. Circular 
runout is measured using a dial indicator set at right angles to the surface; the part 
is rotated about the datum axis. The full indicator movement (FIM) measures the 


circular runout. Fig. 3.31 shows the runout specification for three surfaces and its 


interpretation. 
Total Runout 


Total runout is used to control the cumulative variations of circularity, straightness, 


concentricity, angularity, taper, and profile of a surface. As illustrated in Fig. 3.32, 


Figure 3.30. Symmetry 
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Figure 3,32, Total runout 
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the part is turned about the datum axis and the dial indicator is moved over the 
surface to record the FIM. 


3.8 Summary 


In this chapter we have presented the main ideas of geometric dimensioning and 
tolerancing. Various form tolerances have been presented with considerable detail. 
The minimum zone evaluations of form tolerances have been implemented in 
Excel-based computer programs. The tolerances of profile, orientation, position, 
and runout have been discussed. Readers are encouraged to refer to American, 
ISO, and other national standards that present the various tolerances in greater 
detail. 
Computer programs discussed in this chapter include the following: 


Straightness.xls 
Flatness.xls 
CircleSphere.xls 
C ylindricity.xls 
Straightness3D.xls 


EXERCISE PROBLEMS 


3.1. The straightness of a pin is given as shown in Fig. P3.1. 


a. Whatis the virtual size? 
b. If the diameter of a pin produced is 19.96 mm, what is the permissible 


straightness error? 


ф20Һ10 


[ess 


E. 


3.2. Calculate the allowable true position values for the hole shown in Fig. P3.2. 
(Hint: Show the tolerance zone for the MMC in the sketch and develop a table for 
the hole sizes that deviate from the MMC.) 


Figure P3.1. Straightness of a pin 
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Figure P3.2. Position tolerance 


3.3. A rectangular block 40 mm x 60 mm has a hole $25 H7 at the center. The 
thickness of the block is 25 mm. Draw a sketch showing a position tolerance of 
0.016 mm at MMC. Provide the bonus tolerance chart. 


3.4. The Reuleux triangle is a constant-width curve used for piston shape in rotary 
engines. The distance between two opposing points is constant. If the equilateral 
triangle shown in Fig. P3.4 has a side equal to 45 mm, determine its circularity. (Hint: 
Explore the Reuleux triangle by searching the web.) 


Figure P3.4. Reuleux triangle 


3.5. Lobe shapes with an odd number of sides (n — 3, 5, 7,...) are produced dur- 
ing centerless grinding due to support conditions. If the smaller radius is 7 and the 
larger radius is R (see Fig. P3.5), show that the circularity is ( R — "сә — 1), where 
o = л/(2п). For В = 40 mm, г = 5 mm, plot n vs. circularity. (Note: The case 


r = 0 represents the Reuleux polygon. Check if the formula applies to Exercise 
Problem 3.4.) 
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Figure P3.5. Lobe shape 


3.6. The parallelism of an edge is specified as 0.08 with reference to datum A. The 
part was supported on the surface plate on datum A, and the y coordinates of 
the edge were measured on a CMM at regular 10-mm intervals along the entire 
x-coordinate edge. The data are 


x 0 10 20 30 40 50 60mm 
yank 3. 522714 «7 4201 


Determine the parallelism error. 
3.7. For the data measured in Problem 3.6, what is the straightness of the 
edge? 


3.8. The following measurements were made on a surface for flatness evaluation. 
Determine the flatness of the surface. What is the orientation of the minimum zone 
plane? 


Point # x y 2 

1 —8.01 39.75 12.28 
2 —29.54 56.64 12.29 
3 —51.07 77.54 12.31 
4 —72.59 98.44 12.31 
5 3.47 47.57 23.6 
6 —18.03 68.49 23.57 
7 —39.57 89.38 23.6 
8 —61.08 110.29 23.58 
9 14.98 59.42 34.88 

10 —6.53 80.33 34.86 

11 —28.05 101.24 34.86 


12 —49.57 122.14 34.86 


52 Geometric Tolerances 


3.9. The following data were generated using center location (12, ЫР radius 
25 mm; number of points, 12; and maximum residual deviation, 0.05 mm (from the 
NPL website, http://www.npl.co.uk/ssim/theme2/rds/chebyshev_best_fit_circle.html). 
Determine the circularity for the data. 


x у 
30.642 —11.628 
8.976 29.766 
—13.016 4.518 
30.937 —11.269 
—10.224 16.384 
—8.016 —10.062 
35.364 —3.938 
22.700 —17:619 
27.002 —14.936 
15.497 —19.779 
—6.709 21.605 
32.016 20.062 


(Note: The data have been rounded to three decimal places.) 


3.10. The following data were generated using centroid location (3, 4); angle, 0.3 
radians; line length, 85 mm; number of points, 10; and maximum residual deviation 


0.044 (from the NPL website, http://www.npl.co.uk/ssfm/theme2/rds/chebyshev- 
best. fit line.html). Determine the straightness for the data. 


x y 
—37.596 28:577 
—28.586 —5.745 
—19.547 —3.009 
—10.525 —0.216 
—1.522 2.639 
7.495 5.448 
16.534 8.186 
25.561 10.965 
34,575 13.782 
43.612 16,528 


(Note: The data have been rounded to three decimal places.) 
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3.11. Determine the sphericity for the following data. Also find the radius of the 
sphere. 


C к кю ке ON N CO со FN к & 
к Мә ке СО М МЮ СОСО мно 
М Мә М2 Һа а KrF со c © © мз 


(Note: The twelve points are the mid-points of the edges of а 2 x 2 x 2 cube.) 


3.12. Determine the cylindricity for the following data. 


x y 2 
10 0 0 

0 10 0 
-10 0 0 
0 -10 0 
10.1 0 25 

0 10.1 25 
—10.1 0 25 
0 —10.1 25 
10.15 0 50 

0 10.15 50 
—10.15 0 50 
0 —10.15 50 


Elements of Probability and Statistics 


4.1 Introduction 


In this chapter we develop probability and statistics concepts, which will lay the 
foundation for the study of quality and reliability. Probability is used to describe 
the chance of occurrence of an event. Statistics deals with the collection, tabulation, 
analysis, interpretation, and presentation of quantitative data. There is an inher- 
ent relationship between probability and statistics: events occur in a random man- 
ner, and the variables for which data are collected are random in nature. We now 
attempt to develop the concepts: first elements of probability, followed by statistical 
terms and probability distributions. Sampling and sampling theory are introduced 


in Chapter 5. 


4.2 Probability 


The key words used in developing probability concepts are experiment, sample 
space, and event. An experiment is any procedure or action that generates a set 
of possible observations or outcomes. Examples of experiments include tossing à 
coin a number of times, measuring the diameter of a shaft, and finding the ten- 
sile strength of a bar. The sample space, S, is the set of all outcomes of an experi- 


ment. 


Example 4.1. А coin is flipped twice. What is the sample space? Which out- 
comes define the event A, where at least one head shows up? 


Solution. И the heads outcome is designated Н and tails is designated Т, then 
the sample space 5 is given by 


$ = (HH, HT, TH, ТТ). 
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We observe that there are three sample outcomes іп 5 that constitute event A, 
where at least one head shows up: 


A = (HH, HT, TH). 


The complement of A is the space of occurrence of everything but A and is 
designated A*. Thus, 


А = S — A. 


In Example 4.1, A* — (TT). 

Let A and B be two events defined over the same sample space, $. Then the 
intersection of А and B, АПВ, is the event whose outcomes belong to both А 
and B. The union A U B is the event whose outcomes belong to either A or B or 
both. 


Example 4.2. In the coin flip experiment described in Example 4.1, we define 
the event B, where at least one tail shows up; find AN B and A U B. 


Solution. 


A=j({HH, AL, 29) 4 = {HT, TH, TT} 
Ans = {AT DH 
AV B.= (HH, HT, TH, TT) = 5. 


When two events have no outcome in common, they are said to be mutually 
exclusive. If A and B are mutually exclusive, A п B = @ (null). 

Relationships among two or more events may be represented graphically using 
Venn diagrams. Fig. 4.1 shows union, intersection, complement, and mutually exclu- 
sive representations of events using Venn diagrams. 

From the Venn diagram, it is easy to see that 


АӘВ-А-В- АПВ. (4.1) 


The probability of an event A, P(A), is the likelihood of occurrence of A when 
the experiment is performed. P(A) is a number between 0 and 1 and can be approx- 
imated by dividing the number of occurrences of event A by the size of the sample 
space. 


In an experiment, if there are N equally likely mutually exclusive events and 


if a number of these events, na, result in event A, then the probability of event 


A is 
Р(А) = A, (4.2) 
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AnB 


«^ 


A 
AUB s B Mutually exclusive 
АПВ = ф 


$ 


$ 
Figure 4.1. Venn diagrams 


Example 4.3. А die has six faces marked by dots: 1, 2,...,6. If two dice are 
thrown, determine the probability that the sum of two tosses is 6. 


Solution. 


811 5D.1,2).....(056),0.1); Q,2), a (216), i= (6, 1) (Og 


М = 36 
А = {(1, 5), (2, 4), (3,3), (4, 2), (5, 1)} 
ПА = 5 
5 


If a coin is tossed once, the size of the sample space ІН, Т) is 2. The probability 
of a head or tail for a single toss is 1, and the following relationships аге easily 
established: 


P(S) = 1 
P(A*) = 1— P(A). (43) 


For any two events A and В, 
P(AU B) = P(A) + P(B) - Р(А П B). 


If A and В are mutually exclusive, then АП B = Ø and P(A n B) = 0. 
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4.2 Probability 


Figure 4.2. Partition of 5 


Conditional probability Р(А |B) is the probability of A given that event В has 
occurred. If P(B) > 0, the conditional probability P(A | B) is given by 


Бы а 0) 
Р(В) 
The multiplication rule is 
Р(АПВ) = P(A|B)P(B). (4.5) 


We also note that P(A n В) = P(B|A)P(A). Two events, А апа B, are тае- 
pendent if the outcome of one has no influence on the outcome of the other. For 
example, А and B are independent if P(A|B) = P(A) (or P(B|A) = P(B)). If 
А and B are mutually exclusive events with finite probabilities, then Р(А|В) = 
0 # P(A) and they are not independent; A and В are independent if and only if 
P(An B) = P(A)P(B). 

In modern manufacturing, companies often receive components from several 
vendors. If each vendor supplies a certain percentage that are defective, the total 
probability of defective components should be determined. If a defective compo- 
nent is found, the probability that it is from a certain vendor may need to be ascer- 
tained. Such problems also arise in drug testing performed by drug manufacturers. 
Reverend Thomas Bayes (1702-1761) gave formulas for such problems. 


We consider a set of n mutually exclusive events, A1, A2, ..., An, such that their 
union is 5. The set is illustrated in Fig. 4.2. For any event B in S, the total probability 
is given by 

n 
Р(В) = У P(BIAi) P(Ai) (4.6) 
-1 


and Bayes' theorem states 

P(B|A;)P(A;) 
PG IE) eer тт, 
Ў Р(В|44)Р(А1) 
і-і 


(4.7) 


Example 4.4. Ап automobile manufacturer receives steering subassemblies 
from three vendors — 4096 from vendor 1, 35% from vendor 2, and 2596 from 
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vendor 3. Quality control standards for the three vendors differ. The percentage 
of defective subassemblies from vendors 1, 2, and 3 are 2, 2.6, and 395, respec. 
tively. 


a. What proportion of the steering assemblies received is defective? 
b. If a randomly picked assembly is defective, determine the probability that it 
is from vendor 1. 


Solution. Let A; be the event “Steering assembly came from supplier i” (i = 
1, 2, 3). Let B be the event “Steering assembly received is defective.” We have 


P(A;) = 0.4, Р(А:)- 0.35, Р(Аз) = 0.25 
апа 
P(B|A1) = 0.02, P(B|A2) = 0.026, P(B|A3) = 0.03. 
a. From the total probability relationship, Eq. (4.6), 
Р(В) = (0.02)(0.4) + (0.026)(0.35) + (0.03)(0.25) = 0.0246. 


Thus, the manufacturer can expect 2.4696 of the subassemblies to be 
defective. 


b. From Bayes' theorem, Eq. (4.7), the probability that the defective unit is from 


vendor 1 is 
Р(В|А; )Р(А 0.02) (0.4 
P(A: |B) = жек PED. ай m 03255: 
У `Р(В|А;)Р(А;) | 
me 


4.3 Statistics 


Statistics is the branch of mathematics that deals with the collection, tabulation, 
analysis, interpretation, and presentation of quantitative data. Statistics has two 
branches - descriptive statistics and inferential statistics. 

Descriptive statistics describes the basic features of data collected in a study; it 
provides summary statistics, statistical measures, and graphical presentation of the 
collected data, which forms the basis for all quantitative analyses. 

The data collection is performed on a randomly chosen sample — a subset of 
the population, which is the set of all items of a certain characteristic. Consider а 
batch of 5,000 shafts produced by a manufacturer using the same process settings 
This forms the population of interest. If the diameter is the parameter of interest. 
we may select a sample of fifty shafts and measure the diameter. The collection and 
tabulation of data are part of descriptive statistics. Then conclusions may be drawn 
about the population, 
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Inferential statistics draws conclusions about the population based on informa- 
tion contained in a random sample. Every element of the population has an equal 
chance of being chosen in a random sample. 

A characteristic in a random sample is described by a random variable. These 
variables may be continuous or discrete. Examples of continuous variables are the 
diameter of a shaft, the temperature of a quench tank, and the tensile strength of 
a specimen. Discrete variables are countable using integers. Examples of discrete 
variables include the number of customers at a bank counter during a ten-minute 
interval or the number of successes in a given number of trials. 


Statistical Measures 


We now discuss some numerical measures used to prepare summary information 
about the gathered data. The measures of central tendency are the mean, median, 
and mode. Measures of spread include the range, standard deviation, skewness, 
kurtosis, and correlation. 


We provide a sample data set which is given in two columns. 


Data Set 
2.34 4.6 
4.23 8:7] 
1.36 3.3 
2:5 2 
3.6 2 


АП related calculations of statistical measures are available in the file Worksheet- 
Func.xls. The file also gives other Excel functions useful in probability and statistics 
calculations. 

A random sample of size п drawn from a population of size М is denoted X, 
X>,..., Xn. If the aforementioned data are put into the Excel spreadsheet cells 
B1:C5 then we refer to B1:C5 as the cellRange. As an example, we obtain the sum 
by using the formula -SUM(ce11Range). 


Mean 


The mean is the average of the observations. The sample mean is denoted by X 
and the population mean is denoted by м. The sample mean is calculated using the 
observations in the sample: 


Ух 


іші 
Х- за 5 (4.8) 
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The population mean is calculated using every member of the population: 


2,Х 


Ape 4%) 
In the example data set, we have п = 10 and (һе mean is 2.963. The Excel func. 
tion to calculate the mean is AVERAGE ( се] ] Range). To exclude stray data at the 
low and high ends, a trimmed mean is used. The trimmed mean excludes a propor- 
tion p of the data points from the low and high ends together. The Excel function 
TRIMMEAN(cellRange, 0.2) Гог Ше data set excludes two data points (1.36 and 
4.8) and calculates the mean of the remaining eight entries as 2.95875. 


Median 


The median is the value that falls in the middle of a series of values. If there is an 
even number of data entries, the average of the two middle numbers is used. The 


value of MEDIAN(range) for the example data set is the average of 2.5 and 3.3, 
which is 2.9. 


Mode 


The mode is the most frequently occurring value in the data set. The 
MODE(cellRange) for the example data set is 2. 


Range 


The range is the difference between the largest and smallest values in the data set. 
The range for the example data set is 3.24, which is found by using the Excel function 
combination МАХ(се11Капде) - MIN(cellRange). The range is often used as a 
measure of dispersion in quality control studies. 


Variance 


The variance is a measure of the fluctuations of data about the mean. The pop- 


ulation variance o? is calculated using all N members of the population and the 
mean и: 


N 
У-и) 


g? ai x (4.10) 


4.3 Statistics 61 


The sample variance s? is calculated using и members of the sample and the mean x: 
n 
2,06 - Xy 
2 _ isl 


y (4.11) 


п-1 
Note that the sum of the squared deviation is divided by л—1. Since 
Уч (Ж = X) = 0 from Eq. (4.8), we have n — 1 independent terms. Thus, it is cus- 
tomary to say that s? is based on n — 1 degrees of freedom (df). The sample variance 
is what is calculated whenever a sample is taken. 
The numerator of Eq. (4.11) is calculated using 


2,06 - Xy =} (x? -2xi X+ X?) 
і--1 


i=] 


п 
-Y X -YKY E = X -aX $n 
і] [=] [=] 


i=l 


In this calculation, prior evaluation of the mean is not necessary. A similar 
expression may be written for the numerator of Eq. (4.10). 

The variance of the population is given by УАКР(се! 1 Капде) and the vari- 
ance of the sample by ТАК(се1 1 Капде ) in the Excel spreadsheet. For the example 
data set, VARP( ) = 1.0374 and VAR( ) = 1.1527. 


Standard Deviation 


The standard deviation is the square root of the variance and has the same units as 
the variable. The population standard deviation о is given by 


(4.13) 


(4.14) 
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The numerator under the square root is conveniently calculated as stated in 
Eq. (4.12). For the example data set, Уу X; = SUM(cellRange) = 29.31, and 
У", X? = SUMSQCCellRange) = 98.1681. The sample standard deviation is 


(l 


29.31? 
10 _ 1.07364, 


98.1681 — 
10-1 


which may be directly obtained using STDEV(cellRange) = 1.07364; the popula- 
tion standard deviation is given by STOEVP(cellRange) = 1.01855. The popula- 
tion standard deviation is meaningful if the data represent the entire population. 


Interquartile Range 


The lower quartile, Q4, such that one-quarter of the number of observations fall 
below it (and three-quarters above it); Q» is the second quartile, which corresponds 
to the median: and Q3 is the third quartile such that three-quarters of the observa- 
tions fall below it (and one-quarter above it). Then the interquartile range (IOR) is 
given by 


IOR = O35 О. (4.15) 


For the example data set, the Excel calculations are О! = QUARTILE 
(cellRange,1) = 2.085, Оз = QUARTILE(cel | Range,3) = 3.675, and Оз - 
Q; — 1.59. The IOR provides the spread corresponding to the middle 5096 of the 


data. 


Skewness 


The skewness of the data, y1, is determined by a parameter that represents the lack 
of symmetry: 


n 
$0 - Xy 
E. 2: жү! 
yl Ad : 


The skewness formula that is attributed to Pearson and is used in the Excel spread- 
sheet is given by 


Ух - Xy 
i n =] (4.16) 
МАН 
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Mean Mean 
Negative skewness Positive skewness 


Figure 4.3. Skewness 


The skewness of the example data set is given by SKEW(cellRange) = 0.0978. 
Fig. 4.3 shows the skewness shape. Negative skewness is indicated by a tail on the 
left of the curve. 


Kurtosis 


The kurtosis of the data, у, is a parameter that represents the steepness/flatness of 
the data curve: 


The skewness formula attributed to Pearson and used in the Excel spreadsheet 
is given by 


n 


30o-x' 


n (n + 1) і=1 $ 3(n — 1)? 
КАТ (n — 1) (n — 2) (n — 3) 47 (п-2)(п-3) с?) 


The kurtosis parameter is normalized by subtracting the second term so that 
0 represents peakiness of a standard normal curve, or mesokurtic distribution. A 
negative value represents a platykurtic distribution and a positive value represents a 
leptokurtic distribution. These are illustrated in Fig. 4.4. 


irc 


Platykurtic (—) Mesokurtic Leptokurtic (+) 
Figure 4.4. Kurtosis 


B 
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The kurtosis of the example data set is KURT(cellRange) — —1.259, The 
example data curve is platykurtic. 


Covariance 


Consider two sets of data: Xi, №,..., X, and Yi, Y, ..., У. We wish to know how 
the data are related. Covariance is a measure of correlation between two or more 
random variables. The covariance is given by 


y (% = XY SP) 


Cov(X, Y) = S (4.18) 


Note that Cov( X, X) = оў. In the example problem, treating the two columns 
as X and Y variables, respectively, COVAR(cellRangeX, cellRangeY) - 
—0.13412. 


Correlation Coefficient 


The correlation coefficient, г, 15 a measure of how two random variables change with 
respect to each other; it is also called Pearson's correlation. The coefficient is related 
to covariance and has a value between —1 and +1. A positive value shows that 
the two variables vary together and a negative value indicates that they change in 
opposite directions. A value of zero indicates no correlation. 


2 (X - (У - Y) 
je 


n 


У (% - ху (к -Y/ 
i=] 


і=1 


M. Cov(X, Y) _ 
|^ — OxOy 


(4.19) 


The correlation coefficient shows the slope of the best fitting line of the (X, Y) 
scatter plot. For the example data set, CORREL(cellRangeX, cellRangeY)- 
—0.13243. Fig. 4.5 shows a scatter plot of the example data set. 

The square of the correlation coefficient, 7? (or R?), also called the coeffi- 
cient of determination, is often used to represent correlation. The Excel function 
RSQ(cellRangeY, cellRangeX) = 0.01754 provides the К? value for the 
data set, 


4.4 Probability Distribution Definitions 


T . ô . n è . Т 
We discussed in the previous section that random variables are either discrete 9 
continuous. 


4.4 Probability Distribution Definitions 65 


Figure 4.5. Correlation 


Discrete Distribution 


A random variable X defined on a countable set S is said to have a discrete proba- 
bility distribution. The probability distribution function (pdf) p(x) is defined by 


p(x) =7Р( = x) tor every шо. (4.20) 
The pdf of a discrete distribution satisfies the following properties: 
1. р(х) > 0forevery x in S 
2 а) 4. 


xin S 


The cumulative distribution function (cdf) is denoted by F(x) and is defined as 


Бо) = >. py. (4.21) 


у<хіп 8 


Continuous Distribution 


Let X be a continuous random variable. The associated pdf f(x) is such that 
b 
Р(а < Х<Ь) = / f(x)dx (4.22) 


and f(x) satisfies the following conditions: 


1. f(x) z 0 for all x 


2. ED 
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x 
F(x) = J f(y) dy 


fre) а= 


Figure 4.6. Continuous probability distribution 


The cdf Р(х) is defined as 
во) = | (о (423) 


A pdf for a continuous probability distribution is illustrated in Fig. 4.6. 


Expected Value 
The mean or expected value, E(X ), of a discrete distribution is given by 
pi esE( X) хро); (4.24) 
xin 8 


and the mean or expected value, E(X), of a continuous probability distribution is 


given by 
и = Е(Х) = | xf (x)dx. (4.25) 


This is the first moment of the probability distribution. 
The variance, Var(X ), is the expected value of (X — м) thus, for discrete dis- 


tribution, 


Е(Х- uy] = ус (х — uy p(x), (4.26) 


xin $ 


and for continuous distribution, 
E(X- uy] = / (х — и)? f(x)dx: (4.27) 
—0Q 


The variance is calculated using the relation E[(X — и)?] = E(X?) - [E(X №: 


67 


4.4 Probability Distribution Definitions 


Figure 4.7. Roulette wheel 


Example 4.5. A simple roulette wheel is painted in four colors: 40?6 of the total 
area in red, 3096 of the area in blue, 2096 of the area in yellow, and 10% of the 
area in green, as shown in Fig. 4.7. If red, blue, yellow, and green are assigned 
the numbers 1, 2, 3, and 4, respectively, find the expected value and variance. 


Solution. We have p(1) = 0.4, p(2) = 0.3, p(3) = 02, and p(4) = 0.1 
E(X) = (1)(0.4) + (2)(0.3) + (3)(0.2) + (4)(0.1) 
= 0.4 + 0.6 + 0.6 + 0.4 


~= 2.0 
Е(Х?) = (1 (0.4) + 2)*(0.3) + (2) (0.4) + (1) (0.4) 


= 0.4 + 1.6 + 3.6 + 6.4 = 12 
Var(X) = E(X?) – [Е(Х)] = 12 — (1.9)? = 8.39. 


Example 4.6. ^ uniform distribution is defined by the pdf f(x) = 1(0 « x « 1) 
and f(x) — 0 elsewhere. Find the expected value and the variance. 


Solution. 
1 
0 
1 


1 
1 
Е(Х) | бъ " хах = 5 
0 
1 


0 


1 
E(X?) = 1 x! f(x)dx = / dx = 1 
0 
1 IS „р 
Var(X) = E(X’) - LEQOP = 3 - (5) - 1. 
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The random numbers generated on a computer are from a uniform distributio; 


given in Example 4.6. 
The following are some general results for a pair of random variables, Let X 
and Y be random variables with means ш; and uy, respectively. Then 


E(X + Y) = E(X) + E(Y) = ux + by (4.28) 
Cov( X, Y) = E[(X — u4)(Y — иу)] = Е(ХУ) — ики, (4.29) 
Var(X + Y) = Уаг(Х) + Var(Y) + 2Cov( X, Y). (4.30) 


The last statement follows by expanding the right-hand side of Уаг(Х + У) = 
E[CX — их +У- и,)?]. If X and Y are independent, then Cov(X, У) = 0. 


4.5 Discrete Probability Distributions 


A. few key discrete distributions, such as hypergeometric, binomial, multinomial, 
and Poisson distributions, find applications in quality studies. 


Hypergeometric Distribution 


Let D be the number of defective items in a population of size N. A sample of n 
items is chosen from the population as shown in Fig. 4.8. The probability of finding 


(Gan 


(хуш — тан 
(я 


Population 
N 


Sample л 


Defective 
(or nonconforming) 


Figure 4.8, Hypergeometric distribution 


4.5 Discrete Probability Distributions УР 


x defective items in the sample, р(х), is given by the hypergeometric distribution: 


(2) N- р 

x п-х 
М , 
п 

where (5) is the number of combinations of a items taken b at a time and is given 


by ($) = mem: а! is factorial of a given by a! = a(a — 1)(a — 2): -- (3)(2)(1) and 
0! = 1. 


The mean and variance of the distribution аге given by 


nD 
"Eo 4.32 
p= = (4.32) 
and 
----|1---)||----|. 4. 

=". (1 x) (у=) (4.33) 
The Excel function for the hypergeometric distribution is HYPGEOMDIST 

(xD. NNI: 


Example 4.7. There are 4 nonconforming capacitors in a lot of 25. A sample 
of 6 capacitors is taken. What is the probability of finding 2 nonconforming 
capacitors in the sample? Also find the mean and the standard deviation. 


Solution. We have N =25, D = 4, n = 6, and x = 2. The probability, mean, and 
standard deviation, respectively, are 


GG) 


Р(Х =2) = ыргай = 0.20277 [= HYPGEOMDIST(2, 6, 4, 25)] 
(%) 
6) (4) 
мән 


(6) (4) 4 Sap) = 00.6381 = 
а = OO (1-55) (5=1 = 0.6384 = 0.799, 
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Figure 4.9. Binomial distribution 


Binomial Distribution 


We consider a sequence of n independent trials, each with one of two outcomes - 
success or failure, nonconforming or conforming, and defective or good. Trials that 
have binary outcomes are called Bernoulli trials. For such trials, if the probability of 
success is p then the probability of failure is 1 — p. The experiment is illustrated in 
Fig. 4.9. The probability of x successes in и trials is given by 


p(x) = (2) О) ласы, д ut ica (4.34) 


Success in a quality study may be defined as finding a nonconforming ог defec- 
tive item. If the experiment involves tossing a coin and we define success as com- 
ing up with a head and failure otherwise (coming up with a tail), then p — 0.5 and 
(1 — p) — 0.5. If success in tossing a die is defined as coming up with a 6 then p — 1/6 
and (1 — p) — 5/6. 

The mean and variance for a binomial distribution are given by 


ш = np (4.35) 


o? = пр(1 — р). (4.36) 


If the population is of finite size N and is approximated using the ма 
mial distribution, the variance may be corrected in line with Eq. (4.33) 880 " 
np — p)( x="). | 

The binomial probabilities (") p*(1 — р)" (x =0,1,2,...,п) are the eer 
sive terms in the binomial expansion of [(1 — p) 4- p]" and their sum is 1. This sho 
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that, in evaluating the cumulative binomial probabilities, we may use the following 
identity: 


k n 
(i )ra- py =1- Y ("ар (4.37) 
i=0 ЁЁ J 

j=k+1 
For term-by-term calculation of the cumulative distribution, it is convenient to work 
with the lower number of terms depending on the value of k. Appendix Table А.1 
provides a list of values for cumulative binomial distribution. The Excel function 
for the binomial term is BINOMDIST(x, n, p, False) and for the cumulative 
distribution it is BINOMDIST(x, n, p,True). 


Example 4.8. A manufacturer knows that 10% of the items produced in a cer- 
tain large batch are nonconforming. What is the probability of 2 nonconform- 
ing items occurring in a sample of 5? What is the probability that there are 1 or 
fewer nonconforming items in the sample? 


Solution. We have p = 0.1, x = 2, and n = 5: 


p(x=2)= (5a - р) 


5! 
~ 213! 
= 0.0729. 


0.120.9? 


The probability of exactly 2 nonconforming items in a sample of 5 is 7.2996. To 
find the probability of 1 or fewer nonconforming items, 


Р(Х < 1) = P(X=0)+ P(X — 1) 


- (5)ма mp + (i)a Te 


= 0.5905 + 0.3280 
= 0.9185. 


Using Table A.1, 
Р(Х = 2) = Р(Х<2)- Р(Х<1) «0,991-- 0.919 — 0.072 


and Р(Х < 1) = 0.919. Note that the table values are rounded to three decimal 


places. 
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Multinomial Distribution 


A multinomial distribution is a generalization of the binomial distribution. Consider 
for example, a die with six faces, one face marked with one dot, two faces markeq 
with two dots each, and three faces marked with three dots each. The Probability 
of hitting 1, 2, and 3 each in a random throw are 1/6, 2/6, and 3/6, respectively, 
The multinomial distribution answers the following question: if we throw the die 
10 times, what is the probability of hitting 1 twice, 2 three times, and 3 five times? 
Consider n independent and identical trials with each trial having k possible 
outcomes. Let р; = P(outcome i on any trial). Let the random variable X; equal the 
number of trials resulting in outcome i (i — 1, 2,..., k); then the joint probability 
of X1, 35, ..., Xz, is given by 
pd sss. . хк) = Tab, MEN гір .. T 
WI RES E 
1*0, LTR Xi FEX) p ДЕ Pit pacc рк = 1. 


(4.38) 


Using this, the answer to the probability question posed earlier is 
POPS IN" vanas 
е Bier = =} = 0.08102. 
21315! (3) (5) (5) 9 


Poisson Distribution 


Random occurrences, such as the number of surface defects per square meter of a 
fabric, the number of vehicles traveling on a given road in a ten-minute interval, the 
number of customers arriving at a bank window in one hour, the number of machine 
breakdowns per month, are modeled via Poisson distribution. Let x represent the 
observed value of the random variable X. Let À be the average rate per unit time or 
unit surface area or volume. Then the probability of x events in the unit entity, p(x), 
is given by 

e^^A* 

x! 


where e is the base of the natural logarithm, equal to approximately 2.71828. 
The mean and variance for the binomial distribution are given by 


Ш = А (4.40) 
c? =). (4.41) 


(а= 12, Ж (4.39) 


Р(х) = 


Using the Maclauren expansion of e^, we get the identity 


2 X 
eere eee mee). 
2! x! 
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This shows that the sum of probabilities of all occurrences is 1, which fulfills the 
condition for the pdf. 

Appendix Table А.2 gives cumulative Poisson probabilities for various А values. 
The Excel function for the Poisson term is POISSON(x, A, False) and for the 
cumulative distribution itis POISSON(x, A, True). 


Example 4.9. Ап interval of 20 seconds is needed to take а right turn at an 
intersection. The average number of vehicles moving in the direction of interest 
is 6 per minute. What is the probability of there being no vehicle on the road 
(for a successful turn)? 


Solution. The average number of vehicles during the interval of interest, 
20 seconds (or !/3 minute), is А = 2. The probability of no vehicle during the 


interval 1$ 
e ^A 
0! 


Р(Х=0)= = e? = 0.1353. 


Example 4.10. The average number of paint defects in the bumper area of an 
automobile is 3. In a randomly selected vehicle, determine the probability of 


finding 2 or fewer paint defects. 


Solution. 
2-330 e-3931. e733? 
Jue тсз ет 2 5 
— 0.0498 + 0.1494 + 0.2240 
= 0.4232. 
Using Table A.2, for A = 3 and x = 2, Р(Х < 2) = 0.4232. 


and p is small in a binomial distribution, probability 


If the sample size n is large 
distribution by setting A = np. 


can be approximated by Poisson 


4.6 Continuous Distributions 


tions are of particular interest in statistical quality con- 
are the normal distribution, the chi-squared 
distribution, and some noncentral distribu- 
ions will be presented in a later chapter 


Several continuous distribu 
trol. The distributions discussed here 
distribution, the t-distribution, the F- 
tions. Exponential and Weibull distribut 


on reliability. 
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Figure 4.10. Normal distribution 


Normal Distribution 


Normal distribution, or Gaussian distribution, is of great importance in many fields, 
This distribution is most widely used in statistical quality control. Measurement 
errors in engineering products, scores on various tests, and numerous economic 
measures and indicators have a normal distribution. 

The pdf for the normal distribution is given by 


JE) = = NS EA (-оо < x < оо), (4.42) 


where и (—oo < и < oc) is the population mean and с is the standard deviation. 

The statement that the random variable X is normally distributed with param- 
eters м and о? is abbreviated X ~ М(и, о?). The curve representing Eq. (4.42) is 
shown in Fig. 4.10. The graph is symmetric about и and is bell shaped. Small values 
of ø show a high peak and large values of o result in a larger spread about the mean. 
F(x) is the area under the curve from negative infinity to x. Fig. 4.11 gives the area 
under the curve from и — ko to и + ko for various values of К; 99.73% of the area 
is contained in the interval и — Зо to и + Зс. This interval plays an important role 
in statistical quality control. The F(x) value can be obtained using the Excel func- 
tion NORMDIST(x, и, o, true), and f(x) can be obtained using NORMDIST 
(x, ш, о, false). The value of x can be evaluated for a given F(x) by using 
the inverse function NORMINV(F(x), м, o). Examples of using these functions 
are given in the file WorksheetFunc.xls. 

The shape of the normal curve changes as the values of parameters 4 and a 
change. A change of variable will allow us to make the curve invariant, enabling 
us to use standard tables. We define a standard normal curve by introducing the 
standardized normal random variable, Z: 

X-u (4.43) 


о 


Z = 


75 
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Defective 


AREA % 


68.27 ~32/100 
95.45 ~55/1000 
99.73 ~3/1000 
99.9937 63/million 
99.9999998 | 2/billion 


u—ko и u+ko 
Figure 4.11. Area under normal curve  — ko to и + ko 


With this change of variable, Z has a mean value of 0 and standard deviation of 1; 
thus, Z ~ N(0, 1). The pdf of the standard normal distribution is given by 


$(z) = at (65% z & 5). (4.44) 
The cdf Ф(2) is given by 
D(z) = / М Ds ЗАРЕ (4.45) 


and X can be obtained from Z using the inverse relation corresponding to 
Eq. (4.43): 


X=ptoZ. (4.46) 


The transformation from X to Z and Z to X is shown in Fig. 4.12. 

Values of normal cdf Ф(2) for various values of < are given in Table А.З in 
the Appendix. The inverse of this is to find the z-value for a given tail area. It is 
general practice to denote 2, as the z-value for a given right-tail area of œ as shown 
in Fig. 4.13. Table A.4 gives 2а for a given right-tail area of а. These values are 
provided for о in the range 0 to 0.5. For о > 0.5, the z-value is —z,;_,. For а left- 
tail area of æ, the z-value is —z,. The value of Ф(2) can be obtained using the Excel 
function NORMSDIST(z), and its inverse z by using МОКМ5ІМҮ(Ф(2)). The Excel 
function uses the left-tail area; thus, „ = NORMSINV(1 — o). We now apply these 
relations to some examples. 


Example 4.11. The yield strength of an alloy steel is normally distributed with 
a mean of 220 MPa and a standard deviation of 20 MPa. 


a. If the specimen is acceptable only if its yield strength is more than 192 MPa 
what is the probability that a randomly chosen sample has an acceptable уы 
strength? 
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x; 7192 220 
192—220 
ME Яя т” 
= -14 
Figure 4.14. 


b. If the acceptable yield strength can be lowered, determine the yield stress at 
which 95% of the specimens are acceptable. 


Solution. For this problem, we have ш = 220 MPa and o = 20 MPa. 


a. The lower acceptance limit is set as хі —192 MPa. The corresponding z-value 

for the standard normal distribution is 
ар 192 — 220 
M M Qu. E 
which is illustrated in Fig. 4.14. The area to the left of xy under the normal 
curve is the same as the area to the left of z; under the standard normal curve. 
Using the values in Table А.З, we get 


= —14, 


а = Е(х1) = (zi) = 0.0808. 


This shows that 1 — 0.0808 = 0.9192 or 91.92% of the parts have an acceptable 
yield strength. 

b. For the second case, the area to the left is given as 1 —0.95 = 0.05, ого = 0.05. 
We now use the inverse of the standard normal distribution from Table A.4 
to get 214 = —2005 = —1.6449. Therefore, хі = и + аа= 220 —1.6449 x 20 = 


187.1 MPa. 


Example 4.12. Shafts produced in a manufacturing plant have a normal dis- 
tribution with an average diameter of 50.05 mm; the standard deviation of the 
process is 0.02 mm. Determine the proportion of shafts in the acceptable range 
of 50 to 50.11 mm. 
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F(z5) = 0.9987 
F(z,) 0.0062 


Figure 4.15. 


Solution. We have и = 50.05 mm and o = 0.02 mm. The acceptable range is set 
as xı = 50 mm and x; = 50.11 mm. The standardized z limits are 


xi —u 955005 . 
y метр ВЕ adm 


21 


х-и „50.11. – 50.05 . 


o 0.02 


£2 


The standard normal curve with z; and 22 is shown in Fig. 4.15. 

From Table А.З, Ф(21) = 0.0062 and Ф(2:) = 0.9987. Thus, the proportion 
of acceptable parts is Ф(22)- Ф(21) = 0.9987 — 0.0062 = 0.9925 or 99.25% of 
the parts produced. 


Gaussian Random Numbers 


In a number of simulation studies related to quality, we need random numbers from 
a normal or Gaussian distribution. The Excel function =rand() and similar func 
tions give random numbers from a uniform distribution on [0, 1]. The Вох-Мшіег 
transformation provides an elegant approach for generating Gaussian random 
numbers. Hitting Alt-F11 from an Excel screen and then choosing “Insert” and 


1 See G.E.P. Box and М.Е. Muller, А Note on the Generation of Random Normal Deviates, Annals 
of Mathematical Statistics, v29, (1958) pp. 610-611. 


| 
| 
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“Module” from the Menu bar and entering the following Visual Basic code pro- 
vides the function -randn(), which provides a random number from №(0, 1): 


Function randn() 
Randomize Timer 
“--- Box-Muller Approach 
Do 
ul LRG ed 
и2 = 2 * Rnd - 1 
Ц = ul * ul + u2 * u2 
Loop While (u >= 1) 
М zsqr(-2 * Logt(u) 7 u) 
randn = ul * w 
End Function 


Gaussian random numbers can be used to generate simulated experimental data 
from a normal distribution. See programs Box Muller.xls and NormalData.xls. 


Chi-Squared Distribution 


The chi-squared or x? distribution is closely associated with the normal distribution. 
If Zi, Z>,..., Z, are v standard normal variables [~N(0, 1)], then the random vari- 
able X given by 


Х-22-22-.-.-22 (4.47) 


has a chi-squared distribution with v df. We use the notation X — x7. 
The probability distribution function is given by 


1 
а) (2) 
f(x) DAF (2/2) x e xt). (4.48) 
where Г(а)- fj" 19-16 ‘dt is the gamma function of o. For integer n, l'(n + 1) = п! 


and Г(1/2) = Л. 
A typical chi-squared distribution is shown in Fig. 4.16. The chi-squared value 


for а right-tail area of a is denoted х2 ,. The mean and variance for the chi-squared 
distribution are given by 
=v (4.49) 


07 = 2v, (4.50) 
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f (x) 
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X 7 Xa. v 


Figure 4.16. x?-distribution 


Critical chi-squared values for a given right-tail area o near left and right tails 
are given in Table A.5 in the Appendix. The Excel function CHIDIST(x,df) gives 
the area to the right of x. CHI INV (о, df ) gives the x-value for right-tail area а. 

If s is the standard deviation of a sample of size п, then У has a chi-squared 
distribution with (n — 1) df. This is used in Chapter 5 to evaluate the confidence 
intervals on c?. 

И 61,82,...,8, are constants such that 5? = 6? + 62 + --- + 62, then the ran- 
dom variable X = (А 4-1)? +(Z 4-82)? +...+ (2, --ó,) has a noncentral chi- 
squared distribution with v df and noncentrality parameter 8°, which is denoted 
х2(5?). The functions chinc(x, df, delta)andchincinv(p, df, delta) 
are given in NoncentralDistributions.xls. Here p is the left-tail area. These functions 


may be used if the need arises for a noncentral chi-squared distribution. 


t-Distribution 


The t-distribution or Student's t-distribution is widely used in sampling studies. If a 
random variable X has a standard normal distribution and an independent random 
variable Y has a chi-squared distribution with v df, then the random variable 


eee (4.51) 
Y/v 
has a t-distribution with v df, or T ^ t,. 
The pdf of a t-distribution is given by 
v4 1 
E ( 2 ) 2-4 (4.52) 
f(t) = (1+ — - 00 <Í < 00, 
l(v/2) vr V 
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-2 -1 0 1 2 
Figure 4.17. ¢-Distribution 


and the f-distribution is symmetric about t = 0 and has а different curve for each 
value of v, as shown in Fig. 4.17. The variance of the t-distribution is 


2 V 


exer (4.53) 


As the number of df approaches infinity, the distribution approaches the stan- 
dard normal distribution. The /-value for v df and a given right-tail area о is denoted 
ty», as shown in Fig. 4.18. Table А.б in the Appendix gives t-values for standard 
cumulative probabilities for various df values. The applications of t-distributions are 
discussed in Chapter 5. The Excel function TDIST(t,df,1) provides the right- 
tail area and TDIST(t,df,2) provides the two-tail area. The inverse function 
ТІМУ (о, df) gives the positive t-value for the area а included in the two tails. 


0 Га, v 
Figure 4.18. fe,» definition 
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If 8 is a constant, X is a random variable with standard normal distribution 
and Y is an independent random variable from a chi-squared distribution with y е 
then T = 4% is said to have a noncentral t-distribution with v df and noncentrality 
parameter ô, denoted ^-1, (5). A noncentral f-distribution is skewed and the Skewnegg 
depends on the parameter 8. The functions tnc(x, df, delta) and tnciny 
(p, df, delta) are given in NoncentralDistributions.xls, where p is the left-tai] 
area. The noncentral r-distribution finds several applications in quality studies, 


F-Distribution 


The F-distribution is named in honor of the renowned statistician Sir R.A. Fisher. 
If random variables X; and X; have chi-squared distributions with df v, and V2, 
respectively, then the variable 
БЕЛІП 
ЕРСІ? 
has ап F-distribution with v; (numerator) and v2 (denominator) df, or X ~ Ед у. 
The pdf of the F-distribution is given by 


(v/v3)? yi 
т V2 (v1--v2)/2 
SS re! 1% 

В (>. =) (1+2) 


where B(m, п) = Г(т)Г(п)/ Г(т + п) is the beta function. 
The mean value is given by 


(4.54) 


f(x) = 0 « x « oo (4.55) 


ECR) Sad est far iss d; (4.56) 
№ = 2 

The F-distribution is illustrated іп Fig. 4.19. The F-value for numerator df (vi), 
denominator df (v2), and right-tail area (o) is denoted Е, ,, ,,. F-distributions are 
used in variance ratio tests and analysis of variance, some applications of which are 
discussed in Chapter 5. F-values for given right tail areas о are listed in Table A.7 in 


the Appendix. F-values near the left tail may be obtained using the relationship 
1 


@,V2,V1 

The Excel function FDIST(x,dfl,df2) gives the area to the right of x; 
РІМ (о, dfl,df2) gives the x-value for right-tail area o. 

If X; in Eq. (4.54) has a noncentral chi-squared distribution with noncentral- 
ity parameter 4 then X has a noncentral F-distribution with vı (numerator) and v 
(denominator) df and noncentrality parameter A, denoted X ~ Қ, ,, (А). Functions 
Fnc(x, dfl,df2, delta) and Fncinv(p, dfl,df2, delta) are given in 
NoncentralDistributions.xls, where p is the left-tail area. 


(4.57) 


Fi-a,vi, v “2 
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Figure 4.19. F-distribution 


Studentized Range Distribution 


Multiple mean comparison methods use the studentized range distribution. Let Y, 
У,..., Ук be independent normally distributed random variables ~ М(и, o?), and 
let $? be an estimator of o? based on a chi-squared random variable with v df, which 
is independent of the value of Y;. Let R — max; Y; — min; Y; denote the range. The 
studentized range is the ratio 


Ок» = x (4.58) 


The studentized range distribution is shown in Fig. 4.20. The studentized range 
value for a right-tail area of а is denoted О, кь. Studentized range values are given 
in Table A.10 in the Appendix. Two functions have been created in the spreadsheet 


f (x) 


х= Оку 


Figure 4.20. Studentized range distribution 
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StudentRange.xls: the function st rng (q,k, V) evaluates the probability (left.tai 
area) for given studentized range 4, and the function strnginv(p,k, v) evaluates 
the studentized range for a given value of confidence, p — 1 — o. 

All the distributions discussed here are included in Distributions.xls. The nop. 
central distribution functions are included in NoncentralDistributions.xls. 


4.7 Summary 


The concepts of probability and statistics have been introduced, along with some 
ideas of descriptive statistics. Graphical presentation aspects will be discussed in 
Chapter 6. Important probability distributions have also been presented, but this by 
no means exhausts all the available distributions. Interested readers should look for 
these in the many excellent books on statistics. The Internet is an excellent source 
to pursue interest in statistics. In the next chapter we enter the inferential statis- 
tics arena, where we intend to draw conclusions about a population based on data 
collected from samples. 
The computer programs discussed in this chapter include the following: 


WorksheetFunc.xls (gives Excel worksheet functions with examples) 
Distributions.xls 

BoxMuller.xls 

NormalData.xls (generates normal data for given values of mean and variance) 
NoncentralDistributions.xls 


All tables in the Appendix are active Excel worksheets. 


EXERCISE PROBLEMS 


Е eco ee Se eee 
4.1. Automobiles are inspected for emissions every year. If the probability that à 
randomly selected vehicle passes the test is 0.8, what is the probability that two 
successive automobiles pass the test? 


4.2. Two machines are used in a manufacturing department. The items produced by 
machine 1 are 296 defective, and machine 2 produces 4% defective items. Machine 1 
is used to produce 4096 of the items and machine 2 is used to produce the remain- 
ing 6096 of the items. If an item is randomly chosen and is found to be defective. 
determine the probability that it came from machine 2. 


4.3. A store has set up a taste stall for a product. The probability that a customer 
tastes the product is 0.6. Given that the customer tastes the product, the probability 
of buying the product is 0.2. Determine the probability that a customer tastes the 
product and buys it. 


p" б 
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4.4. For events A, B, and C, show that 
P(AU BUC) = P(A) + Р(В) + P(C) — P(An B) 
—P(BnC)- P(Cn A) + P(An ВПС). 
4.5. А container has 5 good parts and 2 defective parts, and another container has 6 
good parts and 4 defective parts. If one part is chosen from each container, find the 
probability that 
a. both parts are good, 


b. one part is good and one part is defective, and 
c. both parts are defective. 


4.6. Determine the mean, median, and mode for the following 10 data points: 
9,06,3,8 E, ЛУ LL. 
4.7. Calculate the standard deviation for the data in Problem 4.6. 


4.8. The following forty observations represent kilometer-per-liter data in evaluat- 
ing the performance of an engine using a certain brand of gasoline: 


9.4 10.7 9.8 8.1 

9» 10.3 10.7 10:2 

9.9 8.9 9.9 8.9 
10:5 9.6 9/5 9 

10.1 8.6 8.8 10.2 
9.7 9.6 10 9 

91. 9.8 9.9 10.3 

9.9 9.2 10.6 8.4 

8.9 J 8.2 8.9 

8.6 9.6 9.4 9,0 


a. Find the mean, median, mode, and standard deviation. 
b. Find the skewness, kurtosis, and the IOR. 


Comment about the distribution of data based on the preceding calculations. 


4.9. A pdf is defined as f(x) = 2x when 0 <x x 1 and f(x) = 0 elsewhere. Find the 
expected value and the variance. 

4.10. Bin 1 contains 7 circuit boards, of which 2 are nonconforming. Bin 2 contains 
8 circuit boards, of which 3 are nonconforming. Two circuit boards randomly picked 
from bin 1 were transferred to bin 2. If one circuit board is picked from bin 2, what 
is the probability that it is nonconforming? 

4.11. A batch of 25 units produced contains 2 defective units. И 12 units are 
randomly picked, what is the probability that the number of defective units is 1 or 
fewer? 


ЕР 
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4.12. The proportion of defective parts in a large lot is 0.10. These de 
observed to occur randomly and independently. A sample of 20 parts i 
Answer the following: 


fects ar 


What probability distribution do you use for this case? 

What is the probability that there are exactly 3 defects in the sample? 
What is the probability that there are 3 or more defects in the sample? 
What are the expected values of the mean and standard deviation? 


ос» 


4.13. The number of automobiles of a certain model and year that sometime in the 
future will suffer catastrophic failure of a suspension mechanism is denoted by x 


If X has a Poisson distribution with the average number of failures given as 10 
determine the following: 


a. Whatis the probability that at most 12 cars suffer such a failure? 


b. What is the probability that between 10 and 15 (inclusive) cars will suffer 
such a failure? 


4.14. The fraction of nonconforming parts in a production process is 0.03. A sample 


Of 60 parts is drawn. What is the probability of observing a fraction of 0.04 noncon- 
formities in the sample? 


4.15. In the tires produced by a company, a tire is said to be defective if it fails 
during the first 32,000 km of its life of 64,000 km. The probability of the occurrence 
of defective tires in manufacture is 0.02. If four new tires made by this company 
are installed on a car, what is the probability that one tire will fail during the first 
32,000 km? 


4.16. The average number of paint defects on a four-door sedan produced by ап 
automobile manufacturer is 6. These defects are observed to occur randomly and 
independently. 


a. What probability distribution do you use to predict the number of defects’ 
Determine the probability that there are exactly 4 defects in an automobile. 

c. Determine the probability that there are 4 or more defects in an automo- 
bile. 


4.17. In a selective assembly process, shafts with tolerances of 0 to 30 им on = 
diameter are divided into three equal classes: class I, 0 < x < 10; class II, 10 ae 
20; and class Ш, 20 < x < 30 ит. The probability of shafts falling in class 115 n 
class П is 0.6, and class III is 0.2, If a random sample of 4 shafts is chosen, what get 
probability that it consists of 1 shaft from class I, 1 shaft from class П, and 2 $ 
from class III? 


Exercises 4, 18—422 “ 


418. The average number of patients admitted daily to the emergency room of a 
hospital is 5. What is the probability that 

a. no patients will be admitted on à given day? 

b. 5or more patients will be admitted on a given day? 


4.19. The Rockwell hardness of a harde 
a mean of 48 and a standard deviation 
measured on a continuous scale. 
what value of c would guarantee 


ned alloy steel is normally distributed with 
of 2. Assume that the Rockwell hardness is 
If the acceptable tolerance range is (48 — c, 48 + c), 
95% acceptable parts? 


4.20. The mean diameter and standard deviation of shafts produced in a manufac- 


turing facility are 45 and 2 mm, respectively. If the lower specification limit is 40 mm 
and the upper specification limit is 51 mm, determine the proportion of acceptable 
parts produced. What strategy do you suggest to improve the process? 


4.21. A manufacturer produces 10,000 shafts. The specification limits are set as 55 
+ 0.03 mm. The standard deviation of the process is 0.01 mm. Each undersized part 
that is scrapped is valued at $40 and the cost of reworking an oversized part is $0.50. 
Determine the cost to the manufacturer if the process mean is maintained at 

a. 55mm. 

b. 55.01 mm. 


Make your recommendation. 


4.22. If a random variable 2 has a standard normal distribution, how is z2 dis- 
tributed? 


sampling Concepts 


5.1 Introduction 


Inspecting every part that is produced is counterproductive in batch and mass pro- 
duction. W. Edwards Deming states “cease dependence on mass inspection." Gath- 
ering sample data and using statistical methods is the way to ensure quality in a 
product. This approach falls into the area of inferential statistics, where we draw 
conclusions about population characteristics using sample data. In this chapter we 
present the central limit theorem, which forms the basis for practically all statistical 
approaches. We then develop the concepts of confidence limits, hypothesis testing, 
and Type I and Type II errors. 


5.2 The Central Limit Theorem 


Let Xi, X5. ..., X, be a random sample taken from a population with mean и and 
variance с?. We may then state that Xi, X2, ..., X, are independent random vari- 
ables from an identical distribution, or { Х,} are i.i.d. (independent identically dis- 
tributed) random variables. The central limit theorem addresses the question, *how 
is the sum X; + X; +... + X, distributed?" 

The central limit theorem states that X; + X; 4-...4- X, has an approximate 
normal distribution with mean ny and variance no?. It approaches the normal dis- 
tribution as и approaches infinity. This means that the mean of the sample, X, has 
an approximate normal distribution with mean д and variance c? /n. The following 
is the widely used form of the central limit theorem. 
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Central Limit Theorem 


If X is the mean of a random sample of size n from a population with mean и 
and standard deviation o, then 


e Xis approximately normally distributed [ X ~N(u, o? /n)]. 
e The mean of the sampling distribution uy is 


их = p. 


• The standard deviation ox of the sampling distribution is 


оу = 


Alternatively, we may state the theorem using a standard normal variable in the 
following form. 


Central Limit Theorem - Alternative Statement 

If X is the mean of a random sample of size n from a population with mean и 

and standard deviation с, then 
X-u 

o//n 


is approximately N(0, 1). (5.3) 


The sample mean tends toward a normal distribution irrespective of the distri- 
bution of the population. Even when the population has a uniform distribution, the 
sample mean can be approximated by a normal distribution for a sample size of five 
or more. If the population has a normal distribution, the sample mean has a normal 
distribution that satisfies the central limit theorem statements. 


Example 5.1. A random sample of 5 shafts is chosen from a population with a 
mean diameter of 45 mm and standard deviation 0.2 mm. What is the probability 
that the mean diameter of a sample is less than 44.92 mm? 


Solution. We need to evaluate the probability P(X < 44.92). Denoting z = 
ae the required probability in the standard form is 


Р ( , 492 - 3 
7 02/45 


P(z € —0.8944). 
From Table A.3, ме have P(X < 44.92) = Ф(—0.8944) = 0.1856. 
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5.3 Confidence Interval Estimation 


The central limit theorem leads to many important steps in statistica] inferen 
Newspapers often publish the results of surveys that were conducted, For ey А 
ple, based on a survey conducted on a random sample of 400 people the Support fo 
a certain political party is 55% and the margin of error is 4-596 with 95% confideneg 
this means the interval of 50 to 60% is correct 95% of the time and extends to x 
whole population. In quality studies, we would like to predict intervals for the 
or some other parameter of the population with a certain degree of confiden 
the sample data. 

In confidence interval estimation, we first need to choose (1) a parameter у 
interest, 6 (mean, variance, etc.), and (2) a confidence level, 1 — a. We then seek ч 
establish an interval for the parameter so that it falls in that interval with а probabil. 
ity of 1 — о; wis the probability that the parameter is outside the limit and is referred 
to as the level of significance. For some parameters we may seek both a lower and an 
upper limit. An example is the mean diameter of a shaft. The two-sided confidence 
limit is of the form 


Mean 
ce using 


Р(бі <0< Өџ) = 1] – о. (54) 


For some parameters such as yield strength in material testing, we may seek 
only a lower limit. We may seek an upper limit only for finding the percentage 
level of an impurity in a material. The one-sided confidence limit is of the following 


form: 
lower P(6, < 0) =1-а 
or upper Р(0 < 0j) 2 1 о. (5.5) 


5.4 Confidence Interval for the Mean of a Normal Population 


The confidence interval for the mean is established when the variance of the pop 
ulation is known or when the variance is unknown. In both cases, the central limi! 
theorem helps in developing the relations. 


Variance o? Known 


Choose a random sample of size n and calculate the sample mean X. From the a 
tral limit theorem, we know that Z = ден ~N(0, 1). By setting the confidence lev 


~~. = ШЕШЕ 
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= g 
с» п-т 


Lower limit on д 


x-u 
a/vn 
о 
< Etu = 
> й = X2, vn 
Upper limit опи 
E Za/2 


= а ек o 
X— Zanr = SUS X+ Zan = 
үл ш. 


Two-sided interval 


Figure 5.1. Confidence interval for mean (c known) 


1 — о, on the standard normal curve as shown in Fig. 5.1, we get the confidence inter- 
val as follows: 


Х-и - o 
—£*. ж > u < X + 20 —= upper 
а xm" m (upper) 
X-u Y c Y c | 
-2а/2 < 2.2 < Zap Х- lan SHS Хар (two-sided) (5.6) 


—p Е o 
« Zu и> A- uE (lower). 
NOR Jn 

The lower tail limit on z gives the upper bound on и and vice versa. If we fix А 
and treat џи as a random variable, и appears to have a normal distribution. 


Example 5.2. The pressure in à pneumatic conveying system has a standard 
deviation of 2.5 kPa. The mean value of 16 pressure readings is obtained as 
58 kPa. Find a two-sided 9596 confidence interval for the pressure. 


23 
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Solution. We have a = 0.05 and 0/2 = 0.025. From Table A.4, Za/2 = 1.96 " 
Eqs. (5.6), 


Х--2 аа = 58 - 96-65, = 56.775 kPa, and 


Jn 16 
X + Za м. = 58 + 19622. = 59.225 КРа. 
Ж Аий 716 


The 95% confidence interval is 56.775 < и < 59.225. 


Variance Unknown 


In many situations, the variance of the population is not known. In that case the 
sample mean X and sample variance s? are the only sources of information. From 
the central limit theorem, Z — a is a standard normal variable. From Chapter 4, 
Ў = И has а chi-squared distribution with л — 1 degrees of freedom. We also 
noted that Z/,/Y/(n — 1) = 226 has a t-distribution with n – 1 degrees of freedom, 
Thus, 


ш 
ЗЕ 1—1. (5.7) 


The upper, two-sided, and lower confidence intervals are given by 


X—u - 5 
“Әлі = xe. э. иррег 
ат и Я (иррег) 

—la/2,n-1 < Еды => Х- Rime << X+ WR (two-sided) 
ш Жш те 

Жас» E 5 
Т, Sao И X 2h a lower). 
$/ Jn a,n—1 и a,n я ( 


(5.8) 
Note that Table А.б gives fa,» Values for some standard values of o. 


Example 5.3. A random sample of 25 is selected and a tensile test is performed. 
The sample mean and sample standard deviation are 118 and 10.5 MPa, respec 


tively. Find the one-sided 90% confidence interval if tensile strength at the 
higher level is desirable. 


5.5 Confidence Interval for the Difference between Two Means 93 


Solution. X = 118MPa and s = 10.5 MPa. The lower limit on и is obtained by 
placing the entire œ = 0.1 at the upper end of the t-variable: E We determine 


Гал-1 = 1.24 = 1.3178 (from Table А.б). From Eqs. (5.8), we get 
т 5 10.5 
u> X- tanime = 118 — 1.3178—— = 115.23. 
я J/25 


The 90% confidence interval is и > 115.23. 


5.5 Confidence Interval for the Difference between Two Means 


Sample Variances Known 


If X; is the mean of a sample of size n; from population N(j1, o7) and Хо is the 
mean of a sample of size m from population N(,, ox), then we wish to find a 1 — « 
confidence interval for Ja — Шо. From the central limit theorem, note that X; — 
X; ~ N(u1 — ио, 7- + 2). We may obtain the two-sided confidence limits as 


ЖаН тоны, ARE 
Aj — AQ Rapa ЕН жщ -—u*X = Ана — Р. (5.9) 
ni n» ni n» 


Sample Variances Not Known 
If population variances are not known, we make use of the calculated values of sam- 
ple variances, s? and 82. The confidence interval is defined using the ¢-distribution as 
Xi — X? — tajzvSp € Ш — Шо < Ху — № + faj2, 5 p- (5.10) 


The degrees of freedom, v and sp are defined for each of two cases, when the pop- 
ulation variances are assumed equal and when they are not equal. 


Case 1: o2 = 02 


If s? and s? are the calculated sample variances, then the weighted average, 52, called 
the pooled estimator of the variance of the samples, is given by 


(ni = 1)57 + (nz — 1) 52 


E и 

= т) 00 1) ш 
"wn 

TD TU m 7 (5.12 


у= № +n – 2. 
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2 
Case 2: о? # о; 


If s? and s? are the calculated sample variances, then sp is given by 


2 
2 2 
E + i (5.13) 
nı n» 


^^ Em) Jm — 1) + (63/m) т — 1) 

Example 5.4. The assembly time for a product from two vendors is under сот. 
sideration. The average assembly time for 10 units from vendor 1 is 24.5 minute; 
with a sample standard deviation of 2.5 minutes. The average assembly time for 
12 units from vendor 2 is 21.2 minutes with a standard deviation of 3.1 minutes, 
Find a 90% confidence interval for the difference in assembly time between 
vendor 1 and vendor 2, assuming that the population variabilities may not be 
equal. 


Solution. We have т; = 10, x1 = 24.5, and s = 2.5, and n? = 12, x; = 212, and 
82 = 3.1 for this problem: 


(25 „32 : 
(е "T ie c 
ағ” See So a 
(2.52/10)°/9 + (312/12) 711 


For the 9096 confidence interval, «/2 = 0.05; from Table А.б, 1005,2 = 1.7247. 
Substituting this in Eq. (5.10), we get 


= 19.99 = 20. 


24.5 —21.2 — (1.7247) (1.1941) < yw, — И? € 24.5 - 21.2. 4- (1.7247) (1.1941) 
1.2405 < ш = H2 < 5.3594. 


Since lower апа upper limits are both positive, we may conclude that ди > W 
at a level of significance of 0.10. 


5.6 Confidence Interval for a Proportion 


We have the following result from statistics. If X is a binomial random variable 
defined on n independent trials where p represents the probability of success, the? 


56 C 
onfidence Interval for a Proportion " 


the random variable —X-np.. 


h . 
| т wa =p) “уап approximate standard normal distribution. This 
implies that —222=р_ К a 
implie Vp -pym 88 а Standard normal distribution. 


If f is к. proportion of Successes in the sample with p as the probability of 
success then р ^ М(р, p(l- р) /п). W 


hen 7 is large enough i 
- gh to satisfy np > 5 and 
n(1— p) = 5, the 1 — o confidence interval for р is given by Е 


А b – a 
p = taf [TUE Sps pt Zany 0-0. (5.14) 


For small samples, the Clopper-Pearson! 
These limits are based on the binomial probab 
ber of successes, k, and obtain Рі, and py such 


confidence limits are recommended. 


ility. We work directly with the num- 
that 


n 


2. 6) p, 1 — р.у”! = a2; >: b | py рш! =1-a/2, (515) 


j=k+1 


Then pz and py are the lower and upper confidence limits for р(ру < p < py). 
Equation (5.15) is solved using the F-distribution transformation, which is intro- 
duced in the program ConfidencelInt.xls. As an example, p; is solved using p; — 
1/(1 + T Famu), Where т = 2(n — К+ Du = 2k. 

We now turn our attention to the example posed at the beginning of Sec- 
Поп 5.3. If 55% of a random sample of 400 people support a party, let us find 
the 9596 confidence interval. We have р = 0.55 and a = 0.05; Zaja = 20.025 = 1.96 


(from Table A.4) and 1.96, / (052043) — 0.049. Using this, the confidence interval is 


0.501 < p < 0.599, This is a more precise calculation of what was stated earlier. 

Sometimes it may be necessary to compare the difference between population 
proportions. If f; is the proportion of successes in a sample of size n; from a popula- 
tion with probability of success ру, and f»; is the proportion of successes іп a sample 
of size m from a population with probability of success р», then the 1 — o confidence 
interval for ру — p» is given by 


| ЖИ 1— f2) [b 1), 550-2) 
[o hus BOB), ВОС pu БҰ — 


(5.16) 


Example 5.5. The difference іп the proportion of nonconforming components 
produced by two processes is to be established. A random sample of 96 parts 


фу, Clopper and E.S. Pearson, The Use of ET or Fiducial Limits Illustrated in the Case of 
the Binomial, Biometrica, У26, n4 (1934) рр. 404-413. 


е” 


ken from ome process produced 6 nonconforming parts а 
128 parts taken from the second process had 8 nonconformín 
95^5 confidence imterval for the difference ín proportíon o 
parts. 

Solurion. We have pi = 6/96 = 0.0625, n, = 96, p; = 8/120 = 0.0667 
120. and a = 0.05; z, 7 = 25525 = 1.96 is given from Table A4, Substitur к 


ч 

Ea. (5.15) we get the confidence interval on the difference of proportione ^" 
———————' 
[AA — 5) | ü- p) 


ый» А. эл и 


_ 1.96, [906251 - 00625) _ 0.0667 (1 — 0.0667) 
= 1. ILL so + ae. Ee = 0,0659 


0.0625 — 0.0667 - 0.0659 < p, — p; < 0.0625 — 0.0667 + 0,0659 
—0.07 < p, — p; < 0.0617. 


Since 0 is included іп the interval, the proportions may be equal at 4 confidence 
level of 0.95. 
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nd а за 

тре 
£ parts, Find i 
í nonconformi 


5.7 Confidence Interval for the Variance 


А random sample of size n is taken from a normal population and its standard devi- 
ation. s, is calculated. We wish to establish a 1 — а confidence interval on the pop- 
ulation standard deviation using the sample data. In Chapter 4 we discussed that 
“> has a chi-squared distribution with л — 1 degrees of freedom: 


n—1)s? | 
TL т em 
and 
(n —1)s? 

еа 5 Ме” < 1243 ( 519 

(0-15 , (n—1)s? 

<. 
Ха/2л-І Х1-а/2,л-1 


The values of х2, , and X? „з „у are obtained from Table A.5, which give 
important critical values for the chi-squared distribution. 


Example 5.6. Cylindrical pins are produced on a centerless grinding machine. 
А random sample of 10 cylindrical pins has been collected and the к. 


deviation of the sample is obtained as 0,025 mm (25 ит). Determine 
confidence interval for the population standard deviation, д. 
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Solution. We weis a= —— n = 10. From Table A.5, Kiana- E 
Хо 975.9 = 2-7, and X75, | = X0 025.9 = 19.023. From Eq. (5.17), the confidence 
interval is 


(9)(0.025)? — 22 (9)(0.025)? 
199445 ^" = 2.7 


0.000296 < o? < 0.002083 


0.0172 < о < 0.0456. 


5.8 Confidence Interval for the Ratio of Two Variances 


In Chapter 4 we learned that if random variables X; and X5 have chi-squared distri- 
butions with degrees of freedom v; and уҙ, respectively, then the variable X = x 
has an F-distribution with v; (numerator) and v; (denominator) degrees of free- 
dom: X ^ F(wv;, v2). If a sample variance of s; is the sample standard deviation of 
a random sample of size nı from a population №и1, оѓ) and a sample variance of 
52 is the sample standard deviation of a random sample of size пг from a popula- 
tion М(из, 03), then consider the ratios E-D (и — 1) and 02—204 (пз — 1). These 
ratios have an F-distribution with nı — 1 and n; — 1 degrees of freedom: 

т foe 

5/02 


А confidence interval of 1 — « for the population variance ratio is then given by 


ғ“ Fn —1,5-1- (5.19) 


о 

1 
<.- 
m 2- 


2/2 2 Ane 
= the x peque Po: (5.20) 
Faam-1m-1 Өз 1—a/2,m —1,?-1 


Table A.7 only has values given for Ғ./2,: Fi-«/20-1,,5-1 Сап be obtained by 
reading Е, 2», 1л. 1 and using Eq. (4.52): 


1 
АН C ЕЕ? 5:21 
Нар bert Fy /2.n2-1,m—1 ( ) 
Example 5.7. Determine a 90% confidence interval for the ratio of population 


standard deviations from the two vendors in Example 5.4. 
Solution. In Example 5.4, we considered the assembly times from two vendors: 


a standard deviation s; = 2.5 minutes on 10 units (7; = 10) from vendor 1 and 
52 = 3.1 minutes on 12 units (zi; = 12) from vendor 2. For 90% confidence, о = 


0.1. From Table A.7, for F-distribution, Fo/2,-1,.m—1 = 05,91 = 2.90. We do 
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not have / 1.0.95 available in the table, but /o,05,11,9 can be approximately н 


p ie ad 
by interpolation as 3.12. Then, using Eq. (5.20), we have 7595.91, = ОТ E 
0.321. The value can be directly obtained in the spreadsheet file that 18 includeg 
in the disk. 


The confidence interval is 


2 2 
23/51" и оѓ < 25/34 
£99 b" 0,321 


0.224 « 4 < 2.026 


0.4733 < 21 < 1.4234. 
02 
More precise values can be obtained by using the Excel function. The calcula. 
tions are provided in Confidencelnt.xls. 


5.9 Hypothesis Testing 


Hypothesis testing is an integral part of scientific investigation. An investigator 
comes up with a theory or hypothesis and this hypothesis continues to hold unless 
proven otherwise. Setting up and testing hypotheses is at the heart of inferential 
statistics. Consider an example, where a company uses a certain alloy steel and the 
average tensile strength has been established at 390 MPa with a standard deviation 
of 6.5 MPa. Recently the supplier stated that they made some process improvements 
in steel production. A recent test conducted on 12 specimens gave an average value 
of tensile strength as 394 MPa. With this data in hand, do we conclude that the pro- 


cess has changed the strength? With the mean value of шо = 390 MPa, we state the 
hypotheses: 


Null hypothesis Hy: us 
Alternative hypothesis Hi: и X uo. 


The null hypothesis (Ho) implies no change in the status quo. It continues 10 
hold unless it is proved that the alternative hypothesis (Hı) holds. The alternative 
hypothesis, Ну, is all that is not Ho. The aforementioned hypotheses define the two- 
sided rejection region. To test a hypothesis, we need to select a level of significance, 
a. In our example, let us set the level of significance as о = 0.05. From the central 


limit theorem, 774 has a normal distribution, N(0, 1). From Table AA, Zap = 196 
and we evaluate 20 for the sample: 


5.9 Hypothesis Testing е 


Кејесі Н 0 


— 1.96 0 7% 2а/2 21.96 
| Insufficient evidence | 
to reject Но 
Figure 5.2. Two-sided test 


Since 1.066 — 1.96, the evidence is not sufficient to reject Ho. This is illustrated in 
Fig. 5.2. 

Hypothesis testing is closely associated with the confidence interval study pre- 
sented in the previous section. In our example, if we calculate the confidence interval 
for the mean, we get the interval (392 — 1.96 x 1.876, 392 + 1.96 x 1.876) = (388.32, 
395.68); мо = 390 MPa is in this interval, which implies that the evidence is not suf- 
ficient to reject the null hypothesis. 

Another approach to making the decision about rejecting the null hypothesis is 
called the p-method. For the example considered, we evaluate the area 1 — ®(z) to 
the right of 20 = 1.066 from Table А.З as 1 — 0.8568 — 0.1432. Since the rejection 
region is two-sided, we multiply this by 2 to get p = 0.2864. If p > а, the evidence 
is not sufficient to reject the null hypothesis and it is rejected otherwise. The p- 


evaluation for a two-sided test is illustrated in Fig. 5.3. 


Figure 5.3. p-value (two-sided) 
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Table 5.1 

Null hypothesis Alternative 
(Но) hypothesis (А) Reject Mo if Test statistic 
к= Ш / Ho 20 a/ "УГ 
(c known) и < цо £0 < —Za 

и > Ho 50 > Za 

I/A 

(о unknown) и < uo ly < —lo,n-1 

и > Ho 10 > ta,n-1 


=> — — 
X1 = 5 
3 Mi = 1/2 Hi F M |20| > 20/2 Z0 = To 
oj /n + o? [m 


(01,05 known) и < № £0 < — 20 
H > Шо £0 > Za 
51-52 
4 ш-ш Ш F uo Ito| > бул, fo = m 
(01,7053 unknown) и < ug 0<-і,у 5р, V from Eq. (5.12) or (5.13) 
u > Шо to > lay 
2 
eh TNR 2 2 2 2 2 1x (п-1)5 - 1)5 
5 o=o 0% $o Хо > Xaj2,n-1 Xo = ай 
0 
2 2 
ОГ Ху < Xj~a/2,n-1 
о? < og Xo < S 
2 2 
а? > оў Ge св 
канын ue НД uu Ls ане. 
ae) 3 pon. | я 
6” РЕ. оү 90; Му апп’ AS 3 
2 
ог Fo > F,pmn-im-i 
о? 55 о? Ю < атм 
2 2 
оу > 0% Fo > F.n-im-1 


The hypothesis example is а two-sided one because the rejection region is on 
both sides; the test is called a two-tailed test. In another test it may be of interest 
to find if the mean is larger or smaller than a given value. When the population 
variance is known, three possible tests (called z-tests) can be used. 

For о known, and test statistic 20 = 27, 


h: u =o №:рж цо Reject A for zo > 22 or p =2® (—zo) 
F: u =po Н:и<ш Reject H for zo < —z« огр = Ф (zo) (5.22) 


H: y = po Ні:и>ш Reject Ң for zo > м or p= 1 -— Ф (zo). 
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Table 5.1 gives the test statistic and the criteria for the rejection of the null hypoth- 
esis for various cases discussed in the previous section on confidence intervals. In 
Table 5.1, examples 1 and 3 are referred to as z-tests, and examples 2 and 4 are 
referred to as r-tests. 


Example 5.8. Automobiles with 2.5-liter 4-cylinder engines from two different 
manufacturers are tested for their fuel economy rating. Ten cars from one man- 
ufacturer gave an average rating of 12.5 kilometers per liter (KPL) and a stan- 
dard deviation of 1.5 KPL and 15 cars from a different manufacturer gave an 
average rating of 14.5 KPL and a standard deviation of 2 KPL. Are the KPL 
ratings for the two brands equal at a level of significance of 0.05? 


Solution. We make use of the hypotheses from row 4 of Table 5.1: 


Ho: иь = ро, ВН: ши. 


We have nı = 10, х= 12.5 KPL, and sı = 1.5 for the first manufacturer, and 
n = 15, x5— 14.5, and s2 = 2 for the second manufacturer: 


152» 953? 
(+5) 


к ae ae 248 ev 23 
(1.52/10)2/9 + (22/15)2/14 _ 
даа» ОҒ 83 aeger 


Sp 0.7012 


From Table А.б, 19,025.23 = 2.0687. Since |fo| = 2.852 > 2.0687, we reject Ho. Тһе 
two means are not equal; the 95% confidence interval for ші — ил from the previous 
section gives (—3.45, —0.55). Since both limits are negative it shows that the first 
mean is lower at a 596 level of significance. The relationships given in Table 5.1 are 
implemented in the program Hypthesis Testing.xls. 

In the hypothesis testing we are trying to determine if the null hypothesis is 
rejected or not. Even when the null hypothesis holds, there is a chance of rejecting 
it with a probability of о, the level of significance. What if the alternative hypothe- 
sis, Hı, holds and we do not reject Ho? There are two types of errors that may be 
committed, which are discussed in the next section. 


БЕ 
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>> Not reject Но 


Reject Ho 
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у 


Н, 15 true 


Correct 
Decision 


Type I error 
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Correct 
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Type II error 
В 


Н, is true 
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Figure 5.4. Type I and Type II errors 


5.10 Type I and Type II Errors 


If Ho is true and we decide not to reject Но, or Н! is true and we decide to reject Hy, 
there is no problem. If Hp is true and we make a decision to reject Но then we have 
committed an error. This is called a Type I error. When а Type I error is committed, 
2004 products that are produced are rejected based on the sample, which is also 
called the producer's risk. The error is committed when the distribution is favorably 
positioned about the value specified by the null hypothesis and the rejection is at 
the tails. The probability of committing a Type I error is equal to the level of signif- 
icance, а. When the alternative hypothesis, Ну, is true and we conclude that Hy is 
not rejected, we have committed the second type of error, or Type II error. Whena 
Type II error is committed, products with a shift of the mean are accepted and there 
is a resulting chance of some defective parts reaching the consumer, also called the 
consumer's risk. The evaluation of the probability of committing a Type II error, В, 
is somewhat involved and will be discussed in some detail. Fig. 5.4 summarizes the 
decision table which defines the errors. 

We already stated that the probability of committing a Type I error is the same 
as the level of significance, о. The probability distribution is in one unique position 
and the rejection areas of the distribution are well defined. A Type II error implies? 
deviation from this position. Small shifts are to be accepted with a greater probabil- 
ity and larger shifts with a low probability. The probability of committing a Туре П 
error is В, and 1 — В is called the power of the (hypothesis) test. The power, A P 
is the probability of making the correct decision when Hj is true (the bottom right 
hand block in Fig. 5.4). Let us evaluate В for the normal probability distribution 
when о is known. | with 

When Но holds, we evaluate Zo as M If H; holds, let Y be the var iable “ 
shift 8; then Y is set ав X-- c. The normal curve is now symmetrically place 


! 
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Hs Ж Reject Но 
Shift 


Figure 5.5. Type II error 


respect to мо +ô as shown in Fig. 5.5. The standard normal variable is calculated 
using 
рф Ж. 
+ ^O X — ро m. ул е бут (5.23) 
с 


Equation (5.23) shows that the ó-shift in ро results іп а shift of the standard 
normal curve by 1, which is shown in Fig. 5.6. The probability В of a Type П error 


is given by 
p- o (so - 59) - o (o - ЗУ), (5:24) 


ге 
В =0 (zan -2% ) = (225-25) 


————Ó————m. 
дуп "AN дуп 
ад = ё ық” 1457 д 


Figure 5.6. Shift of standard normal 
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Figure 5.7. OC curve 


The plot of В versus the shift 6 is referred to as the operating characteristic (OC) 
curve. There is an OC curve for each value of the level of significance, œ. The curve 
also changes for various values of n and с. Fig. 5.7 shows OC curves for а = 0.01, 
0.05, and 0.1. The x-axis is taken as the value of the parameter im Given д, п, and 
с, the parameter сап be evaluated and the value of В can be determined. Thus, this 
one curve serves all possibilities. The program OCCurveCh5S.xls generates the OC 
curve and may be used to plot OC curves for other values of œ. We observed before 
that if the level of significance is chosen for a two-sided test as а = 0.0027,2,2-3 
and the OC curve for this is used extensively in statistical process control. 


Example 5.9. The volume of milk in 1-liter milk cartons was studied in a dairy. 
The product standard deviation is 0.01 liter. The hypotheses Fh: и = 1 and А: 
и # 1 were investigated and Но was rejected under this study based on a sample 
of 10 cartons at a level of significance of 0.05. Find the probability of a Type П 
error if the true mean content is 1.005 liters. 


Solution. The given values are о = 0.01, = 10,6 = 1.005 — 1 = 0.005, and 
а = 0.05. The standard value of the shift parameter is 


б/п _ 0.0054/10 


= = 1.5811. 
о 0.01 dà 
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At a = 0.05, 21—е/2 = 1.96 and Zoj2 = —1.96 (from Table A.4). The probability 


of error is 
p= ЗЕ? - ut) 2 (2 5i 22 
= Ф(1.96 — 1.5811) — Ф(-1.96- 1.5811) 
= (0.3789) — (3.5411) 
= 0.6476 — 0.0002 


= 0.6474. 


The cumulative normal probabilities were obtained from Table A.3 at the last 
step. The probability of a Type II error is В = 0.6474. 


Next the method of evaluation of a Type II error is considered when the popu- 
lation standard deviation is not known. For this case, a t-test is performed to inves- 
tigate the hypotheses. Let à be the shift in the mean value of the variable. If the 
shifted variable is Y, then after setting Y = X+ ô we get 


Ү-ж _ Х+8- mo /п(Х-ш +5) _ /п(Х-ш)+ёуп 
=i Mio c o Ic 


s/n s/Jn s 
x- (Xia) ‚зуя 
Уы вл т е 


"1 s/o a J(n— 1)s2/(n — To? 


In the final expression, the denominator is the square root of a chi-squared distribu- 
tion divided by its degrees of freedom. We Кеш that this represents a noncen- 
. б./п 

tral t-distribution with noncentrality parameter ^X^. Thus, 


айы, Же Ей | (5,25) 


The functions tnc (x,df,delta) and tncinv(p ,df,delta) provided in Non- 


centralDistributions.xls give the cumulative probability and its inverse for the non- 


central t-distribution. ; C 
We set the acceptance limits under the assumption that Ho holds. The limits 


аге —f, 14/2, and -і,-1,./2. If the noncentrality parameter is A = o /n/o, then the 
Probability В of a Type II error is given by 


В = tnc(t, 1 а/2, п-1, А) »e (пс(-і,-1,а/2» n-—1, A), (5.26) 


which is illustrated in Fig. 5.8. 


-E в. 
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/ t-distribution 
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Figure 5.8. 8 for t-distribution 


Example 5.10. An experiment is set up as Му: и = po, Hi: и F Mo апа is tested 
at a level of significance of 0.1. The sample size is 15. Determine the probability 
of rejecting Но if the true и has shifted 0.25 standard deviation to the right 


of Ho- 


Solution. We need to find the probability of rejecting Н, which is 1 — В. Here 
с is not known. The sample size is п = 15, and ó/o is given as 0.25. The shift is 
6./n/o = 0.25/15 = 0.9682. The level of significance is о = 0.1. From Table A.6 
for critical values of the t-distribution, £, 10/2 = £14,095 = 1.7613. From Non- 
centralDistributions.xls, tnc(1.7613, 14, 0.9682) — 0.7652, and tnc(-1.7613, 14, 
0.9682) = 0.00512. From Eq. (5.24), we have 8 = 0.7652 — 0.00512 = 0.7601. 
The probability of a Type II error is 76.0196 and the probability of rejecting 


Но is 23.99%. 


OC curves can be constructed by using a noncentral t-distribution when the popula- 
tion standard deviation is unknown. 


5.11 Sample Size Determination 


We note from the central limit theorem that the standard deviation of the n 
mean is o / /n. When о is known, the confidence interval for the mean with а leve 
of significance, a, is ( X — Za/2 S» X + 2402 57). The change with respect to the mean 
value, p, is 


c 7 
„бым ea Ta (527) 


м 
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where р depends on o, п, and о. If the 


smallest recognized ch 
known, we can choose the sample size 


ange in the mean, p, is 
using 


5.46? 
i. (5.28) 


n x 


In a similar manner, the variation on the proportion | 
P at a confidence level of 1 — о 
is р = 2/2 PU — p)/n. This leads to 
2 
"T <а/2Р (1 > р) 
э Аа аа (5.29) 
where р(1 — p) has а maximum value when p= 


5. A quick estimate when p is not 
known is 


7. 2 
п = < | 
rep (5.30) 


20.025 = 1.96. For this case n is nearly 1/22, If o = 0.05, 
S is the type of example used at the beginning of the 


For 95% confidence, z, a= 
the sample size is 400. Thi 
confidence interval section. 


5.12 Summary 


In this chapter, the central limit theorem was introduced, which is the key step in 
performing sampling studies. Basic ideas involving confidence intervals and hypoth- 
esis testing have been introduced. A clear understanding of the various steps dis- 


cussed in this chapter helps the quality analyst in formulating and solving a variety 
of problems. 


The computer programs discussed in this chapter include the following: 
ConfidenceInt.xls 


Hypothesis Testing. xls 
OCCurveChs.xls. 


EXERCISE PROBLEMS 


5.1. A random sample of 12 silicon wafers has an average thickness of 270 ит. The 


standard deviation is known to be 8 ит. Determine a two-sided 99% confidence 
interval, 


5.2. A metal manufacturing company produces ingots of nickel at its plant. A ran- 
dom sample of 25 ingots yielded ¥ = 2.56 kg. Production records from the previous 


Bn 
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three years show that the variance of the mass of nickel ingots is o? = 0.0049 1; 
Construct a two-sided 80% confidence interval on the mean mass of nickej ы 
from this company. 


5.3. A sample of 5 randomly chosen tensile test bars gave a mean yield Stren 
269 MPa. The process standard deviation is known to be 3.5 MPa. Determine 
confidence interval for the mean yield strength. Having set the interval, com 
a mean value of 273 MPa of another sample of 5 is acceptable. 


Bth of 
à 90% 
ment if 


5.4. A sample of 16 randomly chosen cylindrical shafts gave a mean diameter of 
X = 30.45 mm. The standard deviation of the sample is s = 0.96 mm. Determine з 
9596 confidence interval for the mean diameter. 


5.5. А random sample of 5 beverage cans is taken at a beverage manufacturing plant 
and the volume of fluid is measured in milliliters as 335, 338, 341, 342, 339 ml. Deter. 
mine a two-sided 9596 confidence interval for the mean beverage volume. 


5.6. A confidence interval for the difference in the mean processing times between 
two processes for producing a part is to be established. A sample of 12 units from 
the first process gives an average processing time of 4.4 minutes with a standard 
deviation of 0.5 minutes. A sample of 8 units from the second process has an average 
processing time of 4.9 minutes with a standard deviation of 0.6 minutes. Determine 
a 90% confidence interval for the difference in the processing times assuming that 
the population variabilities may not be equal. 


5.7. A random sample of 140 silicon wafers has 12 nonconforming units. Estimate 
the process fraction that are nonconforming and construct a two-sided 95% confi- 
dence interval for the true proportion that are nonconforming. 


5.8. A random sample of 16 units produced a standard deviation of 2.5. Determine 
a 90% confidence interval for the population variance. 


5.9. A random sample of 15 units from a process has a standard deviation of 3.5, and 
a random sample of 20 units from an alternative process has a standard deviation of 
2.8. Determine a 95% confidence interval on the ratio of the population variances. 


5.10. In Problem 5.1, test the hypothesis that the true mean is 275 ит at a level of 
significance of 0.05. What is the p-value? 


5.11. In Problem 5.3, test the hypothesis that the true mean exceeds 265 MPa with 
a level of significance of 0.1. Also determine the p-value. 


5.12. In Problem 5.4, test the hypothesis that the true mean is 30 mm with à level of 
significance of 0.05. Also determine the p-value. 
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5.13. In Problem 5.7, test the hypothesis that the true nonconforming proportion is 
0.08 at a level of significance of 0.05. 


5.14. In Problem 5.8, test the hypothesis that the true variance is 2.3 at a level of 
significance of 0.1. Determine the p-value. 


5.15. The process standard deviation is known to ре 1.5. If a two-sided 95% con- 
fidence interval for the mean is to be established as +0.50, determine the sample 
Size. 


О 
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6.1 Introduction 


Data gathered for statistical analysis may fill volumes. The collected data generally 
consist of numbers gathered over time, and the period covered might include Ups 
and downs of production cycles. The data need to be sifted through and must be 
brought into a presentable form. Numbers may make sense to the statistical ana- 
lyst but they must be communicated to others in the department, division, plant, 
or business organization. Graphs and charts are convenient means for this commu- 
nication. The graphs and charts covered here are stem-and-leaf plots, histograms, 
cause-and-effect diagrams, Pareto charts, box plots, and run charts. 


6.2 Stem-and-Leaf Plots 


A stem-and-leaf plot provides a visual display of the variation in a parameter. If the 
parameter represents the diameter of a shaft produced by an automatic lathe, or the 
voltage of a power supply, the values have a small variation about a mean value. 
Let us consider the development of the stem-and-leaf plot through an example. The 
data in Table 6.1 are forty measurements of the diameter of a cylindrica 
millimeters. 

Inspection of the data shows that the first digit is 5 for each of the values. 
If we arrange the data in ascending order using a spreadsheet and consider only 
the digits after the decimal point, we get the numbers 
39, 40, 40, 41, 41, 42, 43, 43, 44, 45, 46, 46, 46, 47, 47, 47, 47, 
50, 52, and so on. We may then make a visual display of the num 
ing the first digit 2. 3, 4,..., 7. If there are several numbers associate 
digit, we may form the subgroups 0-4 and 5—9, or (9581503947546, and 


І pin, in 


28, 36, 37, 37, 38, 39, 9^ 
47, 48, 48, 49, 4 
bers follow 
d with @& 
8—9. Тһе 
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lable 6.1, Diameter of a cylindrical pin, іп 


millimeters 


5.47 5.36 5.59 5.47 546 


5.37 3.52 3.42 5.52 5.46 
5.28 5.43 O19 7, МАЛ 5.44 
5.50 5.61 5.39 5.46 5.41 
5.58 9f 5.39 5.43 5.62 
5.52 5.48 5.47 5,56 5,68 
5.49 5.52 5.39 5.41 5,48 
5.38 5.59 5.47 5,54 5.71 
2:99 5.47 5.53 5.40 5.49 
5.78 5.53 5.40 — 5.58 5.45 


Фи 


stem-and-leaf display with two subgroups for each digit, 0-4 and 5-9, is given as 
follows: 

8 

6778999 
00112334 
5666777778899 
02222334 
56788999 

12 

8 

1 

8 


моо л л FS RAUN 


J 


This is the stem-and-leaf plot. It provides a visual display of the distribution. 


6.3 Histograms 


A histogram provides a visual display of the distribution of the population, If data 
are collected for a continuous variable, such as the length of a part or current flow in 
a circuit, the range for this variable (max — min) is divided into several bins of equal 
width. The suggested number of bins is about./n, where n is the number of data 
Points, If there are 100 data points, the suggested number of bins is 10, which may 
һе used as a rough guideline. An alternative is to use Sturgis' rule, which suggests 
using an integer N that approximately satisfies 2N-1 = n, For discrete data such as 
the frequency of occurrence of the number of nonconformities, the intervals may 
be taken as integers or integer groups. Once the bins are chosen, the number of 
data points falling inside a bin has to be determined. For bin 7, we may choose the 
interva] Xi1 < x < ху, where strict inequality is set at the left. We follow this in 
ош construction of the histo gram. The "frequency" function in Excel also uses this 


bh. 
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approach. Some references place the strict inequality at the right. In our formulation 
if we divide the min-to-max interval into n bins, we add a bin to the left to form и + 1 
bins in order to cover all the data points. The steps involved in the construction of 
the histogram are shown by means of an example. 


Example 6.1. Prepare a histogram for the 50 data points for the cylindrica} рїп 
diameter given in Table 6.1. 


Solution. The data are entered in ап Excel spreadsheet (see Histogram.xls 
included in the CD). We used 10 intervals defining 11 bins: 


Max 5.78 #Bins 11 
Min 5.28 Interval 0.05 
Bin# <=(bin) Frequency 
1 5.28 1 
2 S99 0 
3 5.38 4 
4 5.43 10 
5 5.48 12 
6 S9 9 
7 SS 6 
8 5.63 5 
9 5.68 1 
10 37/3) 1 
11 5.78 1 


The middle column shows the right-end values for each bin. The fre- 
quency is obtained by following these steps. First highlight the range where fre- 
quency values are to be obtained. Next key in the formula =F REQUENCY (freq 
cell range, bin cell range) and press Shift+Ctrl+Enter. After the 
frequency values are obtained we choose the column-type chart option in the 
chart wizard. The frequency histogram is shown in Fig. 6.1. 


If the frequency for each bin is divided by the total number of data points we 
get the relative frequency. This relative frequency approaches the probability dis- 
tribution function as the bin width approaches 0. The cumulative frequency of bin i 
is the sum of frequencies of bins 1 through i. The cumulative frequency may also be 


plotted in the histogram. 
6.4 Cause-and-Effect Diagrams 


Cause-and-effect diagrams are also called Ishikawa diagrams after Kaoru Ishikawa, 
who proposed them in 1943. They are also referred to as fishbone diagrams because 
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Figure 6.1. Histogram 


of their unique structure. The cause-and-effect diagram shows the relationship 
between a quality characteristic and its factors. The quality characteristic may be 
dimensional variation, defects in the product, power fluctuation, and so forth. The 
main causes may be related to equipment, materials, people, methods, measure- 
ment, environment, and so on. As an example consider the problem of a student's 
low score on an exam, the main causes of which are illustrated in Fig. 6.2. The stu- 
dent deals with equipment such as calculators and computers and interacts with 
faculty and other students. The way the student collects notes, the regularity of 


Teaching 


Peer pressure 


Tests Homework Learning 
Fear Quizzes Style 
Attendance Health Projects 
Calculator Test score 
Notes 
Books Students Teachers Computer 
Parents 


Figure 6.2, Cause-and-effect diagram 
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attendance, the types of tests, and having the right books and reference materia] 
all play important roles. 

Preparation of a good cause-and-effect diagram needs a good brainstorming 
session. The basic steps in the development process are as follows: 


1. Identify the effect or quality characteristic of interest. 

2. Write down all the causes. 

3. Develop relationships among the causes and prepare the cause-and-effect 
diagram. 

4. Identify the important causes that have a significant influence on the character- 
istic. 


Pareto analysis is generally the next step. 


6.5 Pareto Charts 


А Pareto chart is used to graphically display the relative importance of groups 
of data. It is named after Alfredo Pareto (1848-1923), an Italian economist who 
conducted research on the distribution of wealth in Europe. His observation that 
the majority of wealth (7480926) is held by a relatively small segment of the popu- 
lation (72076) led to the 80-20 rule. Juran extended the application of this rule to 
quality: 8076 of the problems (related to quality) are due to 2096 of the causes. The 
numbers may not be exact for every case but the rule serves as a useful guideline. 

We identify the important causes by first performing a cause-and-effect analy- 
sis. The basic idea of Pareto analysis is to identify the relative importance of these 
causes. The main steps in Pareto analysis are stated here: 


1. Identify the problem and decide about the type and method of data collection. 
2. Collect the data. 


3. Rank the data in descending order of importance based on annual cost or fre- 
quency of occurrence. 


4. Plot a bar graph that includes the cumulative percentage. 


Example 6.2. The following data were collected for the analysis of internal fail- 
ures in a company: 


Type of defect Dollar value ($) 
Purchasing - rejects 206,000 
Design - scrap 125,000 
Operations - rework 355,000 
Purchasing — rework 26,000 
АП other 64,000 


Draw your conclusions. 
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ГЛ $Amount 
=- Cumulative % 


Figure 6.3. Pareto diagram 


Solution. First we enter the data in Excel. The *data sort" command is used 
to arrange the data in descending order. A column is then added for cumula- 
tive percent. The chart utility is then used to provide a bar graph for the dollar 
amount and a line form is used for the cumulative percentage. The Pareto dia- 
gram is shown in Fig. 6.3. The program implementation is in ParetoChart.xls. 


6.6 Box Plots 
and skewness, all in a 


A І 4 
\ box plot shows the central tendency, dispersion of data, 
if any. In constructing 


Simple graph. The plot also indicates the location of outliers, 1 

€ box plot, the first quartile (Q1), the third quartile (Qs), and the median (second 
Wartile ог О) are evaluated, as well as the maximum (Xmax) and the minimum 
"nin) Values of the data points. The interquartile range is IOR — Оз - Qi. А box of 
n venient width is drawn with the upper line at Оз and the lower line at Qi. A line 
| Two whiskers are drawn at min( Qs 4- 
central vertical line extending 
The box plot calculations and 
The program shows the plot 


R Xmax) and max(Q; = 1.5 IOR, Xmin) with a 
Во; е box to the cross lines, as shown in Fig. 6.4. 
ТЕ Steps are included іп the program BoxPlot.xls. 


he data given in the example problem. 


fro 


WU и. 
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2 Q3 LSTIOR ---т-- 


Q1-1.5*IOR 


Figure 6.4. Box plot 


Example 6.3. ^ random sample of 25 voltage values of a DC power source has 


been collected. Construct a box plot. The data are as follows: 


24.0 
24.1 
23.8 
23.4 
DOR 


24.6 
24.1 
24.3 
24.0 
24.3 


24.1 
24.4 
25.5) 
24.0 
24.2 


24.7 
24.1 
23.5 
23.6 
24.3 


23.3 
23.8 
24.1 
24.3 
24.3 


Solution. The data are entered into the file Box Plot.xls. The quartile values and 


the whisker levels are calculated: 


USD) 
25.05 
24.3 
24.1 
23.8 
29:3 
253 


МАХ 

Upper whisker 
ОЗ 

Median 

Ql 

Lower whisker 
MIN 


1 = Number of points above 


0 < Number of points below 


The resulting box plot is shown in Fig. 6.4. The plot clearly shows that the 
median is not central with respect to the first and third quartiles, which indi- 
cates skewness. The data set has one outlier. Box plots are a quick and easy way 
of visualizing the distribution of data. 


6.7 Normal Probability Plot 


In statistical quality studies, the underlying assumption is that the data come from 
a normal distribution. Can we test the data to find out if it is indeed from a normal 


6.7 Normal Probability Plot 
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TE mal probability m 
sictribulion: A normal probal ilit plot is commoni 
( t 


ea is simple: a random set of data points 
Ce E ` 

à v, be Шел data points arr 
Y^ FAM) "vw 


y used to check thís, Тһе basic 
are arranged in 


| ascending order, Let 
anged in ascending order, 


i не ith data point is taken as [he probability value 
i — 0.5 

x "46 (6.1) 
where x; on the horizontal axis and the corresponding Ф; on the probability (verti- 
cal) axis form a point on the normal probability plot. Тһе normal probability form 
(NormalProbPaper.pdf) is provided in the program directory of the CD. The nor- 
mal probability paper has a built-in normal scale so that normal data will plot as a 
straight line. 

Another method that is convenient is to find the z-value corresponding to Ф; 
using the standard normal inverse (z; = NORMSINV(4;)) and to plot x; versus 
2. If the data are from a normal distribution, the plot of x; versus z; must form 
a straight line. We use this approach for the example. The mean from the best-fit 
line is obtained as the x-value at z = 0. The standard deviation is obtained as (x at 
=) сеа z=). 


Example 6.4. Тһе diameters in millimeters of a random sample of 16 shafts in 
a rough turning operationswere ZZ еве Оа ООА 
21.76, 22.39, 21.97, 21.74, 21.96, 22.07, 21.48, 21.97, and 22.16. Construct а nor- 
mal probability plot and check if the data follow a normal distribution. 


Solution. The data are arranged in ascending order and the probability and 
z-values are obtained using Excel formulas: 


і Diameter (i — 0.5)/16 z-value 
1 21.48 0.03125 NAT 
2 РА 0.09375 —1.3180 
3 21.74 0.15625 —1.0010 
4 21.76 0.21875 —0.7764 
5 21.80 0.28125 —0.5791 
6 21.94 0.34375 "iE 
7 21.96 0.40625 d 
8 21.97 0.46875 -0. 
0.07841 
9 21.97 0.53125 А, 
10 22.01 0.59375 pdt 
0.65625 
2 1875 (,5791 
* ү, ДЕТ 0.7764 
Р 225 0.84375 (ч 
| 0.90625 Ъ 
fe ae 0.96875 1.8627 


16 22.39 
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у = 44387x — 93,122 
P К = 0,978 
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Figure 6.5. Normal probability plot 


N 
N 


The scatter plot in the chart wizard is then used to plot the diameter versus 
the z-value (see NormalProbPlot.xls). The normal probability plot is shown in 
Fig. 6.5. We have the option of obtaining the equation for the straight-line fit 
and the coefficient of determination Ё?: the R2-value is obtained as 0.978, which 
indicates that the straight-line fit is a good one. The best-fit line is obtained as 

= 4.2387x — 93.122. The mean and standard deviation from the best-fit line 
are obtained as 21.97 and 0.236, respectively. 


This plot also adequately illustrates how a scatter diagram is constructed. A scat- 
ter diagram is used for plotting one variable on the x-axis and the other variable on 
the y-axis. Different curve formats may be used. The OC curves presented earlier 
were also prepared using a scatter diagram. 


6.8 Run Charts 


A run chart is used to plot a quality characteristic as a function of time. The consec- 
utive measurements are plotted. The target value may be shown on the chart. A run 
chart illustrates something that can be practiced in day-to-day life. Suppose that we 
make it a practice to fill the fuel tank in a vehicle used for transportation to the full 
level at each visit to the station. At each visit, the amount of fuel in liters and the 
kilometers driven from the previous fill are recorded. It is then a simple matter to 
monitor the vehicle's performance (a quality characteristic) in kilometers per liter 


] 
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Kilometer per liter 


1 3 5 i 9 ІШ 19 159 17 19 24 26 25h 27/29; 1А ЭУ 98 
Tank Fills 


Figure 6.6. Run chart 


(KPL) for each visit. Then each visit is a time-dependent variable and the visit num- 
ber versus KPL value can be plotted. This becomes a run chart in practice. Fig. 6.6 
shows the plot of the record kept by a driver during a nine-month period involving 
35 tank-filling trips. The average KPL of this vehicle with a four-cylinder engine is 
122 KPL with a standard deviation of 0.613 KPL. A closer look at the run chart 
shows that during the first fifteen visits the average KPL was below 12 and for the 
latter half it showed good improvement. A check of the record showed that, during 
the first few months, driving involved stop-start conditions in the city; during the 
latter half, longer trips were made on the highway. A quality monitoring system, as 
discussed in the example, may help in identifying the condition of the engine and 
the performance of the vehicle. Whenever there is a large variation, we may be able 
to look for the cause: is it a chance cause that is within a permissible variation in the 
Process? Or is it a special cause that could be identified and corrective action taken? 
We will Study these in the next chapter. Statistical process control uses run charts 
Where means and ranges from randomly chosen samples are used in preparing con- 
trol charts, 
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E Hil chapter we have taken a closer look at à number is hs ж a a 
“Чез, The use of a computer has been stressed in preparing \ ie ORUM. 57. 
а good Way to present data to upper management and to s dd AN 
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The computer programs discussed in this chapter include the following: 


Histogram.xls 

Pareto Chart.xls 

Box Plot.xls 
NormalProb Plot.xls 
NormalProbPaper.pdf 


EXERCISE PROBLEMS 


6.1. Fifty observations of the atmospheric pressure in hPa (hectopascals) are given 
in the following table: 


1002 1019 1014 1029 1017 
020 1023 10 103 105 
1027 1013 1032 1019 1009 
1003 1007 1013 1028 1016 
1018 1019 1022 1020 1009 
1024 1025 1025 1028 1015 
10720 fog 108 (5 (0/7 
1032 1016 1014 1021 1024 
101 IO IMS 107 10) 
ол ПЫ 1022 109 100 


Construct а histogram and state your conclusions. 

6.2. For the observations given in Problem 6.1, prepare a stem-and-leaf plot and 
draw your conclusions. 

6.3. Choose a process of your choice and prepare a cause-and-effect diagram. 


6.4. The following data were collected for the analysis of internal failures in а 


company: 
Type of defect Dollar value ($) 
Purchasing — rejects 205,000 
Design — scrap 120,000 
Operations — rework 355,000 
Purchasing — rework 25,000 
АП other 65,000 


a. Give the steps used in the construction of a Pareto diagram and construct 


the diagram. 
b. What are your conclusions? 


Exercises б), 5-6.6 


А random sample of 30 voltage readin 
65 ada: 

following table: 24 113 р 12.2 
11.5 12 12,2 dy. 11.9 
12.1 12.1 12.1 12 
12.3 12 12 12 
12 12.2 11.8 11.8 11.8 
12 11.8 11.9 12 Ib 


Construct a box plot for the data and draw your conclusions. 


66. Construct a normal probability plot for the 


data in Problem 6.1. Draw your 
conclusions from this plot. 
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Statistical Process Control 


7.1 Introduction 


Statistical process control (SPC) relies on the use of control charts. A control chart 
(also called a Shewhart control chart) provides a visible means of identifying the 
activity of an ongoing process. Walter A. Shewhart first proposed the use of a con- 
trol chart in 1924 at Bell Telephone Laboratories. He developed it to distinguish and 
separate large variations due to assignable causes from those due to chance causes — 
more about these causes are discussed in a later section. A control chart is a run 
chart in which a characteristic of a variable or an attribute is monitored over time. 
The characteristic may be the average of a sample or a range of a sample or another 
parameter. It consists of a centerline and two control limits, one on either side of 
the centerline. The characteristic value plotted on the chart shows the condition of 
the process. We will discuss various important charts for variables and attributes 
and how they are used to monitor a process. The main idea of SPC is to bring the 
statistical theory to the shop-floor level, but first we need some preliminary results 


from order statistics to develop the SPC concepts. 


7.2 Order Statistics and Other Preliminaries 


To set control limits in a process, information is needed on the process standard 
deviation. In the absence of a known population standard deviation, we need to 
estimate it using the sample data. The sample standard deviation is an unbiased 
estimate of the population standard deviation. The range of a sample is an easier 
parameter to determine. We first establish the relationship between the population 
standard deviation and the mean value of the sample range, using results from order 


statistics. 
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ә m „| k=] n-k 
$ (Ки) (2)(1=Ф (2))  $() 


Figure 7.1. Distribution of zg 


Let 21, Z2,---, Zk» -.., Zn be a random sample from a standard normal distribu- 
tion [N(0, 1)], which has been ordered such that д < z2 <... < zy <... < Zn and 
where 2; is the kth term in ascending order. We use the standard notation that Ф(<) 
is the probability distribution function (pdf), апа Ф(2) is the cumulative distribu- 
tion function at z as shown in Fig. 7.1. The pdf ў, (<), for which z is of order К, is 
formed by using the multinomial distribution such that each of zı through 22-1 is 
chosen with a probability of Ф(2), and each of the n — k variables Zk+1 through Zn 
is chosen with a probability of 1 — Ф(2). The kth variable is chosen from the interval 
(22+ dz) with a probability ¢(z)dz. The pdf is given by 


n! k-1 d n-k | 71 
frz) = E (ӘП — eG) "e(z) (7.1) 
Let us make an attempt to find 4, the expected value of the range of the eke 
Since the expected values of the minimum (21) and the maximum (Zn) ад асе 
‘ymmetrically with respect to zero, the expected value of the range 15 given by 


oo 


| 07 7:2 
4-2 Ez jl zfn(z)dz = 2n | (Ф"”(29(2)42. (7.2) 


— Обо 
--ОО 


i j Тһе calculation of d has been 
(up fn(Z) is obtained by setting A = n 1n Eq. (7.1) 


"plemented as the function rds(n) in the file бао RRS дн 
in the APPENDIX directory on the CD provided with the book. ‘ e in dcin 
Eq, (7.2) needs to be performed from -8 to +8 since the integrand has a neglig 


E ds(3) — 1.693, and so on. The 
value Outside these limits. We obtain rds(2) = 1.128, rds(3) 


; е generated usihg this 
?"Values in the control chart factors in Appendix Table A.8 are g 
unction, 


b 
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If R is the range of random variables xj, X2, ... , (, from Ми, 0^), from the 
definition of the z-variable, we may write ик = ECR) = E(KR;)o = о, from which 
we can write 
HUR у 
а = ==, (7.3) 
а; 
The expected value, Е( R2), сап be calculated from 
CO 


ER) = [| | (v — uy fi(u) }„(>)йид› u< v, (7.4) 


--ОО —OO 


DR = үү E( R7) — [Е( К„)]? = аз. (7.5) 


This has been implemented as the function $745 (п) in the file ControlChart- 
Factors.xls included on the CD. We have srds(2) — 0.853, srds(3) — 0.888, and so on. 
Various n-values are listed іп the factors for control charts in Appendix Table A.8. 


Using this on the x-variables from N(4, o°), we have the relation 


from which we get 


OR = dac, (7.6) 


since s? is an unbiased estimate of c?, but the expected value of s is not с. The 


unbiased estimate usof 5 is given by 
(Пс = OG, (7-1) 


where c4 — Jeri and I(x) = / ух te Ydy. The function GAMMALN(X) 
is available in Excel; we use Г(х) = exp(GAMMALN(x) ). 


The standard deviation of s for a population with a normal distribution is 


Gy, = Gal =, (7.8) 


We make use of these relationships using sample information to develop the control 


limits. 


7.3 Causes of Variation 


Variation is an inherent property of a production process, and variations occur no 
matter how much care is exercised. If we consider a product such as a shaft, its 
dimensional variations may be due to variations in the material of the shaft, varia- 
tions in the tool used, variations in rigidity of support, and so on. These variations 
are inherent in the system. This natural variability is due to chance causes or com- 
mon causes. If variations result only from chance causes in a process, the process 


7.4 Statistical Process с 
atistical Process ( это c Ohcepts [25 


1 to be in control. The system is considered 


=, | 4 Stable system and he variation 

is Si | ‚ = , Le | “IN апа the varíations 
а product of noise. On the other hand, for the shaft example, it is likely that 

a У А мг“ - > ^ бөз. 4 7а 
gations may оссш due to tool бтеаКаре, operator | А 

val 


ed errors, defective raw mate- 
sal, improper positioning, and so forth, These types of variations are not accept- 
able. These causes are called assignable causes Or special causes. The variations 


due to such causes may generally be larger or Carry their own signature. Variations 
due to assignable causes are avoidable, A 


limits or if they show 
trol. 


7.4 Statistical Process Control Concepts 


We stated in the previous section that a process is said to be out of control when it 
operates with variations due to assignable causes. Even in a process in control, the 
assignable causes eventually find their place. In the shaft production example, if we 
do not have a continuous tool-wear compensation system, the wear of the tool will 
result in an increase of the mean diameter — clearly a case of a process out of control. 


We may detect this through a trend. The following steps describe how we set up the 
limits to identify a process in control. 


Step 1. Identify a quality characteristic to be monitored. 

Step 2. Gather information by carefully collecting rational subgroups of samples. 
A rational subgroup is one in which the variation within the subgroup is 
due to chance causes only and variation between subgroups may be due to 
assignable causes. A rational subgroup sample is collected under similar con- 
ditions — it may be a predetermined number of consecutive parts produced 
every hour in a shift, or randomly chosen parts from a previous hour’s pro- 
duction. The number in the sample is generally from 4 to 10 parts. 

Estimate the mean ji, and standard deviation д, for the control parameter, 
for the process based on the collected data. Note that care is taken to avoid 
the influence of assignable causes during this process. 


Step 3. 


Мер 4. Set the centerline (CL), upper control limit (UCL), and the lower control 
limit (Ото); 
UCL = fit ko 
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30a 


1 1.968 


a 20.0027 @ = 0.0455 a= 0.3173 
k=3 m k=] 


Figure 7.2. Control limit selection 


The standard deviation is multiplied by the factor k, which is determined based 
оп an interval for a confidence level of 1 — o. For the two-sided limit, k = 21-а/2- 
Fig. 7.2 shows various choices of К. The choice of k = 3, which corresponds to а 
level of significance of a = 0.0027 or 1 — о = 0.9973, is widely accepted for setting 
the control limits for process control. This is referred to as Зо limits. With this, the 
probability of committing a Type I error is 0.0027 or about 3 out of 1000 parts pro- 
duced. Warning limits of +26 and +16 may be used to check quality characteristic 
trends. 

Once the limits are set, a shift in the mean is in fact a case of an out-of-control 
process. Fig. 7.3 shows that the area 8 of the normal curve inside the control limits 
is the probability of acceptance when the process has shifted — В is the probability 


у Shifted mean Figure 7.3. Shifted mean 
E 11) иш d CL 
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of committing a Type П error, A plot of shift versus В is the operating characteristic 
(OC) curve for the process. 


Example 7.1. А sample of five parts is used to monitor the mean diameter of a 
shaft in a production process. The mean and standard deviation for the diameter 
for the process are established as 55 and 0.02 mm, respectively. Set the control 


limits for the sample mean and determine (a) the probability of a Type I error 
and (b) probability of a Type II error if the mean has shifted to 55.01 mm. 


Solution. For the problem the expected mean value of the sample is д = = 


55 mm, n = 5, and the standard deviation of the sample mean,6,isó = o/4/n = 
0.02/4/5 — 0.00894. From Eqs. (7.9), 


UCL = 55 + 3 x 0.00894 = 55.027 mm 
CL = 55 mm 


LCL = 55 — 3 x 0.00894 = 54.973 mm. 


а. By the +3o limits used, the probability of a Type I error is о = 0.0027. 
b. For the shifted mean, the z-value at UCL is 


+. UCL — I^shifted las 55.027 — 55.01 


=н ee ыша 2211609 
EU б 0.00894 
and the z-value at LCL is 
eg ТО — Hshified bs 54.973 — 55.01 — 41387. 


б ~ 0.00894 
The probability of a Type II error, В, is now calculated as 


В = (zu) — (zL) = 0.9714 – 0 = 0.9714. 


Having established the control limits in Eqs. (7 9), the basic rule is that the pro- 
cess is out of control when the sample mean falls outside these limits, However, 
small shifts result in other patterns that may indicate that the process is out of con- 


trol. The rules for recognizing an out-of-control process are presented in the next 
section. 


Out-of-Control Process Rules 


The Western Electric Company formulated rules to recognize when a process is out 
of control, It included them in its handbook in 1956 and they are referred to as 
WECO rules, The key rule is that the process is out of control if there is a point 
outside the +3ø limits. Warning limits are also set at “20 and 2-10. The rules are 
formulated based on the patterns of the sample mean with respect to these limits and 
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Any point outside +30 
ӨСІ, жааан аьан +3 (7 


2 out of 3 consecutive points (+20~+32¢ ) 
er {#202 
4 out of 5 consecutive points (--19 — + 20) 
——————Á————— REIR а ааны E | О 
8 consecutive points (CL — +19) 
CU. Sd. MC RE C RET PET EE E жы (ӘР 
8 consecutive points (СІ,--10) 


—] 0 


4 out of 5 consecutive points (-10---20) 


-20 
2 ош of 3 consecutive points (-20-- —3о) 


LCL 


= 3 О 
Any point below -30 


Trend rules: • 6inarow monotone increasing or decreasing 
° 14 in a row alternating up and down 


Figure 7.4. Out of control rules (WECO rules) 


are summarized in Fig. 7.4. These rules must be checked to identify if the process 
is out of control. If the process is out of control, the following three steps must be 
followed. 


Three Steps for an Out-of-Control Process 


Step 1. The process must be stopped. 


Step 2. The assignable cause or causes must be identified and removed. 
Step 3. The out-of-control point or points must be removed from the data and 
calculations must be revised. 


From the knowledge of committing a Type I error we find that 1 out of 370 
(= 1/0.0027) points may fall outside the control limits. This may raise a false signal 
but it is worth investigating to ensure that the process is in control. If p is the prob- 
ability that a point falls outside the control limits (p = for a process in control, 
p — 1 — B for a process with a shift), the average run length (ARL) is given by 


ARL = 2 (7.10) 
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The ARL is the average run length before a point falls outside the control limits 
(р = 0.0027 tor limits based on +30). Thus, the ARL for a process in control is 270. 


7.5 Control Charts for Variables 


We now present the commonly used control charts for variables. Variables are 
quality characteristics that are measurable on a numerical scale. Examples of vari- 
ables are diameter, length, thickness, temperature, pressure, voltage, current, tensile 
strength, and so forth. We need to control the mean value of the characteristic and 
also its variability. The most widely used charts for variables are the x—R chart and 
the х chart. Sometimes, a target value for a control may be known. 


x- and R-Charts 


We collect samples, each of size n, to form m rational subgroups. The sample size 
may be generally 4 to 10 and the rational subgroups are generally more than 20. If 
А Re was x, are the members of a sample subgroup, we evaluate the mean of the 


subgroup and the range of the subgroup as 


= ata 92 2740) (7.11) 
n 


n= max(x, 200 обор 385) = min(x;, 2826 0009 $27). (7.12) 


We evaluate a mean for each subgroup and a range for each subgroup. Let 
X1, X2, ...,XQ represent the means of the subgroups and let Ri, К, ..., Қ, be the 
corresponding ranges of the subgroups. We now evaluate x, the average of the mean 
values (sometimes called the grand mean), and R, the average value of the subgroup 


ranges: 


ge Mit ee Ай (7.13) 
т 
Re аана (7.14) 


The value of X may be taken as the best estimator of the process average ш, and 
К may be taken as the expected value ик of the range (for a random sample of n). 
Using this in Eq. (7.3), developed earlier, we get the estimator for process standard 
deviation: 


EDS 715 
а = T ( ) 
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where d» is dependent on n and is listed in the control chart factors in Appendix 
Table A.8. The d»-values have been generated using the function 705 n), which is 
included in ControlChartFactors.xls. 

The control limits for x are 


ОСІ = 7 +3—- 743272 „+ ASR 
Cle X (7.16) 

— — R -- АЖИР 

acm. ГД Т D qn —Xx-— Аз К 


for which А; values are listed in Appendix Table A.8. 
After introducing Eq. (7.15) into (7.6) we get 


di R 
= ——, TEM 
= (747) 
The control limits for R can be set as 
ше. жї dR: Ж — ЕЗ 
ОСІ = R+ 30x = R+ 3° = (1 52) R= Dak 
4 4 
СІр= В (7.18) 
Вазе ыл 
IL(O уз = JA do Sora = Е Ie em БІРІК 
2 


D3-values are taken to be zero whenever (1 — за) is negative since LCL, for the 
range is not less than zero. The results, Eqs. (7.17) and (7.18), are now combined to 
define the x—R chart. 


x-Chart: 
ИС = X + АК 
CL; = Х (7.19а) 
LCly = Y — A;R 
R-Chart: 
UCLr = D4R 
CLr=R (7.19b) 
LCLr = DAR 


Values for A>, Ds, and D; are listed in Appendix Table A.8 for various values of n. 


— 
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Table 7.1. 


Width of key (mm) 


SubGr # x X2 Ха X4 X5 X R 


19.03 19.14 18.97 19.23 18.89 19,05 0,34 


| 
2 19.26 18.98 19.25 19.26 19,09 1917 028 
3 19.12 18.98 19.16 19.03 19.18 1909 020 
4 1910 18.91 18.93 18.77 18.85 18.91 0.33 
Ə 18.91 18.99 18.87 19.07 19.05 18.98 0.20 
6 19.33 18.55 18.94 19.15 19.01 19.00 0.78 
7 19.15 1992 19717 19.05 18.91 19.04 026 
8 19.08 18.92 1901 119) 10S] 19/19, 19/07 ПЛ 
9 19.00 1888 1911 1895 18.92 1897 023 
10 18.86 19.01 18.82 1807 1906 18.94 024 
11 19,31 18.91 18.72 1900 1806 1808 0.59 
12 19.22 1808 18.89 18.81 18.94 1807 041 
13 18.75 19.06 1904 1803 19.29 1901 054 
14 ADRS ЖОШ ЕД бор 1909 — 1030 (n 
15 1926 1864 1890 1895 1914 1898 (0.62 
16 19.01 ОО ЛО ТӘУ 18.91 1903 020 
17 16:93 SALONS у ВЯ 10 598/05 0 
18 15:84 1900-1800 18:99 10202 ЛО E 
19 19.17 1893 1914 19.41 18:93) lOO OAS 
20 IH K ERA 19 у 13% 05 
21 15) ПОЛЬ ООУ — This) ЮФ 0 090 
22 ШЫЛ WRA ы Ой ШО 10865 б? 
23 18:801006 19101897 або ох О 
24 1900 1921 18.72 1926 18.82 190 0.54 
25 19.04 19.05 19170 1886 1905 1902 0.24 


x = 19.02 В = 0.38 


Example 7.2. SPC is planned to control the width of a key used in a gear-shaft 
assembly. Five random samples were taken from production during the previ- 
ous hour. Readings from 25 successive subgroups are listed in Table 7.1. Set up 
the control limits for x, R and plot the х-К chart. 


Solution. The values are entered into a spreadsheet (see XbarRChart.xls) 
and x, R, X, and R are evaluated: x — 19.02 and R — 0.38. From Appendix 
Table A.8, the values for the control chart constants for a sample size of 5 are 
read as Аз = 0.577, D; = 0, and D, = 2.114. The control limits are now calcu- 


lated: 
UCL; = X + A;R = 19.02 + 0.577 x 0.38 = 19.239 
СІ; = X = 19.02 
LCL, = f= A-R = 19.02 — 0.577 x 0.38 = 18.801 
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UCLR = БАЁ = 2.114 x 0.38 = 0.8033 


Ск = К = 0,38 


LCLr = DR = 0). 


The x-chart and the R-chart for the data are shown in Figs. 7.5a and 7.56, А 
review of the charts shows that all the points in both charts are within the control 
limits. We also see that there is no trend with respect to the warning limits. We 


conclude that the process is in control and we continue to use these limits for 
monitoring the process. 


If the process is out of control, the three steps for an out-of-control process must 
be followed. The revised limits are to be followed for future monitoring. 


x- and R-Charts for Given Target or Standard Values 


Sometimes the target or standard values, uo and oo, are known. These may be set by 
the management as target values to be achieved. In this case the control limits are 
set by using these values. The control limits for X are easily set as follows: 


ОС = по + 32> = mt Aca 


УЙЛ) 
О (7.20) 
O0 
Ver = yne 3 сл mo s om. 
Ho Vii Ho 00 


ХВАК 
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Figure 7.5a. ¥-chart 
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0.90 am 


0.80 


0.70 


0. 60 


0.50 


0.40 


0.30 


0.20 


| 2 3 4 $49, 7 29.9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 
Subgroup 


Figure 7.5b. R-chart 


In setting the control limits for R we use В = Фо from Eq. (7.15) and ов = E — 
dzo from Eq. (7.17) to get 


UCL;g = R+ Зов = (4 + 34)00 = D200 
CLR = Фоо (721) 
ЭТУ = R-— Зор — (d = 3d3)o0 = D109, 


where A, Пі, and D; are provided in Appendix Table A.8. Care must be exercised 
when target values are used. If the process values differ from the target values, 
points may fall outside the control limits without any assignable causes. 


X- and s-Charts 


When the sample sizes are 10 or more, X- and s-charts are generally preferred. The 
X- and R-values are more popular since the range calculation for a sample is much 
easier than calculating the standard deviation. We have seen that estimating the 
population standard deviation from the expected value of the sample range uses 
results from order statistics. Whereas the sample variance is an unbiased estimator 
of the population variance, the sample standard deviation is not an unbiased esti- 
mator of o. We make use of relationships (7.7) and (7.8) here. 
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Ге value for х is calculated using Га. (7.13), The sample standard deviation 15 
calculated for each subgroup using 


We then calculate 5 using 


51582-52: + Sin 


(7.23) 
nm 


M к< 


From Eq. (7.7) we use us =5 = c40 in substituting for о to formulate the UCL 
for x 


= х + Ass. (7.24) 


3/1-с? 
UCL, =5 +30, = 5 +30,/1— с = ыы 
(7.25) 


З/1—с2 
LEL eS =®в | А = |p Sy: Gh эу 


C4 


Combining Eqs. (7.24) and (7.25) gives the follwing. 


x-Chart: 
ЧС = X + A35 
СІл-Х (7.26а) 
LCLz = ¥ ~ Аз; 
s-Chart: 
ШӨ = 728 
(Он iG (7.260) 
I. CI = БАТ, 


The constants Аз, Вз, and Ву are listed in Appendix Table A.8. 


— T " у Ы 
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T- and s*Charts for G T 
| s Charts for Given Target or Standard Values 


қ ‚ target or Standard values ' 
n the targ dard values, му and oo, are given, the X-chart is as defined і 
$ a$ defined in 


Whe 
Баз (7.20). Тһе s-chart is obtained from 
ШОШ = Бо 
CL, = c40 (7.27) 
ІПСІ, -- Bso, 


where Bs and В are listed in Appendix Table A.8. 


Example 7.3. Plot the x- and s-charts for the data in Example 7.2. 


Solution. The data are entered into Excel (see XbarSChart.xls on the CD). Val- 
ues for X, s, X, and $ are evaluated: x — 19.02 and s — 0.15. From Appendix 
Table A.8, the values for the control chart constants for a sample size of 5 are 
read as Аз = 1.427, Вз = 0, and B, — 2.089. The control limits are now calcu- 


lated: 


UCI4 = x + Ass = 19.02 + 1.427 0.15 = 19234 


x 
СЛЕЗЕ = 19102 
LOL- =x = ДЫЎ = 19.02 = 1.427 х 0.15 = 18.806 


UCL, = B45 = 2.089 x 0.15 = 0.3133 
CL, s— 0 
LCL, = B3s = 0. 
r the data are shown in Figs. 7.6a and 7.6b. A 
nts in both charts are within the control 


d with respect to the warning limits. 
ontinue to use these limits for 


The X-chart and the s-chart fo 
review of the charts shows that all the poi 
limits. We also see that there is no tren 
We conclude that the process is in control and c 


monitoring the process. 
earlier are followed when the process is out of control. 
es after that. A comparison of the X-s and the Х-К 


are very similar in both plots. The upper and lower 


n s are slightly tighter. 


The three steps stated 
Process monitoring continu 
charts shows that the points 
limits for the x-chart based o 


x- and MR-Charts for Individual Measurements 


oduction is slow, it is general practice to measure 
ery part produced. In these situations the sample 
teristic is monitored by setting the upper and 
is monitored by the moving range (MR). 


In monitoring a process when рї 
the controlled characteristic on CV 
size is n = 1, The individual charac 
lower control limits and its variability 
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19.20. 
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Subgroup# 
Figure 7.6a. x-chart 


Let x1, x2, ..., хи be m observations. The MR is the range of two successive obser- 


vations. The moving range of observation J, MR; is abs (x; 
the second observation. MR parameters are based on twent 
The average of the moving range, MR, is evaluated based 


— Х)-1) and starts with 
y to thirty observations. 
on all the MR values for 


0.35 
0.30 
0.25 
0.20 
0.15 
0.10 
0.05 


0.00 
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Figure 7.6b. s-chart 
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these observations; X is the average of these measurements. The process standard 
deviation is evaluated using the d)-value for range established by samples of two. 
The control limits for the x- and MR-charts are as follows. 


x-Chart: 
UCL, = 245 МА (d; = 1.128) 
cd Tee (728) 
LU -x-—3 E 
MR-Chart: 


ОСімк = DjMR (р; = 3.267) 
.CLya = MR 
LCLyr = 23 МЕ (D; = 0). 


Care must be exercised in using x-MR control charts. Since all the data are 


used in the order collected, there is a good chance that a correlation exists among 
the data. | 


Example 7.4. The first 20 values of kilometers per liter (KPL) data used in the 
run chart given at the end of Chapter @ ered NOM, ИО dito 1129, ШЫ, 1007. 
CLE UL, 1119,1 2, 125, ПАЗ, WA, 1159, 1220, WA), Wied, 1/25, 15:0). апа 12.8. 
Determine the control limits for (һе x-chart and MR-chart based оп the MR 
approach. 


Solution. The first range is 11.6 — 10.9 = 0.7, the second is 11.4 — 11.6 = -0.2, 
and so on. The 19 moving ranges are 0.7, 0.2, 0.1, 0.2, 0.6, 0.1, 0.0, 0.2, 0.3, 0.3, 
0.7, 0.3, 0.5, 0.3, 0.9, 1.2, 0.8, 0.4, 0.2. The average of the 20 x-values is х = 11.9 
and the average of the 19 MRs is MR = 0.428. 


x-Chart: AM 
M R 
UCL, =F +3 1128 = 13.04 
(Саа o 
= R 
LCL, = — 3 — = 10.76 
Ф 
MR-Chart: 


UCL wr = 3.267 MR = 1.3983 
СІмк = MR = 0.428 
LCLyn = 0. 
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The maximum and minimum of x are 13.0 and 10,9, respectively, Тһе maximum 
of the MR is 1.2. The KPL data show a process in control. Determining the 
graphic display for this problem is given as an exercise. 


The X- and r-charts and x- and s-charts, which are referred to as Shewhart con- 
trol charts, are good for detecting large shifts in the mean. They are less sensitive 
to shifts of 1.50 or less. Smaller shifts can only be detected by looking at the form 
of the plot and its changes relative to the warning limits. There are other charts, 
such as exponentially weighted moving average (EWMA) charts and cumulative 
sum (CUSUM ) charts, which use information from all or more recent observations. 
These charts are capable of detecting smaller shifts. We present details of these 
charts in the following sections. 


Exponentially Weighted Moving Average (ЕУУМА) Control Chart 


The EWMA is also called the geometric moving average (GMA). The EWMA is 
used for individual measurements x;(j = 1,2, ...) or for the average of samples of 
SIVE 925 .). For all calculations involving the process standard devi- 
ation, с is used for the first case and o/./n is used for the latter. We present all 
equations for the individual measurements and we start with the following known 
parameters: 


Target value of the mean = и 
Process standard deviation = o 
Weighting parameter = A (Е 


The EWMA is calculated at each data point. We denote Е; as the EWMA at 
data point i. We start with 


Eo = И 
and evaluate E; using 
E; = Ах; + (1 — A) Eia. (7.29) 
E; is a weighted average of all previous measurements. On expanding Е; 1 suc- 
cessively, we have 
Е = Ам + A(1 — Api + X(1 — AY3xi-2 + Аа — А) з + +++ (01 — X) Eo. (7.30) 


Using the summation formula for a geometric series, it is possible to show that 
the sum of all the coefficients is 1. The weight of the current sample is A and the 
weight of the previous sample is obtained as (1 — 2) times the current sample and 
so on, resulting in a geometric series from i through 1. The EWMA is also called 
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(һе geometric moving average for this reason; À = 1 corresponds to the Shewhart 
control chart. 


The variance of E; given by Eq. (7.30) is obtained as 


À 
оң =o d(555)ti - a 9 (731) 


where (1 — A)" may be taken as zero when i is large and the limiting value may be 
used as a single ок for setting the control limits. 
The EWMA control limits are set as follows: 


UCL; = u + Ko y, 
(em (792) 
СІ; == Кок. 


We note that К = 3 is used for the Shewhart control charts where à = 1. For 
an ARL of 370, which is the expected ARL for the zero-shift Shewhart chart, the 
recommended values of А апа К for EWMA are 0.1 and 2.7, respectively. Other 
combinations for the same ARL are (0.05, 2.5), (0.2, 2.9), and (0.3, 3). These values 
provide the same ARL when there is no shift. The EWMA control chart has been 
found to work well for non-normal distributions. 

The control limits given їп Eqs. (7.31) and (7.32) are implemented in the pro- 
gram EWMA.xls. The data for the following example are shown in sheet! which 
gives the EWMA chart and the x-chart. Some editing may be needed if the number 
of data points is larger or smaller than that in the example. 


Example 7.5. The following table shows mean values of 30 samples. 


і m; i Xi 
1 5.36 16 5.55 
2 5.45 17 5.74 
3 5.55 18 5.60 
4 5.43 19 5.48 
5 5.36 20 5.65 
6 551 21 5.59 
7 5.50 22 5.66 
8 5.44 23 5.61 
9 5.51 24 5.60 
10 5.47 25 5.58 
11 574 26 5.66 
12 5.44 27 5.67 
13 5.62 28 5,52 
14 5,52 29 5,65 
15 5,50 30 5,51 
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Each sample is an average value of 5 parts. The target value is 0.55 and the pro- 
cess standard deviation is 0.22. Prepare an EWMA control chart for the data 
shown in the table and compare it with the x-chart. Use А = 0.1 for the ехро- 
nential parameter and К — 2.7 for setting the limits. 


Solution. The calculated values are given in the following table: 


Sample i Х; ЕММА; ШЛЕ LEIL 
1 5.36 5.486 29727. 5.473 
2 5.45 5.482 5.536 5.464 
Ө SA 5.489 5.542 5.458 
4 5.43 5.483 5.547 5.453 
5 5.36 5.471 5.550 5.450 
6 SRI 5.475 5.550 5.448 
7 5.50 5.477 5.554 5.446 
8 5.44 5.474 5555 - 5.444 
9 Sol 5.477 SESS 5.443 

10 5.47 5.477 5.558 5.442 
11 5.74 5.503 S59 5.441 
12 5.44 5.497 5.559 5.441 
13 5.62, 5.509 5.560 5.440 
14 5552 SIO) 5.560 5.440 
15 5.50 5.509 5.561 5.439 
16 5.53 5.511 5.561 5.439 
4% 5.74 5.534 5.561 5.439 
18 5.60 5.541 5.561 5.439 
19 5.48 5.955 5.561 5.439 
20 5.65 5.546 5.561 5.439 
21 5.59 5.550 5.562 5.438 
22 5.66 5.561 5.562 5.438 
23 5.61 5.566 5.562 5.438 
24 5.60 5.570 5.562 5.438 
25 5,58 И 5.562 5.438 
26 5,66 5.580 5.562 5.438 
27 5,67 5.589 5.562 5.438 
28 6,52 5.582 5.562 5.438 
29 5:65 5.589 5.562 5.438 
30 551 5.581 5.562 5.438 


Тһе EWMA chart is shown in Fig. 7.7a. The corresponding X-chart is shown 
in Fig, 7.7b. The EWMA chart shows that the process is out of control at data 
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сл 
N 
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SAMPLE NUM. 
Figure 7.7a. EWMA control chart 
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X BAR 
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SAMPLE NUM. 


Figure 7.7b. X-chart 
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point 22, indicating a shift of the mean. The x-chart shows that the process is in 
control but a careful look shows that the x-value goes above the centerline and 
stays there for the remaining points. This indicates a shift. 


Cumulative Sum (CUSUM) Control Chart 


There are two main approaches used for constructing the CUSUM chart: the V- 
mask approach and the tabular approach. The input data will be the same for 


both. 


Input Data 


The CUSUM is used for individual measurements or averages of samples of size 
n. For individual measurements, o is used as the standard deviation and o/,/n 
is the standard deviation if each sample is of size п. АП the equations for the 
individual measurements are presented, starting with the following known para- 


meters: 


Target value of the mean = и 

Process standard deviation = o 

Shift to detect as multiple of o = 6 (shift Ax = бо) 
Observations: x1, хо, .... | 


The V-Mask Approach 


We first present the V-mask approach, where a single CUSUM is evaluated. The 
CUSUM at observation m is given by 


S 3 (x; — и). (7.33) 


Alternatively 5„ may be obtained with standard normal variables using $/, = 
у (22). In this case, о” for the standard variable needs to be taken as 1. The 
CUSUM chart is drawn with the sample number on the horizontal axis and S;- 
values on the vertical axis. The out-of-control process decision is made by using 
a V-mask. The V-mask construction is shown in Fig. 7.8. The main parameters of 
the V-mask are Л and k, where ho is half the length of the vertical side in the V- 
mask and kéo is the slope of the sides forming the V-shape; A is called the deci- 
sion limit. The recommended value of К is 1. Thus, the slope of the sides is half 
of the shift to be detected. The value of h is chosen around 4 or 5. The V-mask is 
placed at every point as shown in Fig. 7.8. In the V-mask design, d may be calculated 
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1 2 3 4 


Figure 7.8. V-mask construction 


directly using a, the probability of Type I error, as 
2c Ina 
Де еттті (7.34) 

When d from Eq. (7.34) is used, Л is calculated using h = dkó. The angle 9 may 
be calculated using the geometry given in the figure. 

In Fig. 7.8, the process is seen to be out of control at sample 4. If the process is 
out of control, corrective action has to be taken as discussed for other control charts. 
The V-mask is now ready for use on subsequent samples. 

For a mean shift of 0.50, and Л = 4, the CUSUM chart approach gives an ARL 
of about 27 compared to 155 for the Shewhart control chart. 

The CUSUM control chart using the V-mask approach is implemented in sheet 
of CUSUM.xls. The V-mask can be moved from point to point using the spin button 
application, The X-chart is also plotted on the sheet. The use of this program will be 


clear through the following example. 
Example 7.6. For the problem stated in Example 7.5, prepare a CUSUM chart 
using the V-mask approach. 
Solution. The data are entered in sheet! of C USUM.xls, The СОЗОМ chart 


from the program is shown in Fig. 7.9, The process is out of control at point 22 
as shown in the figure. This out-of-control condition continues to be so for later 
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0 
—0.5 
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Figure 7.9. CUSUM chart V-mask approach 


points. The V-mask can be moved using the spin button at the top to see if the 
process is in control. The x-chart is the same as that in Fig. 7.7b. 


We now proceed to the tabular approach. 


Tabular Approach 


In the tabular approach, two cumulative sums — upper cusum and lower cusum — 
are defined. If до is the shift to be detected, we define a factor k to get a reference 
value А: 


А = Ко, (7.35) 


The upper cumulative sum U; and lower cumulative sum Lj, for samples j = 1 
to m, are defined using starting values Uy = О and Lo = 0: 
Up = 0 Іі =f 
U; = max(0, x; — u = ^ + 01) 
| | l (7.36) 
Lj = min(0, x; -w+A+ Li-4) 


] = ltom. 
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Figure 7.10. CUSUM control chart — tabular approach 


Breaking the cumulative sums into upper and lower values will enable us to 
make a decision of whether the process is out of control using one decision parame- 
ter, h. The decision is made when U; is below ho and Lj is above —ho. Values of h 
of 4 or 5 are generally used. 

When the CUSUM value crosses the line, we backtrack to previous successive 
nonzero values to determine the point where the shift occurred. We may also look at 
the X-chart carefully to check the trend. The CUSUM control chart using the tabular 
approach is implemented in sheet2 of CUSUM. xls. The ¥-chart is also plotted on the 
sheet. 


Example 7.7. For the problem stated in Example 7.5, prepare the CUSUM 
chart using the tabular approach. 


Solution. The data are entered in sheet2 of CUSUM.xls. The CUSUM chart 
from the program is shown in Fig. 7.10. The process is out of control at point 
22. as shown in the figure. The rise of the upper CUSUM starts at point 10, A 
careful look at the X-chart (Fig. 7.76) shows that the shift may be more distinct 
at point 19, 
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7.6 Control Charts for Attributes 


When a quality characteristic is identified by its conforming or nonconforming to 
specified requirements it is recorded as an attribute. Attribute control forms ап 
important category in quality control. A p-chart is used to control the proportion 
nonconforming in a population. An np-chart is used for the same purpose as the 
p-chart but by controlling the number of nonconformities in a sample. A c-chart ís 
used for controlling the number of defects in a sample, and а u-chart is used for 
controlling the number of defects per unit in samples. 


p-Chart for Proportion Nonconforming 


The p-chart is based on the binomial distribution of x nonconformities in a sam- 
ple of size n when p is the proportion of nonconformities in the population. The 
probability is given by 


p(x) = |") p 3r. (7.37) 


The mean value of x is np and its variance is np(1 — p). 
We will set up the control limits for the proportion for the p-chart when the 
population proportion p is not known. The steps involved are as follows: 


Step 1. Choose a sample size n. 
Step 2. Let x1, x2, ..., Xm be the number of defective units in samples 1,2,..., т. 
Step 3. Evaluate the proportion of the samples that are defective using 


pi=2 -12,..,m) (7.38) 


Step 4. Evaluate the mean p of the m proportions: 


тр Ерл 


р = 532 
p = (7.39) 
The expected value of the standard deviation of the proportion is calculated 
using 
«(0-7 
gus nm. (7.40) 


n 
Step 5. Set the control limits for the p-chart: 


UCL, =P +3 сә Р) 
CL, =7 (741) 


LCL, = max (5 _ 3 um . 
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These control limits are first used as trial control limits. After reviewing if 
the process is found to be out of control, the cause must be identified and 
rectified. The out-of-control points are then removed from the control limit 
calculations. The points may be retained in the p-chart with the cause iden- 
tified at the out-of-control points. 


If the target value po is specified, setting р = po in Eq. (7.41) will give the control 
limits. In this case a trial run and adjustment step are not necessary. If the target 
value is low and the actual proportion of nonconformities is higher, the process may 
be out of control. 


Example 7.8. A sample size of 50 was used in establishing a control chart for 
styrofoam cups produced in a company. Twenty-five samples were taken and 
the number of nonconformities in each sample were counted. The proportion 
data are listed in the following table. 


Number Sample 
Sample # nonconforming x; fraction, р 
1 3 0.06 
2 2 0.04 
3 1 0.02 
4 6 0.12 
5 4 0.08 
6 5 0.10 
7 3 0.06 
8 2 0.04 
9 4 0.08 
10 3 0.06 
1 2 0.04 
12 2 0.04 
13 3 0.06 
14 4 0.08 
15 5 0.10 
16 6 0.12 
17 0 0.00 
18 2 0.04 
19 3 0.06 
20 i 0.08 
21 5 0.10 
22 6 0.12 
23 + 0.08 
24 3 0.06 
25 4 0.08 


Calculate the control limits and plot the p-chart. 
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Figure 7.11. p-chart 


Solution. The third column in the table lists calculated data. The sample size 
and the second column are entered into Excel (see PNPChart.xls) and we 


obtain 
р = 0.069 


= = = 
[РА-Р) _ 0.069(1 — 0.069) _ 0.036. 
п 50 


The control limits are CL, = 0.069, UCL, = 0.069 + 3(0.036) — 0.176, and 
UCL, = 0.069 — 3(0.036) = —0.039 => 0. The p-chart is shown in Fig. 7.11. 
The chart shows that the process is in control. 


If the sample size is changed for each subgroup, the curve of the p-chart is sim- 
ilar except that the limits UCL, and LCL, in Eq. (7.33) are calculated for each 
subgroup і using the sample size n;. The control limits are then discontinuous 


stepped lines. 


np-Chart 


(for a given sample 


We can also control the number of nonconforming parts 
he control limits for 


size) instead of the proportion that are nonconforming. T 


ЕС 
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the np-chart are given by 


ОСІ, = np + 3J/np(1 — p) 
Сіз = Hp (7.42) 
LCLnp = max(0, np — 3y/np(1 — p)). 


If a target value po is given, p can be replaced by ро. The np-chart for the data 


in Example 7.4 is included in the program PNPChart.xls, which is in the Programs 
directory of the CD included with the book. 


c-Chart 


The number of nonconformities may be monitored in some situations. The mea- 
surement may be the number of nonconformities on one unit or the number of non- 
conformities for a set number of units. The number of nonconformities, x, may be 
modeled with a Poisson distribution, where the parameter A represents the average 


number of nonconformities. The probability of occurrence of x nonconformities is 
given by 


e ^A* 


x! 


p(x) — (7.43) 
The mean and the variance of the Poisson distribution are given by A. 

The number of nonconformities is measured in each of the т units as 
С1, C2, ..., Ст. The average number of nonconformities is calculated using 


су + C2 H iiit Cm 
= : 


с = (7.44) 

If no standard or target value is given, we use с as the approximation for À, 
which is the mean and variance of the distribution. The control limits for the c-chart 
are now given using the three sigma limits: 


UCL, 27242346 


Ot. (745) 
LCL, = max(0, ¢ — 3c). 


These are used as the trial control units. After the assignable causes have been iden- 
tified and rectified, the control limits are finalized for a stable process. If the target 
value of со is specified for the number of nonconformities, co may be substituted for 
€ in Eqs. (7.45). A trial run is not necessary when а target value is used. 
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u-Chart 


If the number of nonconformities, x, is measured on и units in the sample and the 
number of nonconformities per unit is calculated, this value need not be an inte- 
ger. As an example the number of nonconformities may be 5 in 2 square meters of 
а cloth, or 2.5 nonconformities per square meter. In inspecting unit defects, some 
units may be without defects. We may find x defects per л units. In such cases the 
parameter of interest is the number of nonconformities per unit, и: 


n 


where u may be larger than 1 or it may be a fraction. We now determine the mean 
и and its standard deviation, given by ,/й/л. The control limits for the u-chart are 
given by 


WL, = 7463 - 
© езй (7.47) 


ILCIL,, == mes: (»a- 3 j ; 


Example 7.9. А sample unit size of 50 is used in establishing the control limits 
for a c-chart. Twenty-five measurements for the number of nonconformities per 
50 units аге as follow: 5, 4, 3, 7, 4, 3, 7, 3, 5, 3, 5, 1, 5, 7, 5, 4, 3,2, 5, 6, 2, 1, 3, 4,2. 
Set up the control limits and plot the c-chart. 


Solution. The data have been entered into the Excel file C&UCharts.xls 
included in the Programs directory of the CD. The mean value for the 25 sam- 
ples is c — 3.96. Substituting in Eqs. (7.45), we obtain 


UCL, = 3.96 + 34/3.96 = 9.93 
CL, = 3.96 
LCL, = max(0, © — 3/8) = 0, 


The c-chart is shown in Fig. 7.12. The Excel file also includes the u-chart. 


7.7 Operating Characteristic (OC) Curves 


OC Curve for Variable Control Charts 


We see from Fig, 7.3 in Section 7.4 how a shift of the mean increases the probability 
В of committing a Type II error. Let the control limits be set at +k on the standard 


Pp 
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Figure 7.12. c-chart 


distribution. A ó-shift in the mean value corresponds to a shift of A on the standard 
normal curve given by (see Chapter 5, Eq. (5.24)) 


20 (748) 


o 


A = 


We note that o = К/Ф for the x-R chart and с = 5/c4 for the x-s chart. The 
В-уаше is given by 


B = &(k — ^) - ®(-k — А), (7.49) 


where k = 3 corresponds to the standard control limits. The OC curve, 8 versus A, 
for К = 3 is shown in Fig. 7.13. We may refer to this as the OC curve for variables. 
The file OCCurve.xls shows the general plot. Changes in the curve for other values 
of k can also be observed by changing k in sheet1 of the program. 

We note from the variables in the parameter A that, for a given 6, a larger value 
of n indicates a smaller value for the Type II error, 8. Sample size is an important 


factor in detecting the shift. 


Example 7.10. А statistical process control setup uses the х- А chart to control 
shaft sizes in a shop. The sample size is 5 and +30 control limits are used. The 
value of R for the operation is 0.38 mm. If there is a shift of 0.1 mm in the mean 
due to an error in the tool setup, calculate the probability of a Type II error. 


Probability of Acceptance 
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Figure 7.13. OC curve variables 


Solution. The shift is = 01 mm, R= 0.38 mm, and 4 = 2.326 from 
Appendix Table A.8. The estimated o for the process is 


R 0.38 


= — = ---- = 0.1634. 
ет 0:103 
The standard shift is given by 
s/n | 0145 
IN == ТУ 012642 = 12065); 


Now f is calculated using Eqs. (7.41): 
8 = Ф(К— А) – Ф(—К— А) = Ф(3- 1.3685) — Ф(—3 — 1.3685) 
= Ф(1.6315) — Ф(—4.3685) 
= 0.949 — 0 = 0.949. 
The probability of a Туре II error is 0.949. 


OC Curve for Attribute Control Charts 


For the control limits set for the p-chart, we сап find the probability of commit- 
ting a Type II error, В, by choosing various va 


lues of p for the shifted probability 


ЕЕ 


Beta 
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рђаг = 0,3, п = 50 
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Figure 7.14. OC curve p-chart 


of nonconformities in the population. Let p be the control centerline and let p 
be the shifted value of the probability. If n is the sample size, we evaluate n, = 
int(np.UCL,) and n; = int(np.LCL;). The probability of Type TI error В is given 
by 


= 


и т 


8- Y ()pra-»" -»)pa- pr^ (1.50) 


The two terms in (7.50) are cumulative binomial probabilities. 

Alternatively 8 may be evaluated using normal approximation with 
= ‚РР апа В = ФР) — p- 2), This calculation (7.50) has been 
implemented in the program OC_PChart.xls, which is included in the Programs 
directory of the CD. The OC curve for p — 0.3 is shown in Fig. 7.14 and is a 
skewed curve. The plots for various p-values can be obtained using the included 
program. 
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We will use the OC curves in Chapter 9 when we discuss acceptance sam- 
pling. 


7.8 Summary 


In this chapter we have developed a good idea of what statistical process control 
is all about. We developed the background material needed from order statistics 
to understand the origin of the various constants appearing in control chart design 
formulas. We developed the basic ideas of how to set up the control limits and how 
to apply statistical process control in practice. Control charts for monitoring small 
shifts have been presented, and attribute control charts of various types have also 
been discussed. The OC curves for both variables and attributes have been given. In 
the next chapter we will study aspects of process capability. 
The computer programs discussed in this chapter include the following: 


XbarRChart.xls 
XbarSChart.xls 
EWMA.xls 
CUSU M.xls 
PNPChart.xls 
C&UCAharts.xls 
OCCurve.xls 
OC_PChart.xls 


EXERCISE PROBLEMS 


7.1. The diameter of a bronze bushing used in a journal bearing is a characteristic of 
interest. Random samples of size 5 are taken. The average in millimeters and range 
іп zm for each sample are calculated and the tabulation is shown here: 


Sample 1 2 3 4 5 6 7 8 
Y 49.52 49.53 49.52 49.50 49.49 49.37 4945 49.48 
К 75 60 90 95 70 45 80 90 


a. Find the control limits for the X-R charts and comment if the process is in 


control. 
b. Estimate the process mean and the process standard deviation. 


7.2. Piston-ring thickness is the parameter that is controlled in a grinding opera- 
tion. Data are given here for 20 random samples of 4 rings each. Set up the x- and 
R-charts. Draw your conclusions if the process is in control. 
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Sample Thickness (mm) 
1 3.01 3.01 3.16 3.07 
2 2.98 2.98 2.98 3.00 
3 3.05 2.93 2.94 2.88 
1 3.01 2.98 2.95 2.92 
5 2.98 2.94 2.91 3.14 
6 2.96 3.06 2.95 3.11 
7 3.06 3.05 2.88 299 
8 2.90 3.04 3.02 2.89 
9 2.95 3.01 2/95 3.04 
10 3.00 2.95 3.01 3.00 
11 3.13 2.90 3.02 2.90 
12 2.99 3.18 3.01 3.11 
13 2.88 2.96 2.94 3.06 
14 2.99 2.94 3.04 3.00 
15 3.07 2.94 2.95) 3.04 
16 3.05 2.99 2.97 2.98 
17 3.14 3.00 3.12 2.87 
18 3.00 8910 297 2.93 
19 3.03 3.16 3.07 3.08 
20 2.85 3.03 3.08 3.02 


73. For the piston-ring thickness data in Problem 7.2, set up the x- and s-charts. 


Draw your conclusions. 


74. The thickness, in millimeters, of sheet metal used for making automobile bod- 
ies is a characteristic of interest. Random samples of size 5 are taken. The average 
and standard deviation for each sample are calculated and the tabulation is shown 


here: 


Sample 1 2 3 4 5 6 7) 8 9 10 
x 10.19 9,80 10.12 10.54 9.86 9.45 10.06 10.13 9.82 10.17 


5 015 012 0.18 019 0.14 009 0.16 018 0.14 0.13 


4. Find Ше control limits for the X-s charts. Comment if the process is in con- 


trol. 


b. Estimate the process mean and the process standard deviation. 
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7.5. Each of the following subgroups is an average of 4 sample voltages in an elec- 


tronic device: 


22.5 22.6 
22.6 22.8 
22.5 22.4 
22.4 23.1 
22.6 Ж) 
22.6 22.4 
229 22.6 
22.8 23.0 
22.4 22,3 
22.4 220] 


The target value of the voltage is 22.5. The process standard deviation for the voltage 
is 0.32. Prepare the EWMA chart for A = 0.05 апал = 0.1. Draw your conclusions 
about the process. 


7.6. For the data presented in Problem 7.5, draw the CUSUM chart using the V- 
mask approach. What is your choice for the parameters? 


7.7. For the data presented in Problem 7.5, draw a CUSUM chart using the tabular 
approach. What is your choice for the parameters? 


7.8. А sample size of 100 is used in preparing a control chart for hexagonal nuts 
produced by a manufacturer. Twenty samples were taken and the number of non- 
conforming items was measured in each sample: 


Number Number 
Sample# nonconforming x; Sample # nonconforming х; 
1 10 11 6 
2 2 12 8 
3 8 13 10 
4 11 14 9 
5 5 15 4 
6 9 16 7 
7 3 17 6 
8 7 18 9 
9 6 19 8 
10 5 20 7 


Prepare а p-chart showing the control limits. Draw your conclusions. 
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7,9. Prepare an np-chart for the data in Problem 7.5. 


7.10. A sample size of 5 is used in preparing a c-chart for the number of noncon- 


formities. Twenty measurements for the number of nonconformities per 5 units are 
given: 


TSS Os Os Ay Oy б ONO A NOV 6182) 296 
Plot the c-chart showing the control limits. Draw your conclusions. 
7.11. Prepare a u-chart for the data in Problem 7.7 and draw your conclusions. 


7.12. An automatic screw machine turns out round-headed bolts with a specified 
shank diameter of 9.00 + 0.04 mm. The process has been operating in control at an 
estimated u of 9.00 mm and an R of 0.0208 mm. The subgroup size is 4. 


a. Calculate the x- and R-chart control limits 

b. Ifthe mean of the process shifts to 9.01 mm, compute the probability of a 
Type II error that the shift will not be detected in the first subgroup after it 
occurs. 


c. What proportion of the defective product is being produced at the shifted 
mean? 


7.13. Cylindrical pins are produced on an automatic machine. The targeted mean 
value for the process is 12 mm. The standard deviation of the process is 0.08 mm. 
Set the control limits for x using a sample size of 5. If there is a shift in the process 
mean and it has a value of 12.04 mm, determine the probability of a Type II error 
that the shift will not be detected in a sample. 


Process Capability Analysis 


8.1 Introduction 


In Chapter 2 we studied the international tolerance system and how tolerances are 
specified. Design engineers select a tolerance for a quality characteristic based on 
functional requirements, management guidelines, or customer demands. However, 
knowledge of the process used for the production and its capability are also neces- 
sary. The design specifications must match the process capabilities. To this end, the 
trend is toward a closer integration between design and production in today's man- 
ufacturing industries. A design engineer should aim at giving as large a tolerance 
as possible without compromising the performance of the product. The manufac- 
turing engineer, on the other hand, must aim for production with as low a variation 
as is economically possible. The topics in this chapter, namely process capability. 
measurement capability, and rational determination of tolerance intervals, aim а! 
unifying these diverse objectives. In Chapter 7 we discussed the aspects of process 
control. A process in control is one in which all variations are due to chance causes. 
АП special or assignable causes are identified as soon as they appear and are recti- 
fied. However, there is always a chance that small shifts may not be detected; this 
leads to the possibility of Type II errors. Process capability analysis identifies the 
conditions that provide a cushion for this possibility. 


8.2 Process Capability 


Specification limits are needed to define process capability. Specification limits ат и 
boundaries, set by the management, engineers, or customers, within which the Bye 
tem must operate. The upper specification limit (USL) and the lower specifica 
tion limit (LSL) are the specified limit values. These are generally specified by ihe 
designer based on the functional requirements and management guidelines. These 
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0.9973 


LSL USL 


LNTL UNTL 


Process spread = бо 


Allowable process spread 
UJ SIE ESI 


Figure 8.1. Process spread 


are also referred to as tolerance limits. The upper and lower control limits on the 
sample mean of a quality characteristic were defined in statistical process control. 
When these control limits are adjusted for the sample size, they define the natu- | 
ral tolerance limits. The natural tolerances are closely tied to the process and are 
expressed in terms of the process mean и and the standard deviation c. The upper 
natural tolerance limit (UNTL) is at и + Зо, and the lower natural tolerance limit 
(LNTL) is at и — 3o: 99.73% of production falls in this interval. The difference, 
UNTL — LNTL = 6c, is referred to as the process spread. The relationship among 
these is shown in Fig. 8.1. 

A capable process is one in which all the measured characteristic values f 
inside the specification limits. There are several indices (Cp, Ср, Cpm) that are и 
to measure the capability of a process. 


Process Capability Indices: Cj, Cpu, Сы, С, 
The process capability index, Cy, is the ratio of USL — LSL and бо: 


USL — LSL 
Cp = MÀ. (8.1) 


The process capability index does not take into account any shift. The confo 
ing proportion is a maximum when the process spread is placed symmetrically y 
respect to the central value 0.5 (USL + LSL). Fig. 8.2 shows the normal curves! 
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C, , USL=LSL 


USL 


Figure 8.2. Process capability index 


various values of C, relative to the specification limits. The conforming propor- 
tion drops as the shift from the center increases. The effect of the shift is shown in 
Fig. 8.3 for various values of Су. АП shifts and the specification limit values shown 
are multiples of c. The curve for Cp = 1 corresponds to the operating characteristic 
curve with the standard shift as seen earlier. In manufacturing industries, C, > 1 is 


Proportion Conforming 


Figure 8.3. Shift vs proportion conforming 
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Figure 8.4. С, 


desired; С, = 2 corresponds to USL - LSL = 120 (бо). For this case even a shift of 
1.50 will only result in 3.4 parts per million nonconformities. This is the underlying 
principle of the Six Sigma quality philosophy. The process capability ratio (С,) is 
defined as 1/Ср. 

Cpu is defined for upper specification only: 


USL = Р 7 
Сш = ECC a (82) | 


в 


and C, is defined for lower specification only: 
17! 


үл ILS pM 
Сы = д (8.3 
3a ї 
For a two-sided specification, the index Cp does not take into account ifthere is 


a shift in the mean. For an off-center process, We define Cpx as p^ 


USC = — LSL КР. 
: _ From Fig. 8.4, Cy may also be expressed as 
i. Ты 
бйреу 


] 


EE, 
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where b is the shift and 7 is the target value or the central value. 
equation is expressed by defining a parameter k as follows: 


Cok = Cp (1 — k) 


The preceding 


USL + LSL 
T = ———— "и 
Z Й 

I at Hi 


OSLA ЪӨ.) /2` 


We observe that, when the process mean is centered with respect to the spes. 
ification limits, k — 0 and Cp, = Cp. The value of С,, decreases as k increases for 
a given value of Cp; Cp may be viewed as the potential capability and C pk а$ the 
actual capability. 

Recommended values for the process capability index аге 1.33 for established 
processes, 1.5 for new processes, and 1.67 for critical processes. 


Example 8.1. Holes of 20-mm diameter are drilled and reamed in a production 
process. The process standard deviation o is known to be 15 ит. The lower апд 
upper specification limits for the hole are 20.01 and 20.11 mm, respectively. The 
mean diameter of 100 holes measured is found to be 20.07 mm. Determine the 
process capability indices, С, and Сук. 


Solution. We have с = 15 ит = 0.015 mm, USL = 20.11 mm, LSL = 20.01 mm. 
and u = 20.07 mm: 


4 ШЫ БӘ, 201592001 


С Sieh e) DS 
М бо 6 x 0.015 E 
USES ооли 9007 
E и И Ma MNT VM 
рч 3o 3 x 0.015 0:83 
ОТО SONON i 
€ — — їшї Å — d. 
pl e 3 x 0.015 NS 


Cpk — min (Cus Сы) = 0.89. 


Cy can reach a value of C, = 1.11 by setting the process mean at the mean ol 
the specification limits. 


ы, Se ғ n 
All process capability indices (Cp, Cpu, Сы, and Ск) are defined using б. 
practice, however, o is not known; in that case we use an estimate for д. 
The candidates for ó estimates are 
1. s evaluated from a large sample in a histogram experiment; б 
2. the characteristic value at z = 1 minus the characteristic value at z = 0: " 


E as əf- 
a normal probability plot, or the 84th percentile minus 50th percentile if a p* 
centile plot is used; 
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З. d for a process in control from an х А chart: and 


5 K l 
4. = for a process in control from an x-s chart. 


The characteristi svaluated with & ar 
ic үз evaluated with д are denoted С, Ĉ pu, Сы, and С 
Y hen an experiment is conducted to evaluate process capability, all the 
machine, operator, and process variable settings need to be recorded for future ref- 
erence. The data order and the collection process have to be carefully monitored. 


Example 8.2. Estimate the process capability parameters for the following data 
from an X-R chart for a process in control: x = 125.4 mm, R = 3.2 mm, and 
sample size n = 5. The specification limits are 125 + 6 mm. 


Solution. We have u = x = 125.4 mm, USL = 125 + 6 = 131 mm, and LSL = 
125 — 6 = 119 mm, and from Appendix Table A.8 we have 4 = 2.326: 


(ау = R 30 = ЛӘ 
h 239% | 
USL-LSL 131-119 
tp — eg- P ORAEN S 
We use Eqs. (8.5) to calculate Сш: 
v USL + LSL DS 
2 
| үл, = 1 == 125 = 125.4| = 0.4 
k а Cel Ст 


~ (uu © 
о Е = 356. 


Process Capability Index: Cp; 


The process capability index Cpm is also referred to as the Taguchi capability index. 
The index is calculated using 


ESL LSL 


C pm бт , 


(8.6) 


where т2 is the expected value of (X— TY, with the target value T= 
(USL + LSL)/2. Since т? = Е(Х- Ty] = E(X- u +u- TY] = E(X- и)?] + 


(ш — Т)?, we have 
т = үс? + (u - Т)”. 
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Ву denoting 


TE. 
Ё Е - , (87 
о ) 
we get t = o V1 + £?, and Eq. (8.6) becomes 
є 
C pm -— 4 (2 2 


A+ 
To estimate C, in an experiment, we use С, in Eq. (8.8) and 2 is evaluate 

using ê = XL, We may also evaluate the estimates using X—R or x-s chart data. 
Example 8.3. Evaluate the process capability index Ср, for the data in Ex- 
ample 8.1. 
Solution. We have о = 0.015 mm, USL = 20.11 mm, LSL = 20.01 mm, и = 
20.07 mm, and 7 = (USL + LSL)/2 = 20.06. We evaluated C, — 1.11. Using 
Eq. (8.7), 


ШЕТ 20.07 - 20.06 
5 o 0.015 т 
Introducing the values in Eq. (8.8), 
il 
реле” ИҢЕ алған” 


G m = = 
Me ТЕ НЕЛЕ INTL 
This value is different from C, = 0.89, evaluated earlier. 


Since Е depends on the standard deviation, Cpm is a better indicator of the off- 
center variation relative to the process standard deviation. 

As seen in the examples, we have estimated the value of the process capability 
index. The question now is — what is the confidence interval for process capability” 
Some relationships for the confidence intervals are provided in the next section. 


Confidence Intervals 


Once we evaluate the process capability in an experiment, we have only obtained ап 
estimated value. A process capability study must include a confidence interval for 
the true process capability index. There is a concentrated ongoing effort to arrive at 
reliable results in this area. Two-sided confidence interval relations that are widely 
used in process capability studies are given here, These relations аге recommended 
for sample sizes (л) of at least 25. 

When €, is evaluated using s as the estimator for о as C, = USE, note that 
ore = ir has a chi-squared distribution with и — 1 degrees of freedom. Thu* 


P 
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the two-sided 1 — a confidence interval for C p is given by 


edm del Hc 
С —@/2,п— @/2,п—1 
PU S eps бт (8.9) 


The chi-squared values are obtained from Appendix Table A.5. The approximate 
confidence interval formula for Cj is 


C pk — Za с = Copp dE Bo Сн (8.10) 
й A o Чс а Ж б» 21) | 


The z-values are obtained from the inverse normal distribution values in Appendix 
Table A.4. 


Example 8.4. For a statistical process in control with specification limits 112 = 
4, a sample size of 40 was used. The mean was 111 and the sample standard 
deviation, s, was 0.9. Find the 90% confidence intervals for Ср and Су. 


Solution. Given USL = 116, LSL = 108,5 = 0.9, x = 111, n — 40, and T = 
0.5 (USL + LSL) = 112, 


USL-LSL 116-108 


== == = 1.4815. 
Cp 6s 6 x 0.9 SIS 
We use Eqs. (8.5) to calculate Ск 
Ez — 771 == [ШШ = ІШІ = jl 
k РЕ coc 


= (OSLELSL)/2~ 4 
Ск = Ср а — k) — ІЛ. 


Next we find the chi-squared distribution values for 39 degrees of freedom 
for 0.05, and 0.95 probabilities for the 90% confidence interval: 


X6.95,39 = 2557); Ха = 54.572. 


From Eq. (8.9), 


Xi /2,n-1 Kap 1 
—a/2,n— a/2,n—1, 
Сз о = < Ср < © 


п—1 n -— 
25% 54.572 
14в1з >” < Cy < 1.4815] 4572 


1.208 « C, « 1.753. 
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For the confidence interval on Cpg, the z-value is obtained at «/2 = 0.05 fror 


Appendix Table A.4 as 20.05 = 1.645. From Eq. (8.10), 


| 1 
| Se ET t 
Rm оар) 2@-1) 


1 1.11? 1 1.112 
11 — 1. 1.11 + 1.645 + 
1.11 — 1.645 5z40* 2x39 $ С = + 05220. 2х39 


0.886 < Cy, < 1.334. 


The lower limit of the 90% confidence interval for Ср is larger than 1. We 
may conclude that the process is good when it is centered. The second case 
shows that there is a chance that Cp. is lower than 1, which suggests that ways 


should be found to center the process. 


8.3 Measurement System Analysis — Gage Repeatability 
and Reproducibility Study 


Process control and process capability studies involve analysis of the process data. 
These data come from the measurement of quality characteristics. Previous analy- 
ses dealt with measured values. A measured value is made up of its true value and 
an error component, and these errors may come from the instrument or gage used. 
Error may also be contributed from operators, setup, and the environment. Cali- 
bration is another key area; all gages must be properly calibrated. The true value 
and the measurement error may be treated as independent random variables. The 
variance of the measured value is the sum of the variance of the true value and the 


variance of the error: 
(8.11) 


2 оар 20, 2 
Omeasured value — Otrue value ne O measurement error* 


The aim here is to determine the true variability of the process. This will be accom 
plished by finding the variability due to measurement. 

When we speak of measuring instruments, we speak of precision. Precisk 
implies that the measurement variability should be a small part of the variability 
of the measured value. This brings us to review the terms accuracy, trueness. bias, 
precision, repeatability, and reproducibility. 

Accuracy is the closeness of agreement between a test result (measurement) and 
the accepted reference value. The International Standards Organization notes that 
a systematic or bias component may be included in results that are termed асси" 
rate, Trueness is the closeness of agreement between the average value obtaine 
from a large series of test results (measurements) and an accepted reference value 


n 
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Improving trueness 


Low Precision High 


Figure 8.5. Precision vs trueness 


Bias is the difference between the expectation of the test results and an accepted 
reference value. Precision is the closeness of agreement between independent test 
results (measurements) obtained under stipulated conditions. It is measured as the 
standard deviation of test results. Trueness may correctly contrast with precision, 
not accuracy. The precision-trueness contrast is illustrated in Fig. 8.5. 

Repeatability is precision estimated under conditions where independent test 
results (measurements) are obtained with the same method on identical test items 
in the same laboratory by the same operator using the same equipment within a 
short interval of time. Gage repeatability is the variation obtained from one gage 
and one operator when measuring the same part several times. 

Reproducibility is precision under conditions where independent test results are 
obtained with the same method on identical test items in different laboratories with 
different operators using different equipment over extended periods of time. Gage 
reproducibility is the variability of measurements by different operators using the 
same gage (or different conditions). Repeatability and reproducibility are illustrated 
in Fig. 8.6. The variance of the gage measurement error is the sum of variances 


attributable to repeatability and reproducibility. 
The measurement variance in Eq. (8.11) can be expressed as 


2 A d 2 
EE дей error > OGR&R = C repeatability + O reproducibility * (8.12) 


We now present the range and average method for computing the standard 
deviation of the gage repeatability and reproducibility (GR&R). An analysis of 


168 Process Capability Analysis 


Reproducibility 


Repeatability д 


N True value True value 


Figure 8.6. Repeatability and reproducibility (R&R) 


variance (ANOVA) method is presented in Chapter 10, Section 10.3, under “Саве 
Repeatability and Reproducibility (GR&R) for Measurement Systems." 


Range and Average Method for GR&R 


Before undertaking the evaluation of GR&R, we must ensure that the gage has been 
calibrated. The recommended method is to use ten parts, two or three appraisers, 
and two or three trials, which amounts to sixty measurements. For each trial the 
parts are run in a randomized order and measured. 

All the measurements taken are tabulated as shown in Example 8.5. All the cal- 
culations discussed here are implemented for the example problem in GageR&R.x!s 
included in the Programs directory of the CD. Data in the program may 0е 
modified for solving other problems. The data are tabulated in the following 


format: 
Operators A,B,C 
A B C 
Part Triall  Trial2 Triall  Trial2 Triall  Trial2 
X X X X X X X 


The ranges between trials are evaluated for each part and operator. The steps in the 


evaluation process are developed as follows. 


Steps for GR&R Evaluation 


1. Calculate the mean of all trial ranges, К. 
2, D4, repeated here, from Appendix Table A.8, is used to calculate UCL4 for 


data: 


the 


б „ел (8.13) 


8.3 
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Number of Trials 
2 3 4 5 
Рд 3.267 2.575 2.282 ANN, 


Check if all the trial ranges are below UCL к. The lower control limit is 0 for up 
to 5 trials. If a range falls outside the limit, the assignable cause must be found 
and resolved before proceeding further. 


‚ Calculate R,, which is the range of the averages for the appraisers or operators. 


If Xa, Хв, and ХС, are the average measurements for the operators, the range 
is the maximum minus the minimum for the three values. 


‚ Calculate R,, which is the range of average measurements of the parts. 
. Calculate the standard repeatability error: 


SAMS IR — 
Orepeatability — EU = kı R, (8.14) 


where 5.15 is 220005 (spread of 99% area under the normal curve), and œ is a 
constant from Appendix Table A.8. The factor / is given here: 


Number of Trials 
2 3 4 5 
ka 4.57 3.04 2.5 22 2711 


. Find the reproducibility variance: 


| 2 
о EP 
2, repeatability 
Oreproducibility — (А Ка) [т XT EN , (8.15) 


where n — number of parts, r — number of trials, and / is given by following: 


Number of Appraisers 2 3 4 5 
k2 3.65 2 23 2.08 
. The GR&R is given by 


2 2 
OGR&R — y O repeatability a C reproducibility" (8.16) 


. The part standard error is given by 


Opart — Кз Rp, (8.17) 
where К» is given by 


Number of Parts Dee Э 4 5 6 7 8 9 10 
ka 266: 97 227-208 198. 1,92 174 1.67 1.62 
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9, The total variation is given by 


ш- Jot 2 " 


10. The percentage of the total variation is calculated using 


9,R&R = 100 (208 ) (8.19 

Ototal | 
where %В&В < 10% is considered satisfactory; 10-30% may be acceptabie 
If this condition prevails, more experienced operators must be used. A value 
higher than 3096 is not satisfactory. 


If reproducibility is large in comparison to repeatability, it indicates that the 


operator needs training or the gage needs calibration. 
Comparing Eq. (8.18) to Eq. (8.11), we note that Omeasured value = боа, 


Otrue value = Орагі» апа Omeasurement error = OGR&R: Thus, 


о 2 
e): (820) 


Otrue value == O measured value "y [EM 


ANOVA methods are now used for GR&R evaluation. The two-factor factorial 
approach and its application to GR&R are presented in Chapter 10. We now con- 
sider an example where the aforementioned procedure is implemented. (Also see 
the Excel program GageR&R.xls, where all the preceding steps are implemented 


through an example.) 


Example 8.5. Ten parts were measured by three operators each of whom took 
two measurements per part. Perform the GR&R study. 


Operators 
A B C 
Part Triall Trial2 Triall ^ Trial2 Triall Trial? 
1 5.62 5.61 5.60 5.61 5.65 5.64 
2 5.51 5791 2:52 5.50 5.52 5.52 
3 5.50 5:91 5.49 5.50 5.53 5.52 
4 5.47 5.48 5.52 55] 5.44 5.44 
5 5.50 5.50 5.54 5.52 5.48 5.46 
6 5.62 5.63 5.62 5.61 5.61 5.61 
7 5.54 5.56 5.56 5.57 5.54 553 
8 547 5.56 5.45 5.55 5.59 5.60 
9 5.41 5.41 5.41 5.40 5.44 5.44 
10 5.55 5.54 5.58 5.97 5.54 5.52 
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Solution. We : 

бы E We have the number of parts, n = 10; the number of trials is 2: and 
umber of operators is 3. First the ranges are noted for each pair of mea- 

surements for operators A, B, and C and R is calculated: 


Ranges 
А В e 
0.01 0.01 0.01 
0 0.02 0 
0.01 0.01 0.01 
0.01 0.01 0 
0 0.02 0.02 
0.01 0.01 0 
0.02 0.01 0.01 
0.01 0 0.01 
0 0.01 0 
0.01 0.01 0.01 


For UCL; = D, R = 0.028, using Р; = 3.267 for a number of trials of 2 and 
ОСІ р = 0, we find R = 0.009. АП individual ranges аге well inside the control 
limit: 

X4 = 5.530, Хв = 5.537, Xc = 5.533. 


The appraiser range, Ка, is 5.537 — 5.530 — 0.006. 
The part averages (for each row) are calculated as 5.622, 5.513, 5.508, 5.477, 


5.500, 5.617, 5.550, 5.570, 5.418, and 5.555; the part range is evaluated as Кр = 
0.204. The total variation is found as follows: 


= kı R = 4.57 x 0.009 = 0.040 


Orepeatability 


o? n 0.040? 
2 repeatability — | А — 0.017 
Oreproducibility = (ko Ra) — nr (2.7 x 0.006) (10) (2) 


2 2 2 40.040? + 0.0172 = 0.043 
OGR&R = O repeatability + O reproducibility 


МА ы - 3302 = 0,333 
Ototal = Jonan + Span = /0.043* +0 


онан ) — 100 (553) — 12.9096. 
Motal vehe 


and 


% R&R = 100 ( 
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This is higher than 1096; therefore the gage is marginally acceptable. Complete 
calculations are included in the program GageR&R.xIs. 


Gage Capability and Process Capability 


The precision of a gage is defined as 5.15оов«в. We have already seen that 5.15 
came from the spread of 99% (220.005) of the area under a standard curve. 
The gage capability is defined in terms of the precision-to-tolerance ratio (Р/Т). 


A 5.150GRE&R vd 5.150GR&R 

Е 0009097 C, 

0.86 (R&R 

0.86 (7OR&R) (8.21) 
C, 


Р/Т 


% P/T = 


8.4 Propagation of Errors 
Let Y be a function of random variables X; (i = 1, 2, . . . , n): 
es РОЯ, Aara) (8.22) 


For small changes about the mean, the Taylor’s expansion of the function at 
pas 2, ---, Ип and for the mean values of Xi, №,..., Xn (neglecting the higher 


order terms) is given by 


n 
Ys Y? (Une foo ees o ftro) аг 2:2 CS TERT 
1=1 


(8.23) 
af 
gi = —— (evaluated at ил, ио, ..., Ша, 
Ox; 
The mean and variance of Y are approximately 
шү = f (ил, H2, Ма) (8.24) 
п 
oy = У 8тот, (825) 
i=l 


where c? is the variance of X;. Eq. (8.25) is referred to as the propagation of erro! 


formula. 
For a linear function, each gi 


sional problem discussed in Ch 
Eq. (8.25). 1f the process for eac 
bility Cp, we may set the tolerance t; = Ко. 
Eq. (2.5) that was used in Chapter 2: 


Ratt Bre +. 


dimen 


is a constant coefficient. A common E. 
и 


apter 2 is Y= +X, + № +... + Хи. Then 8 | 
process capa 
jon, 


h component dimension has a similar 
We get the following tolerance relat 


ЛР "FTT ДА Р 4 6 
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This rule states that the square of the resulting tolerance is the sum of component 

tolerances. 
EE 8.6. The angular twist in radians of a solid round bar is given by 0 = 
žag» where Tis the torque in Newton-meters, / is the length of the bar in meters, 
dis the diameter of the bar in meters, and G = 77 GPa is the modulus of rigidity 
of the material. (Note: 1 GPa = 10? N/m?.) The mean values of the variables are 
T = 320 N-m, / = 0.12 m, d = 0.04 m, and the approximate standard deviations 
are or = 3 N-m, o; = 0.01 m, and oy = 0.0004 m. Determine the mean value of 
Ө and the standard deviation оу. 


Solution. The mean value is evaluated using Eq. (8.24): 
32TI 32 x 320 x 0.12 
© nd'G 341416 x 0.044 x 77 x 10? 
To evaluate the variance of 0, we need to evaluate the coefficients 6; in 
Eqs. (8.23): 


— 0.00198 radians. 


900 БЕРИ 32 x 0.12 ne 
Gr = ЕЕ AO Us ^ 
90 З2Т 32 x 320 
81 — 31 тас 31416 x 0.044 x 77 x 10? = US 
—4)32T1l —4 32. х 320 
Qoa. (apre 2% —0.198. 


84-52-7450 31416 х 0:045 х 77.109 — 


From Eq. (8.25), we have 
of = 5202 + sro + 8404 
= (6.2 х10-6)23? + 0.0165° x 0.01? + (—0.198)?0.0004? 
= 5,4 жЩ" 
og = 0.000184. 
Using this information, confidence intervals can be evaluated for a desired 
1-а. 
8.5 Prediction and Tolerance Intervals for Normal Distribution 


We developed confidence interval formulas for the mean of a population using the 
data from a single sample. The two-sided 1 — о confidence interval for the mean 


when о is known is given by 


o 
ЖЕ Zala TR (8.26) 
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When o is not known, the confidence interval is given by 


5 
ЮЕ 1, ==. - 
z Jn mid 


Prediction Intervals 


We now ask a question – if we make one future measurement, what will be the ] 
confidence interval for the measurement? This interval is termed the predicti, 
interval. We have two cases: (1) when о is known and (2) when c is not known. 


Known o 


Let us first develop the upper one-sided prediction interval when o is known. If x is 
the future measurement, we would like to find k such that 


where we use the property that x — x ^ М0, o?(1 + 1)] to convert to the standard 
variable z. From the last step, since the value for К has been found, the prediction 


interval for the future measurement x is given by 


х ы (8.28) 
п 


The lower prediction interval is 


М. 
Х- 240 IS 42 Х. (8.29) 


Тһе two-sided 1 — о prediction interval is given by 
1 2 
E zog lcm cm ar ап 1+ =. (8.30) 


Unknown с 


Using similar steps as before, we get the prediction intervals. The upper prediction 


| 1 
X < X Íg.n—15 1 + " (8.31) 


interval is 


ГТ”, ЖЕТТІ Ж 
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The lower prediction interval is 


| 
X —tyn-1S4f/ 1+ — € x. 
n 


The two-sided 1 — о prediction interval is given by 
е 1 E 1 
X — ty/2,n-18 1%- LX EFH anasi + =: (8.33) 
n 


Tolerance Intervals 


The objective of a tolerance interval is different from that of a prediction inter- 
val or a confidence interval. In confidence intervals, the bounds reach x as л tends 
to infinity. In the two-sided case the interval tends to zero. A tolerance interval is 
an interval for which it can be stated with a given level of confidence, 1 — y. that 
it contains at least a proportion, 1 — p, of the population. The tolerance interval 
is sometimes referred to as a statistical coverage interval. In the prediction inter- 
val, the confidence of assurance, 1 — y, is lacking. A tolerance interval is a good 
way of checking if specification limits are meaningful. If the difference USL — 
LSL is smaller than the corresponding (1 — p, 1 — у) tolerance interval based on 
a sample of п parts, we cannot say with confidence that the production meets the 
requirement; maybe the specification limits are to be revisited or maybe a new pro- 


cess must be adopted. We once again have the cases where с is either known or 


unknown. 


Known o 


We would like to find constants кү and кә such that, for given 1 — y, proportion 


1 — p of the population is 


below (upper limit) X + «16 
above (lower limit) X — 10 (8.34) 
in the interval (two-sided limit) X + «20 


Let us first consider the one-sided (lower) limit. If и is the population mean, the 
proportion 1 — p is contained in the interval above и — z5o. We would like this part 
of the distribution to be larger than x — куо with a probability 1 — y: 


X-H 
P (X — куа <и-ву=1-у > PEZE s Vita - i| 1-7 


zy = yn (к — 2р). 
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2 
М(и-92%) 


N (4, €?) 


Figure 8.7. Tolerance interval, o-known 


The second part is a rearrangement to bring it into a standard normal form. 
From the last step, we have 


2 з 
кү| = Zp + ——=—. (8.35) 


т 


The same constant works for the upper one-sided limit. This case is illustrated in 
Fig. 8.7. Using similar steps, we get ко for the two-sided interval: 


2 E 
K2 = Zp/2 + (8.36) 


y/2 
Jn 
Unknown o 


In most practical problems involving tolerance interval decisions, the population о 
is not known. We use the standard deviation, s. We need to find constants А! and K2 
such that, for given 1 — y, proportion 1 — p of the population is 


below (upper limit) x 4- kis 
above (lower limit) x — kis (8.37) 


in the interval (two-sided limit) X + kos. 


Let us first consider the one-sided (lower) limit. If р is the population mean. the 
proportion 1 — p is contained in the interval и — z,o. We would like this part of the 
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distribution to be larger than x — kıs with a probability 1 — у: 


P(t- i sw go) =1-у = P | SEE) es ji) -1-; 
5 
л + ФУ" 
s p| РУ Ин =1-у 
s/o 


=> l1—-y,n-1 (zp/n) = ki Jn. 


In the first term on the second line in the previous equation, recognize that the 
denominator > = 4L is the square root of the chi-squared distribution with 
n — 1 degrees of freedom divided by n — 1 and the numerator is the standard nor- 
mal with a shift parameter z,./n. Thus, it is а noncentral t-distribution with л — 1 
degrees of freedom and noncentrality parameter д = 2р,/п. We use the inverse of 
the noncentral r-distribution to get the final step. We then have 

М. П-у,л-1 (сутп) (8.38) 

Jn 

The function tolls(g,p,n) has been developed for Excel and is included in the 
program TolerLimits.xls. This function uses tncinv(p, nu, delta), which is 
included in the noncentral distributions. The functions use p and 9 as left-tail areas. 
Values for kı are provided in Appendix Table A.9 for 1 — p = 0.9, 0.95, апа 0.99 
and for 1 — у = 0.95 and 0.99. The table is also available on ӛһее(1 of the pro- 
gram. The program can be used for calculating intervals for other probabilities not 
included in the table. 

The value of kz for the two-sided interval is determined using the following 
formula, which can be found at http://www.itl.nist.gov/divS98/handbook/: 


=1 
Ко —r E 


(8.39) 
Xa s 


irn dise) Qu) 


The function tol2s(g,p,n) has been developed for Excel and is included 
in the program TolerLimits.xls. The function uses g and p as left-tail areas. Values 
for k; are provided in Appendix Table A.9 for 1 — p — 0.9, 0.95, and 0.99 and for 
1 — у = 0.95 and 0.99, The table is also available on sheet2 of the program. The 


program can be used for calculating intervals for other probabilities not included in 
the table. 


with r such that 


Example 8.7. А sample of 15 test specimens were used in a tensile test for 
strength. The mean tensile strength obtained was 290 MPa. The standard 
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deviation of the sample was 12 MPa. Find a two-sided tolerance lim: 
the interval contains 9996 of the population with а confidence of 95% 
mal distribution may be assumed for the tensile strength. 


Solution. We have X = 290 MPa, 5 = 12 MPa, n = 15, p - 0.99, and 7 
From Appendix Table A.9 for the two-sided tolerance limits, К: = 3.877 
tolerance limits are К25 = 3.878 x 12 = 46.54. The interval is (290 — 45 54 
290 + 46.54) = (243.36, 336.54) MPa. We can say with 95% confidence 
99% of the population is contained in the interval. 


Tolerance Intervals Based on the Extreme Values of Observations 


The tolerance intervals discussed earlier were estimated by assuming a normal pop- 
ulation distribution. The tolerance interval estimation presented here is based on 
the largest and smallest observations in the sample. This estimation is good for pop- 
ulations that are not necessarily normal. The sample size и for a proportion p of the 
population to be contained in the interval between the largest and smallest values 


with a confidence of y is given by 
IVA РА 5 1 — 
d Gaal кеу m 


For one-sided tolerance limits where the proportion p of the population 
greater than the smallest sample value for the lower tolerance interval (or less than 
the largest sample value for the upper tolerance interval) with à confidence of y.” 


is given by 


= 
iS 


gig a (8.41) 
log p 


Example 8.8. А sample size of 45 was used in a test to estimate а two-sided 
tolerance interval. Estimate the proportion of the population with à confidence 


of 95%. 
Solution. We have у = 0.95, 1 — у = 0.05. Using xis ‚ = 9.488 from А 
dix Table A.5, | 


р ре n- 


1 1 1 >= 2 
"=2( HP) alpat NR un URN 2 4х4-2 18761 


1-р 2 ТІР” A4 9488 


= 1+ р = 18.761 ~ 18.761р 


17.761 


р = 19761 = 0.899 
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Example 8.9. Calculate the sample size for a one-sided tolerance limit based 
on the largest and smallest values in a sample so that 9095 of the population is 
below the largest value with a confidence of 95%. 


Solution. We have p — 0.9 and y — 0.95. Using Eq. (8.41), 


| 1 = | | 
n= BUY) _ 1080.05) _ 205229. 


log p log (0.9) 


8.6 Summary 


In this chapter we developed process capability concepts. Various capability indices 
were introduced, and confidence intervals for the estimated values of capability 
indices were discussed. Measurement system errors were presented, and gage R&R 
calculations included a complete example. The error propagation relation showed 
how probability aspects can be applied to a design problem. A discussion of predic- 
tion and tolerance intervals showed how each can be used for making meaningful 
decisions about tolerance limits. 
The computer programs discussed in this chapter include the following: 


GageR&R.xls 
A9_ToleranceLimits.xls (also in the APPENDIX directory on the CD) 


EXERCISE PROBLEMS 


ИШ o 10 0 000 22 ——————— 
8.1. A shaft diameter is specified as 50 + 0.03 mm. The standard deviation of the 
process is 0.012. A random sample of 9 shafts gives an average diameter of 50.01. 
Determine 

а. (Ср, 

b. Cou, Ср, апа Срк. 
8.2. For a statistical process control study, x- апа R-charts have been prepared using 
a sample size of 4. We have x — 25.8 and R — 0.6. If the specification limits are given 
by 26 + 0.8, estimate Cp, Сук, and Cpm, Ckm: 


8.3. A runout tolerance of 40 um full indicator movement is specified. The average 
runout for the process is 15 wm and the standard deviation is 2 um. Determine Cy. 
(Note: For runout specification, Cpu is Срк.) 


8.4. A painting contract specifies a paint drying time of 20 -Е 6 minutes. Two brands 
of paint are evaluated. Large sample tests conducted on brands A and B gave x4 — 
23,54 = 2.5 and xy = 21, 5в = 3.5, respectively. Calculate Ср, Ск, and Cpm for the 
two processes. Which brand of paint would you choose? 
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8.5. The specification limits for a process are given as 50 + 5. А random : 
25 parts yields X = 48 and s = 0.9. Determine 


a. an estimate of Cpe and 


b. a 90% confidence interval for Со. 
&6. Ina GR&R study, two operators use the same gage to take 2 measuremer 


on 8 parts. The data are shown in the following table: 


Operator А Operator B 
Part — Triall Trial2 Triall Trial2 
1 60 61 63 64 
2 49 51 51 52 
3 41 42 59 60 
4 46 44 22 54 
5 55 53 58 59 
6 57 56 54 29 
7 50 49 46 45 
8 62 63 41 43 


Perform the GR&R study. If C, is 1.2, evaluate the precision-to-tolerance ratio 
(P/T). 

8.7. The maximum stress S in a beam of rectangular cross section, with width 5 and 
depth h, subjected to a bending moment М is given Бу 5 = =. The mean values 
of the variables are M = 50 N-m, b = 30 mm, and h = 50 mm, and the approximate 
standard deviations are ом = 0.5 N-m, оь = 1.0 mm, and оу = 1.5 mm. Determine 
the mean value of the stress $ and the standard deviation os. (Note: Evaluate the 


stress $ in MPa (=М№тт?).) 
8.8. For arandom sample of 10 items, the mean is ¥ = 32.2 and the standard devia- 
tion is з = 3.5. Determine a two-sided 90% prediction interval for one future obser- 


vation. 

8.9. Shafts produced in a machine shop have а normal distribution. A sample 
25 shafts has a mean of X — 45.5 and a standard deviation of s = 0.75. Determine à 
two-sided tolerance limit so that the interval contains 9596 of the population with à 


о f 


confidence of 95%. 

8.10. A tensile strength test was conducted on a random sample of 16 specimens. 
The mean value was 240 MPa and the standard deviation was 5 MPa. Determine ап 
upper tolerance interval that contains 9996 of the population with а confidence о! 
95%, Assume a normal distribution for tensile strength. 

power source have a normal distrib | 
f = 24.5 V and a standard deviation ol 


8.11. Voltage values measured on à ution. А 
sample of 15 measurements gave a mean о 
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s = 1.5. Determine a two-sided tolerance limit so that the interval contaíns 85% of 
the population with a confidence of 80%. 

8.12. A sample size of 25 is used for the estimation of a two-sided tolerance ínterval. 
Estimate the proportion of the population in the interval with a confidence of 90%. 


8.13. Determine the sample size for estimating a two-sided tolerance interval that 


contains 9096 of the population with a confidence of 95%. 
8.14. A sample size of 40 is used for the estimation of a one-sided tolerance interval. 
With what confidence can we say that the interval contains 9096 of the population? 


9 


—. ——————— 


Acceptance Sampling 


9.1 Introduction 


Acceptance sampling is used on each lot produced to decide if the lot is accept- 
able or not. Attribute sampling plans are used to make these decisions based on the 
number of nonconforming parts in a sample. Sampling plans for variables involve 
the use of a sample average and standard deviation data in the decision process, 
Acceptance sampling is widely used in business and industry. Some quality experts 
have expressed the opinion that acceptance sampling may not be needed if statisti- 
cal process control is properly applied; however, although process control improves 
quality, it does not prevent nonconforming parts from passing through the system. 
The probability of a Type II error is inherent in a system. Acceptance Sampling is 
performed at the end of all operations. If a lot is rejected, we may subject that lot to 
total inspection. As a result of this inspection, we pass only good parts and also this 
Study may suggest process improvements. Acceptance sampling is necessary when 
inspection involves destructive testing or inspection of every part is expensive and 
time consuming. 

Acceptance sampling makes use of the ANSI/ASQC 71.4 standard for 
attributes and the ANSI/ASQC Z1.9 standard for variables. These standards 
adapted the early work that led to the military standards MIL-STD 105E and MIL- 
STD 414. The ISO standards ISO 2859 and ISO 3951 (for attributes and variables, 
respectively), are also based on the military standards. We will discuss the basis of 
acceptance sampling and then visit the standards. 


9.2 Acceptance Sampling for Attributes 


Acceptance sampling plans are best suited for attributes. Attributes are quality char l 
acteristics that are either conforming or nonconforming. We may look at these 45 
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ple plan is simple. The plan 
mber c. We select a random 


pe, and style. In an inspection 
produced by the same machines, by 
Is, and in the same time period. Lots 
sands to hundreds of thousands). 


the same operators, using the same raw materia 
may be small (tens to hundreds) or large (thou 


Single Sampling Plan 


А single sampling plan is identified by two numbers; the sample size л, and the 
acceptance number c, as stated earlier. It is referred to as the lot acceptance sam- 
pling plan, denoted LASP(n,c). The steps in the single sampling are as follows: 


. Set sample size п and acceptance number c. 

. Select a random sample of n units. 

. Determine the number of nonconforming parts, К. 
. ИК < c = accept the lot; if k > c, reject the lot. 


Ss QJ) RN = 


Let us now see how п and c are decided. These decisions are made using the 
operating characteristic (OC) curve - a plot with the lot fraction nonconforming, p, 
on the horizontal scale and the probability of acceptance, P,, on the vertical scale. 
We also need the lot size, N. For a finite lot size, P, is obtained using the hypergeo- 
metric distribution. The number of defective units in the population is taken as the 


integer part of pN: 
РМ N —pN 
c x п-х 
P, (р) = S 


| (9.1) 
n 


When the lot size is large relative to the sample size, the binomial distribution is 
used: 


Р,(р) = У, (") рит руге, v" 


х=0 
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Figure 9.1. OC curve for attribute sampling 


Note that Р, is 1 at p = 0. The OC curve starts from this point, as shown in Fig. 9.1. 
A percent scale is generally used for p. The OC curve based on (9.1) is called Type 
А OC curve and one based on (9.2) is called Type B OC curve. A Type A curve is 
in fact stepped because pN, the number nonconforming in the population, is taken 
as an integer in Eq. (9.1). 

We now introduce the terminology used in the lot acceptance sampling field. 
Acceptable quality level (AQL) is the proportion or percentage of process average 
nonconforming items acceptable as a good lot. The producer's risk, о, is the proba- 
bility of rejecting a good lot at the AOL. A generally used value for o is 0.05, or 5% 
at the AOL. The rejectable quality level (RQL), also called the lot tolerance percent 
defective (LTPD), is the largest percentage of defective items that will make the lot 
definitely unacceptable. The consumer's risk, B, is the probability of rejecting a bad 
lot at LTPD. A commonly used value for B is 0.1. If the OC curve has been chosen, 
the percentage defective at level В is called the limiting quality level (LOL). The 
abbreviations ROL, LTPD, and LQL are used to refer to the same point on the 
percentage defective line on the OC curve. 

There are two distinct points marked on the OC curve shown in Fig. 9.1 - а 
point (AOL, 1 — o), where the producer accepts a good lot, and (ВОТ, 8), where 
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ihe lot is rejected to reduce the consumer's risk, ' 
below the OC curve) must include (AQL, 1 
may pass through the two points in the 


l'he acceptance region (the region 
4 a) and exclude (ROL, 8). The curve 
| limit, This requirement may be stated as 
[al OWS. 


Pa (py) >] > 
Га (pz) < В, va) 


where p; is the proportion at AOL and p» 


| is the proportion at ВОТ, The inequal- 
ities in Eqs. (9.3) are easy to solve on 


aah’ “computer, For fixed values of n and p, the 
probability of acceptance, P,, increases as c increases. Also, for fixed c and P, Р, 
ases. This monotonicity with respect to n and c can be used іп 
effectively solving Eqs. (9,3) using a computer, The vast data for the tables available 
in the standards were calculated as solutions to Eqs. (9.3). 

We implemented a simple algorithm for the solution in 5Р7 А TR.xls. The input 
parameters for the program are ру, о, p», and В; sheetl gives a visible solution! 
based on the binomial distribution. The OC curve is plotted for some values of n 
and c seen on the screen. The curve can be manipulated interactively using the spin 
buttons that are linked to the cells where л and c can be changed. The curve is moved 
until it is above (ру, 1 — œ) and below (po, В). This visible approach is both intuitive 
and interesting. Sheet2 contains the visible solution using the hypergeometric dis- 
tribution. The curve is discontinuous for small batch sizes. Sheet2 has an additional 
spin button for changing the batch size. Sheet3 gives various possible solutions of 
Eqs. (9.3) based on the binomial distribution. Sheet4 provides solutions based on 
the hypergeometric distribution, which is recommended for batch sizes smaller than 
800. The output gives various values of n and c that satisfy Eqs. (9.3). 


decreases as n incre 


Example 9.1. ^ manufacturer plans to introduce a single sampling plan for 
incoming material. The expected AOL is 2%, and the required LTPD is 8%. 
The producer's risk of 0.05 and the consumer's risk of 0.1 are to be used. The 
lot size is 2000. Recommend a solution. 


Solution. We have p; = 0.02, а = 0.05, p = 0.08, and 8 = 0.1 for the problem. 
We use the binomial distribution approach. We input the data into sheet3 of 
SPI ATR.xls and run it. The program gives solutions from л = 98 to 196, and 
some samples have the possibility of a choice of multiple c-values. 


SHK. Ng, Studying the Effect of the Parameters of an Attribute Аара MEM УЗ м 
lts Operating Characteristic Curve: A Visual Approach, Journal of Statistics Edu ы 
(2003). 
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0.0096 2.0096 4.0096 6.00% 8.00% 10.00% 
% Defective 
Figure 9.2. OC curve 


The first four solutions are n = 98, с = 4; п = 99, c = 4; п= 114, c= 5; 
and n = 115, с = 5. The first solution with multiple values for c is n = 130, 
where c = 5 or c = 6. The OC curve for (98, 4) is shown in Fig. 9.2. The visi- 
ble approach from ѕһее(1 shows that at (97, 4), the condition at (рә, В) is not 
satisfied and at (100, 4) the condition at (pi, о) is not satisfied. The first set that 
satisfies the requirements at both points is (98, 4). For the present our choice is 
(98, 4). We will look at other parameters, such as the average outgoing quality 
limit, for various choices before making a final decision. 


Average Outgoing Quality 


In calculating the average outgoing quality, it is assumed that a rectifying inspection 
is applied to all rejected lots. The scheme for the rectifying inspection is showed in 
Fig. 9.3. In a rectifying inspection, 10096 inspection (screening) is performed on a 
rejected lot and all defective parts are replaced and returned to the pipeline. Thus, 
the fraction of nonconforming parts moving through the system is the average frac- 


tion defective, called the average outgoing quality (AOQ). As shown in Fig. 9.3, we 
have 


AOQ = 


fop (N-t) (9.4) 
V 


We know that P, is a function of p. 1f AOO is calculated over the range of p-values, 
the curve shows a peak and has a maximum. This maximum value is called the 
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100% inspection 
Replace defective 


Inspect 
n 


Fraction defective 
«p 


Рар (N-n) 
N 
Figure 9.3. Rectifying inspection 


AOQ = 


average outgoing quality limit (AOQL). The average total inspection (ATI) is the 
average number of units per lot subjected to inspection. In each lot we inspect n 
units. and N — n units are inspected with a probability of 1 — Pa, as shown here and 
in Fig. 9.3: 


ATI 2a-- (10 — РУ(М-п). (9.5) 


Example 9.2. For the single sampling plan solution in Example 9.1, plot the 
AOQ curve and find the AOQL. Also calculate the ATI value at the process 


average (AQL). 
Solution. For the problem with AOL — 0.02. = = 0.05, ROL = 0.08, and В = 


0.1, we found the first solution as n = 98, c = 4. The AOQ curve о in 
sheetl of SPI ATR.xls is given in Fig. 9.4. For this solution, AOOL = 2.343%. 


ATI at p = 0.02 15 ATI =" + (1 — P, (N=) 
— 98 + (1 — 0.953)(2000 — 98) — 187.4. 
For the two other solutions, the AOOQL values have been calculated: for 


п = 99 and c = 4, AOQL = 2.315; for n — 114 and c = 5, AOQL = 2.470. 
Therefore, (98, 4) is a good choice. 


Dodge-Romig Plans for Single Sampling 


H.F. Dodge and H.G. Romig of Bell Laboratories introduced sampling plan tables 
in 1959; here we discuss single sampling plan tables. The basic idea of the tables fol- 
lows the single sampling plan theory discussed earlier. The tables are provided for 
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Figure 9.4. AOQ curve 


batch sizes in 19 steps (1—30, 31—50, 51—100, 101—200, 201-300,..., 50001-100000 
and AQL in six ranges (0-0.05%, 0.06-0.50%, 0.51—1.0096, 1.01-1.50%, 1.51- 
2.00%, 2.01—2.5096). At mid-value of the AOL, Dodge and Romig use o — 0.05. 
In the first table they give n- and c-values at ROL of 596 and 8 = 0.1. The table also 


gives the values of AOQL for the suggested plan. The program DodgeRomig.xls 
provides the spin button approach to findin 


values of n and c using the Dodge- 
Romig approach. 


) 


Example 9.3. The Dodge-Romig table gives n — 130, c — 3 for a batch size of 


1001-2000 and AOL of 0.51-1.00%, with an AOQL of 1.4. Check these data 
using batch sizes of 1,001, 1,500, and 2,000. 


Solution. Тһе results are checked using the program DodgeRomig.xls. 
For a batch size of 1,001, 8 — 10.5896 at LOL 596, AOQL = 1.31%, 
апа о = 1.4596 at AOL = 0.7194. 


For a batch size of 1,500, 8 — 10.5896 at LOL $96. AOQL = 1.37%, 
апа о = 1.45% at AQL = 0.71%. 


а 
For а batch size of 2,000, В = 10.58% at LOL 596, AOQL = 1.4%, an 
а = 1.45% at AOL = 0.71%. 


> ` i far 
Only the АООТ value seems to change slightly. The producer's risk a 15 
below the 5% level. 
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Draw first sample 
of n, units 


d; = number of defective 
units found 


Yes Accept 
the lot 
Мо 
Үе$ Reject 
the lot 
Мо 
Draw second sample 
of m units 
45 = number of defective 
units found 
Accept Yes No Reject 
the lot the lot 


Figure 9.5. Double sampling plan 


Dodge and Romig also provide another table where the (л, c)-values are pro- 
vided for fixed AOQL of 396. In this case the LOL is given in the table. These values 
range from 6 to 1996. 


Double Sampling Plan 


In the double sampling plan, first a sample of size лу is drawn. If the number of 
defective units in the sample is c; or fewer, the lot is accepted; if the number is 
greater than the rejection number гу, the lot is rejected. Otherwise, a second sample 
of size m is drawn. The number of defective units in the second sample is added 
to the previous number and if it is c; or fewer, the lot is accepted; it is rejected 
otherwise. The double sampling plan is shown in Fig. 9.5. We note that c1 < r1 < c». 
It is a usual practice to use rı = c2. Double sampling may reduce the total number 
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inspected, but we will consider this later. For double sampling, the Probability 
acceptance is divided into two parts: of 


Р. = mi + Pa (94) 


The calculation of the probability Ри is the same as that for the single samplin 
plan. In calculating P;; we need to consider the number of nonconforming parts : 
the first sample of c; + 1 or cy + 2 ог... с. Each of these values is associated With 
the number nonconforming in the second sample as follows. 


First sample ni Second sample n; 
(nonconforming) (nonconforming) 
C2 and 0 
с-і1 апа Oorl 
с - 2 апа Oorlor2 
со і апа Oorlor2or...ori 
с +1 апа Оог10ог20г...огс – с – 1 


The probability can be calculated using either the hypergeometric model or the 
binomial model; however, we give the formulation based on the binomial probabil- 
ity model: 


Ри = (") p*u-om 


c;—c,—1 i 
aE (sje n) 


i=0 2 j=0 


(9.7) 


Denoting Р, as the probability at which the lot will not be rejected at the first 
sample, we have 


ШЕ (x) үздү, (9%) 
2 


The final requirement is that Р, should satisfy Eqs. (9.3). However, at the first 
sample stage, we need to satisfy the condition at the consumer's risk - the second 
part of Eq. (9.3) - and the probability Ра should be higher than 1 — a at AQL. Т 
OC curves for the double sample plan are shown in Fig. 9.6. Equations (9.6)-(9.5) 
have been implemented іп the Excel program SP2_ATR.xls. The screen shows the 
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Figure 9.6. OC curve — double sampling plan 


curves for Ри, Ри + Pa, the two points at AQL and ROL, and the probability РА. 
The curves can be interactively manipulated using the spin button feature. 

To compare with a single acceptance plan, we evaluate the average sample num- 
ber for the various probabilities. Sample nı is always taken. Sample m is taken only 
when no decision is made for the first sample. The probability of taking the sec- 
ond sample is Р. — Р. The average sample number (ASN) at a specified percent 


defective lot is given by 
ASN = n +m2(Pu = PA). (9.9) 


The program SP2_ATR.xls also shows the plot of the ASN curve. 

The ASN value for a single sampling plan is nı. Since nı will be smaller than 
the sample size of the single sampling plan, ASN will be lower for some probability 
ranges. The ASN in Eq. (9.9) is calculated under the assumption that inspection of 
all n; components is carried out to find d» first (see Fig. 9.5), and then the decision is 
made. Curtailment may be applied at the second sample. Curtailment is the sample 
evaluation procedure where the inspection is stopped as soon as the number of non- 
conformities exceeds c2. When curtailment is applied, d? does not exceed c» + 1. 
The ASN for the double sample plan is significantly lower when curtailment is 
used. 


For the rectifying inspection, the AOQ is given by 


АОО - рРи ON — ni) + phata -mMm -~ na) (9.10) 
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STAGE 1 
0.0096 2.00% 4.00% 6.00% 8.00% 10.00% 12.00% 
Р1 Lot % Defective P2 
Figure 9.7a. OC curve 
The ATI is given by 


ATI = n Pa Tm + т) P2 + (1 — B4-— Р.) М. (9.11) 


Example 9.4. Select a double sampling plan for p; = 0.02, a = 0.05, p» = 0.08, 
and 8 = 0.1 (the conditions in Examples 9.1 and 9.2). Plot the OC curves and 


the ASN curve. 


Solution. By entering the data into the program SP2 ATR.xls, and by using the 
spin buttons, we obtain the double sample plan n; = 62, c1 = 1, m = 39, c2 = 4. 
This sample plan satisfies the producer's and consumer's risk points. The OC 
curves and the ASN curve are shown in Figs. 9.7a and 9.7b, respectively. The 
ASN curve has a maximum of 87 at p = 4.7%. When compared to the single 
sample plan solution of 98, 4 (ASN — 98) in Example 9.1, the average sample 
number is lower in this case. 


Multiple and Sequential Sampling Plans 


In a multiple sampling plan, more than two samples are taken. For each sample 
there is an acceptance number and a rejection number. The acceptance and rejection 
numbers of each successive sample are larger than the corresponding previous ones 
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Figure 9.7b. ASN curve 


by at least 1. The operation is similar to the double sample plan: in any sample the 
number of defective units obtained is added to the total previous defective units. If 
this number is less than or equal to the acceptance number for that sample, the lot 
is accepted. If the number is greater than the rejection number for that sample, it is 
rejected. Otherwise, the next sample is taken. 

А sequential sampling plan combines ideas from double and multiple sam- 
pling plans. A sequence of samples is taken from the lot. The cumulative number 
of nonconforming units is plotted against the number of units inspected as shown 


in Fig. 9.8. The inspection operation is carried out until a decision is made for 
the lot. 


Standard Sampling Plans for Attributes 


Standard sampling plans were introduced in the 1940s. MIL-STD 105E, which 
was issued in 1989, is widely used. Both ANSI/ASQC 71.4 and ISO 2859 retain 
the framework of MIL-STD 105E. Our current discussion is based on MIL-STD 
105Е. 

AOL is the primary focus of the military standard. AOL values are 0.196 or less 
for critical, 1% for major, and 2,5% for minor defects. The sample size is related 
ʻo the lot size, which is given in 15 steps (2-8, 9-15, 16-25, ..., 500001 and over). 
l'here are three general levels of inspection — Level II is designated as normal, 
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Number nonconforming 


Number of units inspected 


Figure 9.8. Sequential sampling decision zones 


Level I requires about half the inspection of Level II, and Level III is the most 
discriminating of the three. The inspection starts at Level II unless some regula- 
tions or directions from the responsible authority state otherwise. Normal inspec- 
поп is used as long as the product quality is maintained at the chosen AQL. When 
the recent quality history shows deterioration, tightened inspection is used. Reduced 
inspection is used when the quality from the producer has been outstanding over a 
sustained period. 

MIL-STD 105E is now available online at http://www.sqconline.com. The main 
selection consists of the batch size, AOL, the inspection level, and the type of inspec- 
tion, as shown in Fig. 9.9. Both single sampling and double sampling procedures 
are recommended by the standard. The table values for the input information from 
Fig. 9.9 are shown in Fig. 9.10. OC curves and ASN curves are shown on the screen. 


Enter your process parameters: 


The Acceptable Quality Level. more 


Inspection Determines the discrimination 
Type of Depends on the quality history. 
inspection: more info... 


Figure 9.9, Input screen 
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For a lot of 2 to 8 items, and AQL = 1%, normal Inspection plans are: 


The Single sampling procedure is: 


Sample 13” items. 
If the number of non-conforming items 


IS 
0 --> accept the lot. 
1 or more --» reject the lot. 


In this case, consider the Single sampling plan, or use the following plan: 


The Double sampling procedure is: 


Sample 32" items. 
If the number of non-conforming items 1$ 
0 --» accept the dot. 

2 or more --» reject the lot. 
Otherwise, continue to step 2. 


Sample 32" additional items. 
If the total number of non-conforming items is 
1 or less --» accept the lot. 

2 or more --» reject the lot. 


Figure 9.10. Output screen 


Output from the standard tables can be attempted in the programs SP1_ATR.xls 
and SP2 ATR.xls to make minor modifications to meet other requirements. 


9.3 Sampling Plans for Variables 


Variable sampling plans require that the quality characteristic has a normal dis- 
tribution. Variable sampling plans are used for units that are submitted in lots, for 
example in bags, boxes, drums, or bins. There is a lot more information known about 
variables than attributes since measurement data may be available. Let us discuss a 
sampling plan for variables by considering the single specification limit. 


Single Specification Limit - Known a 


Consider the case of the lower single specification limit with с known to fix our 
ideas. We have the lower specification limit (LSL), denoted as L. We accept a pro- 
portion p; of out-of-limit units with a probability of 1 — o (producer's risk of a) 
and accept a proportion р; (p2 > pi) of out-of-limit units with a probability of В 
(consumers' risk). As discussed in the attribute sampling section, ру may be taken 
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Figure 9.11. One-sided variable sampling (c known) 


as the АОГ and р» as the ROL. These conditions are illustrated in Fig. 9.11. The 
normal curve A, N(j, o?), shows a proportion Рі nonconforming with the mean 
located at ил. The normal curve B, №», ay, has a proportion P2 nonconforming 

with the mean located at u2. We have 
ш = +20 
i (9.12) 

m = L+ zpo. 

If x1 (= ш) and Х (= их) are the means of two samples of n parts each, then 
we need to set the level of significance, o, as the probability of rejecting the batch 
with x1 and set В as the probability of accepting the batch with x;. The curves with 


№ ил, a*/n) and М(и», о? /п) are also shown in Fig. 9.11. We find the position of 
such a point x, located at ko from L. 
From Fig. 9.11 we can write 


< < 
Jn ^R 


ko = 2р0 — LE 
Vn 
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On canceling o and rearranging the terms, we get 
2 
a= (а) 
4р - 2 
É "à (9.13) 
k= 


ір = —. 
р\ Jn 
We use п and К to define a sample plan. We take a sample of size n and find the 
mean value of the variable. We then convert it to the standard variable, z. If the 
standard variable is less than К, the lot is rejected; the lot is accepted otherwise. 


| Variable sample Plan for Single Specification, о Known (Form 1 or k Method) 


. Calculate п using the first of Eqs. (9.13) and round it to the nearest 
integer. 


Step 2. Determine К using the second of Eqs. (9.13). 


. ТаКе a sample of п parts and find x and z = D for the lower specifica- 
tion and z = “~ for the upper specification. 


. Accept the lot if z > К; reject it otherwise. 


Form 2 or M-Method 


In the form 2 or M-method, we evaluate Q — Z, 1-27: which is an unbiased estimate, 


and М = (—k,/—*_), p = Ф(— О). The decision rule is to reject if р > M and to 
accept otherwise. 


Example 9.5. The upper specification limit for sulfur content in an alloy is 
0.8%. The manufacturer wants to accept 2% nonconformities with a probabil- 
ity of 595, and 1296 nonconformities with a probability of 896. The lots received 
ате known to have a standard deviation of 0.15%. Develop a sampling plan. If 


а sample taken according to the plan has a mean value of 0.7% sulfur content, 
1$ the lot acceptable? 


Solution. We have р; = 0.02, œ = 0.05, р = 012, and В = 0.08. From 


Appendix Table A.4, we get Zp = 2.054, z, = 1.645, 2р2 = 1.175, гв = 1.405, 
И = 0.8%, and ô = 0.15%. 


From Eqs. (9.13), 


(aty p 
1175 


1.645 
сөл 226% m 084. «а 1/579. 


vn v12 


2 
) = 12.05 А 12 
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If a sample of 12 units has an average of 0.796, 


ғарғы 0.8- 0.7 — 0.667, 


д 0.15 


Z = 


by the form 1 approach; since z < k the lot is rejected. 
For the form 2 approach, 


М = F(—1.65) = 0.0496, and р = Ф (— Q) = Ф(-0.697) = 0.243. Since р > M, 
the decision is to reject the lot. 


The plan for a known value of ø is implemented in sheet1 of the program 
SP_VAR.xls. The data are entered in the top section and the single specification 
limit section, and the sample size is manipulated by using the spin button until the 
curve satisfies the LOL point. The results confirm the previous calculations. If the 
sample size is chosen using a different basis, the value of n may be entered directly. 
In this case the LOL point is not monitored. 


Double Specification Limit - Known o 
For the double specification limit the first step is to check if 


U-L 
« 22р1/2. (9.14) 


If this condition is satisfied, the incoming quality is worse than AQL and the lot 
is rejected without even drawing a sample. But if it passes this test, the following 
procedure is used: 


о п-1 


and f = Ф(-О)--Ф(-Оу) are evaluated. The entire p, is permitted at one 
extreme and k = 2 — "i We then define the two values а = ,/<1 and 
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Figure 9.12. Acceptance criterion, (c unknown) 


‚= n. (i — К). The M-value is obtained as М = $(—zi) + ®(—z2). If p< 


n—1 


\ | 
M, the lot is accepted. 


Variable Sampling Plan for Single Specification - Unknown с 


The variable sampling plan for unknown с, presented here, is based оп the work of 
Lieberman and Resnikoff.* When с is unknown, the sample standard deviation s is 
used, and the criterion for acceptance of the lower specification limit L is x > L+ks 
or = > k, as shown in Fig. 9.12. The OC curve plots the probability of acceptance, 
Р,, for each level of the proportion of nonconforming parts, p. If и is the mean 
for the batch of proportion p nonconforming parts, the probability of acceptance is 


given by 
x—L 
PEL E = > 1 


Vn a) ү Jn (и = L) 


= Pr о 578 E > J/nk (9.15) 


= Pr[t,-1 (8) > Jnk], 
Where t, 1(8) is the noncentral t-distribution with noncentrality parameter ô. We 


use the mean pu for the good-quality parts рі; thus, the noncentrality parameter is 
given by 


be se E (9.16) 


G.J. Lieberman and G.J, Resnikoff, Sampling Plans for Inspection by Variables, Journal of the 
American Statistical Association, v50, n250 ( 1955). 
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Figure 9.13. p; and M for о unknown 


Since the probability of acceptance for AOL of p; is 1 — a, К may be obtained 
using the inverse of the noncentral distribution as 


k = tncinv(1 — а, n—1, ô). (9.17) 


The points for the OC curve are constructed using this k-value іп Eq. (9.17). These 
relations are implemented in sheet2 of SP VA R.xls. The curve passes through the 
point at AOL and it can be adjusted by varying л to pass through the LOL point 


with the probability of acceptance set at £. 
Lieberman and Resnikoff derive the following expression for estimating the 


proportion of nonconforming parts, рг, for the sample mean x: 
n n 
== 1, yo Ы Са 
һ-Ь(:-1 5-1) 


1 fei 


i =r 


(9.18) 


р = max [ 


where /,(a, b) is the beta distribution. The beta distribution is evaluated in Excel 
using the function BETADIST(x, a, b). Тһе critical value M is calculated using 
Eqs. (9.18) when == = k. Values for p; and M are shown in Fig. 9.13. The decision 
is to accept when ру < M. 

For upper specification U, = is replaced by X= in Eqs. (9.15) and (9.17). 
Thus, ри is evaluated using Eqs. (9.18). 

For the double specification case, both p; and py are evaluated using the 


previous expressions: M; is evaluated by setting M — k in Eqs. (9.18). and Mu 
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5 evaluated by replacing *" by U-L — k im Eqs. (9.18). M is evaluated using 
M = Mı + Ми. The batch 's accepted when ру + py < М. The case when o is 
unknown 18 implemented in sheet2 of SP. VA R.xls. The implementation of the pre- 
vious equations ensures that the OC curve passes through (ру, 1 — a). The curve 
may be manipulated by changing n to make it pass through (р;, 8). Wallis? has 
given the following expressions for calculating k and n, which giv 


e remarkably good 
values: 


j (9.19) 

2 

n = (1 + >) (zw) | 
2 Zp — £p, 

The preceding formulas are based on the assum 


ption that x + ks is approximately 
normally distributed as N(u + ko, =(1 + €), 


Example 9.6. The electrical resistance specification of certain components is 
630 + 25 Q. If 2.5% of the components are outside the limits, the manufac- 
turer wishes to accept with a probability of 0.95; if 1296 are outside the limits, 


the probability of acceptance is set at 0.1. Determine the sample size and the 
k-value for unknown o. 


Solution. The data p, = 0.025, о = 0.05, p = 0.08, and В = 0.1 are entered 
into sheet2 of SP VAR.xls and the spin button is used to manipulate л. The 
curve passes through the two points for n — 32, and the corresponding value for 
К is 1.536. 

Using the Wallis formula with z, = 1.6449, Zp1 = 1.96, zg = 1.282, апа 
tp? — 1.175 in Eqs. (9.19), we get n — 30 and k — 1.519. The calculations using 
the noncentral t-distribution give more accurate results. 


Example 9.7. In Example 9.6, if a sample of 32 has a mean x = 6409, and 
the sample standard deviation is s — 12.45 52, draw a conclusion of whether the 
batch is acceptable. 


3 
W.A. Wallis, Use o 


f Variable in Acceptance Inspection for Percent Defective, in Selected Tech- 
n 


ques of Statistical Analysis and Industrial Research and Production and Management Engineering, 
°Graw-Hill, New York (1947) pp. 3-93. 


202 Acceptance Sampling 


Solution. The output of SP_VAR.xls is as follows: 


DOUBLE SPECIFICATION LIMIT 


S 32 «=== МРОТ 

b 605 <---ІМР/Т 

U 655 «=== МРОТ 

Xbar 640 «=== NPUT 

(Xbar-L)/s 1.0938 u 0.4002 

pL 0.1367 

(U-Xbar)/s 0.4688 V 0.4572 

pU 0.3208 

pL+pU 0.4575 

КІ 1.5363 y 0.3598 Mu 0.0601 
k2 0.0262 у 0.4976 Му 0.4896 
М 0.5497 

Decision ACCEPT 


Since p; + py < M, the decision is to accept the lot. 


Standard sampling plans have been developed for variables. The standards are 
based on the AQL value. The tables provide sampling plans for cases where c 
is either known or unknown. Plans for one-sided specification limits include both 
form 1 and form 2 approaches. For two-sided specification limits, only the form 2 
approach is used and the plan suggested by MIL-STD 414 in the following section 
is recommended. 


Standard Sampling Plans for Variables 


MIL-STD 414 covers both one-sided and two-sided specifications. The standard also 
takes o -known and e -unknown cases into account. ANSI/ASQC 71.9 and ISO 3951 
have similar approaches. 

AOL choices are from 0.04 to 1596 in about 14 discrete choices. The lot sizes 
range over 17 size categories (from 3 to 8,..., 550001 and over). There are five 
inspection levels, I through V; level IV is designated as normal. 

MIL-STD 414 is now available online at http://www.sqconline.com. The results 
for the M method are obtained by using interactive screens. The main selection 
consists of the batch size, AOL, inspection level, and type of inspection as shown 
in Fig. 9.14. The table values for the sample size and the M-value are obtained 
on the second screen, as shown in Fig. 9.15. We then provide the sample aver 
age, the calculated sample standard deviation, and the lower and upper specification 


Select "Known" if it is given or you 
know the variability from historical 


Enter your process parameters: 
data. Select "Unknown" if you plan 
to estimate the variability from the 


— © Unknown 
Variability Who 
| w 
sample. 


Batch/lot size 3108 ^ The number of items in the batch 
(N): (lot). More info... 
The Acceptable Quality Level. More 
AQL: 


info... 
What to do if my AQL is different? 


Inspection Determines the discrimination power 
IV v | 

Level: of the plan. More info... 

| Туре of Depends on the quality history. 

inspection: More info... 


д 


Figure 9.14. Input screen 1 (variable sampling plan) 


For a lot of 3 to 8 items, and AOL = 1.096, with inspection level IV, the Normal 
inspection plan is: 


Sample 4* items. | 
If the estimated percent of non-conforming (defective) items IS 1.5396 or 
less — » accept the lot. Otherwise, reject it. 


To estimate the percent of non-conforming items is your process, take a sample 
of size 4 and enter the value into the next table. 


To estimate your process % non-conforming (defectives) enter: 


Sample Average 
== ||25.6 The average of the 4 measurements 
ктун me average o ea овал | 
The standard deviation of the 4 
measurements 


Process Standard 
Deviation (s): 


Lower 
Specification 
Limit: 


The smallest value for your measurement 
that is considered acceptable. 
Leave blank if there is no lower limit. 


Upper 
Specification 
Limit: 


The largest value for your measurement 
that is considered acceptable. 
Leave blank if there is no upper limit. 


Figure 9,15, Input screen 2 (variable sampling plan) 
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sampling plan, and the sample statistics: 


Here is a summary of your process parameters, the 


Information Summary 


Lot size - 3 to 8 
AQL = 1.0% 
Lower Spec. Limit (L) = 23.4 
Upper Spec. Limit (0) = 26.8 
Standard Dev. (s) = 0.4 
Variability = unknown 


Process Parameters 
Sample size (n) = 4 
Non-conforming limit (M) = 1.5376 
Inspection Type = Normal Inspection 


Sampling Plan 
Inspection Level = IV 


Sample statistics | Sample average (X) = 26.6 


Based on these values, the estimated proportion of non-conforming (defective) items in your process is 0.00%, 


Since this precent is not higher than 1.53%, the lot should be accepted. 


The following table details the calculations involved in computing the above results, as detailed іп MIL-STD-414, 
It is provided for reference only. 


Calculation step for unknown variability 


Sample size code letter [В | See Table A-2 in MIL-STD-414 
Lower Quality Index: Q, 5.50 


Est. of lot % defective above Upper 
Spec: Py See Table B-5 in MIL-STD-414 


0.00% 


See Table B-5 in MIL-STD-414 


Total Est. % defective in lot 0.00%10.00% + 0.0096 


Max. allowable % defective: M 1.53% | ее Table B-3/4 in MIL- 
59% ISTD-414 


Figure 9.16. Output screen for variable sampling plan 


Est of lot 96 defective below Lower 
Spec: P, 


limits. The summary information and the calculation steps are provided іп the ensu- 
ing screens, as shown in Fig. 9,16. The final output includes p; and ри, which are the 
ре! centage nonconforming below the lower specification limit, and above the upper 
specification limit, respectively. If p; + py < M, the lot is accepted. 
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9,4 Summary 


The chapter dealt with acceptance sampling for attributes, which is widely used. 
steps for the design of a single sampling plan and a double sampling plan have been 
discussed in detail. The programs SP/_ATR.xls and SP2_ATR.xls may be used for 
interactive development of sampling plans. The concepts of AOL and ROL have 
heen extended to sampling problems involving variables. An interactive solution 
using web-based software has been presented. 


The computer programs discussed in this chapter include the following: 


SPI ATR.xls 
DodgeRomig.xls 
SP2.ATR.xls 
SP.VAR.xls 


(Note: For using www.sqconline.com, click the link from the book Web site, 
www.cambridge.org/978052151221.) 


EXERCISE PROBLEMS 


9.1. Plot the OC curve for the single sampling plan for n = 60, c — 2. What is the 
probability of acceptance at an AOL of 6%? 


92. For the data in Problem 9.1, plot the OC curve using a hypergeometric distri- 
bution for a finite population of N — 150. Determine the probability of acceptance 
at an AQL of 6%. 


9.3. A sampling plan is to be chosen for a producer's risk of 0.06 at AOL = 0.8% 
and consumer's risk of 0.1 at LOL = 6% nonconforming. Find a single sampling 
plan that meets these requirements. 


9.4. For the double sampling plan m = 50, c1 = 1, n2 = 1916275 4, determine the 
probability of accepting the lot at 5% nonconforming. What is the probability of 
rejecting 5% nonconforming on the first sample? 


9.5. Design a double sampling plan that accepts batches of 1.596 nonconforming 
with a probability of 0.95 and accepts batches of 7.596 nonconforming with а prob- 
ability of 0.1. Find the average sample number for the plan if the lot is 496 noncon- 


forming. 

9.6. Lots of size 5,000 are submitted for inspection. The AQL is specified ав 0.5% 
and the inspection level is П. Find the single sampling plan using MIL-STD 105E. 
9.7. А fabric manufacturer tests yarn for acceptance. The specification limit for 
the breaking strength is 20 g. The breaking strength is normally distributed with a 
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standard deviation of 2 g. Develop a variable sampling plan that accepts 2 5o, 
nonconforming with a probability of 0.95 and accepts lots with 796 nonconforming 
with a probability of 0.1. 

9.8. Find a two-sided sampling plan using MIL-STD 414 for a lot size of 800, 
AQL = 2.5%, variability unknown, normal inspection at level III. The sample aver. 
age is 24.3 and the sample standard deviation is 0.5. The specification limits are 
24.1 + 1.3. 
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Experimental Design 


10.1 Introduction 


An experiment is a test under controlled conditions that is made to demonstrate a 
known truth, examine the validity of a hypothesis, or determine the efficacy of some- 
thing previously untried.! Scientists and engineers perform experiments. Engineers 
create new products and devices that are useful to society. Product development 
involves building a prototype and testing. Manufacturing the product involves the 
choice of different processes and making decisions to fix the variables at optimum 
levels. A well-designed experiment is an important step in the development of a 
robust design or in the improvement of an existing product or process. The foun- 
dation for experimental design was laid in the 1920s by Sir Ronald Fisher at the 
Rothamsted Statistical Laboratory. He did extensive work in the field of agricul- 
ture. where he studied the effect of environmental variables (soil qualities, drainage 
gradients, etc.) on the response variable (crop yields). He formulated the analysis of 
variance (ANOVA) techniques which form the basis for experimental design. 


10.2 Basic Concepts 


We first introduce the basic terminology used in formulating, designing, conducting, 
and analyzing experiments. 

Experimental design is used to study the effect of one or more factors on a 
response variable. A response variable is a characteristic of an experimental unit 
that is measured to judge its performance, and a factor is an independent variable 
Which may have an effect on the response variable. Factor values are referred to 


| кесе кеі Heritage Dictionary of the English Language, 4 Ed., Houghton Mifflin Co, Boston, MA, 
J. 
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Figure 10.1. Two-factor factorial 
experiment 


Factor B 


Factor A 


as levels of the factor. Factors are controllable when the levels can be adjusted or 
uncontrollable when the variation may be due to chance causes. As an example, in a 
turning operation on a lathe, the response variable may be the surface finish, and the 
controllable factors may be the cutting speed, feed, depth of cut, coolant flow, and 
the tool geometry. The uncontrollable factors may be the initial surface condition 
of the workpiece, the material variation, and so on. 

The effect of a factor is the change in response value produced by a change in 
the level of that factor. A treatment is a certain combination of factor levels whose 
effect on the response variable is studied. An interaction between two factors is said 
to exist when a change in one factor produces a different change in the response 
variable at two levels of another factor. A factorial design is one in which every 
level of a factor is paired with every level of another factor in the group for each 
trial. Consider an experiment with two variables, A and B, each with two levels, 
A^, АТ, and В”, В”; each replication of the experiment consists of 2 x 2 = 4 com- 
binations, as shown in Fig. 10.1. The four combinations are represented by the four 
corners of the square in the figure. The observations are taken in a random order 
to remove any bias from the experiment, which is called randomization. We give à 
number to each combination and then generate a set of random numbers equal to 
the number of combinations. The trials are then conducted in the order suggested 
by the random numbers. In our 2 x 2 factorial experiment, the four combinations 
are l, 2, 3, and 4. If the random numbers generated are 3, 1, 4, and 2, then the com- 
m m I 94 oP IS 3 Д ар first, that for corner 1 next, and 50 оп. Тһе 
ber ее е. ^ erIntegers.xls, which gives the required num- 
combination is given in 2 10.1 ху om order. The response value for each MERE 
Fig. 10.2, The two ndi " ime v5 онна z aie 
response lines are llel rine № * held at B^ and Bt, respectively. If U* 

parallel, the conclusion is that there is no interaction between А 
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Response 
т 
© 


Figure 10.2. Response curves 


А” A" 
Factor A 


and B; the plot shows interaction between A and B 
parallel. We will systematically develop the relation 
for two or more variables in the 2* 
approach used in the next section, w 
for both effects and interactions. 


since the response lines are not 
ships for effects and interactions 
factorial experiments section. In the ANOVA 
е develop relations for mean squared deviations 


Another feature of the experimental design is blocking, 


mental units are grouped together. The variabili 
solely to the treatments. 


where similar experi- 
ty within a block can be attributed 


10.3 Factorial Experiments 


In our study we concentrate on the 
‘el at specified values. If these 
random effects model. In most 
tested based оп 
pl 
| 


fixed effects model, where the factor levels are 

levels are selected randomly, the model is called a 
common experiments, specified levels of factors are 
previous experience or study. We discuss the single-factor com- 
etely randomized experiment followed by randomized block design and the two- 
actor factoria] experiment. We then proceed to present the 2* factorial models. 


Completely Randomized Single-Factor Experiments 

We consider n levels (treatments) of the single factor with each level replicated r 
mes; Угу 15 the value of the response variable at treatment і and replication j. We 
Consider а balanced experiment, where all levels are tested for the same number of 
‘€Plications, The treatments i = 1, 2,... ‚п are attempted in a randomized order. 
© choose a set of n random integers and the experiments are conducted in the 
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Table 10.1. Data from a single-factor experiment 
—————————— 


Replication 
Treatment 1 2 еи ј (vs r Sum Average 
d.a м п м. ТЕН 
1 Vit У12 T У б MU M. Л. 
2 ww, ТТТ ТАСТА, ». y». 
i Уп У2 yij Yir yi У, 
п Ут Ym vee Ynj ... Ynr Yn. Fu, 


y. T. 


order suggested by the random set. If the first random integer is 4, then the fourth 
level is used for the first experiment. The program RandomOrderIntegers.xls pro- 
vides natural numbers in a random order. The data are then entered into tabular 
form as shown in Table 10.1. 

Some calculations were performed on the data in the last two columns of 
Table 10.1. We used the following notation for the calculated data: 


r 
И УЭ, 
j=l 


(EEE ot rag) (10.1) 
E: 
Ж r 
р г 
y.. = 2. У) 
y rw (10.2) 
у = = 
rn 


where y;; is represented by the linear model 
Уј — A c ti + eij (10.3) 


and where џ is the global mean, and и; = и + т; is the mean of the treatment i; &; 
is the independent normally distributed random error ^ N(0, o2); and ti, T2,- +t 
are parameters attributed to treatments. Without loss of generality, we consider that 
the mean of n treatment means Ш (i = 1, 2,..., n) is м. We then have 


tnte +т,=0, 104) 
The hypothesis to be tested is 


Hh: ш m р =... = ц, (10.5) 


Hi: ш # цу (for some i and Jj). 
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To test the hypothesis, we use the F- 
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test, which is based on the ratio of vari- 


апсев, or the ratio of the variance of treatment means and the variance of the error 
If the null hypothesis is rejected, we need to check which means are significantly 
different. We first develop relationships for the sum-squared errors by making use 


of the following steps: 


32200 -») = ) 6) 00-7. +51, - 9,7 


ігі j=l i=1 j=l 


=) ) [Ou S +204 - 9,07, - 9.) + 0;-».Y] 


і=1 j=1 


=> u-n +206. -F.) (у-Ў.) 
i=l jæi 


i=1 j=1 


n 
try (y; - Y. 
i=1 


It is clear that the middle term in the last step is zero since 5 /; 4 (у; — y;.) = 0. 


Thus, 
n 4 п r n 
№ 2 (уу = Ӯ.) = 23 2x (ж-т Ж +r b Gin X 
і=1 j=1 і=1 ј=1 і=1 
The preceding equation is written as 
SST = SSE + SSTR, 
where SST is the total sum of squares, which is given by 
п r n r А у? 
— \2 e 
SST = $52. uy У.) = 2,2 xi rfi. 
і=1 ј=1 i=1 j= 


The sum-squared treatment effects SSTR are given by 


n 
>и 
: = AZ {=1 у? 
i=l 


The sum-squared error (SSE) is then evaluated using 


SSE = SST — SSTR. 


(10.6) 


(10.7) 


(10.8) 


(10.9) 


We note that SST has rn — 1 degrees of freedom, SSTR has п — 1 degrees of 
freedom, and SSE has rn — 1 — (n — 1) = n(r — 1) degrees of freedom, The mean 
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Table 10.2. ANOVA table single-factor experiment 


Source of variation Sum of squares df Mean square F 
$$ 
Treatments SSTR п – 1 MSTR MSTR/MSE 
Error SSE n(r — 1) MSE 

Total SST nr — 1 


а р ы АЫ ==. ТЕ 


squared errors (MSEs) are obtained by dividing the squared errors by the corre. 
sponding degrees of freedom. The MSEs are the variances of the errors. The mean 
Squared errors, MSTR and MSE, are calculated using. 


SSTR 
MSTR = ят (10.10) 
SSE 
= ----. 10. 
MSE- TTD (1011) 


MSE is an unbiased estimate of the variance of the experimental error, o2, To 
check if the treatment error is large in comparison to the experimental error, the 
ratio of interest is the F-statistic: 

MSTR 
MSE ` 

Frp has ап F-distribution with the numerator degrees of freedom, n — 1, and the 

denominator degrees of freedom n(r — 1). We choose a confidence level of 1 — o or 


a level of significance, v, and evaluate Fs n-1,n(r-1). The decision is now made as 
follows: 


TR = (10.12) 


Frg > Қ,л-1(-1) > reject null hypothesis. (10.13) 


Alternatively we use the p-method. We evaluate the probability p of the 
F-distribution at Ётк: p = FDIST( Fr, n — 1, n(r — 1)). If p <a, we reject the null 
hypothesis, which implies that at least one mean differs from the others. If p > a. 
the difference in the means is not significant enough to reject the null hypothesis. 
The steps used for analysis of variance (ANOVA) are summarized in Table 10.2. 


Difference in Means when Hy is Rejected - Tukey Intervals 


When the null hypothesis is rejected, we need to determine which means differ. 
The Tukey interval approach is generally recommended for the multiple compat! 
son of means. The studentized range is used in the Tukey approach, which uses the 
following steps in establishing the interval. If Y, ~ ш (lami TTAR ixi n) are treated 
as random variables, R = max(Y, — ш) = min(Y, — ш), and S = MSE, R/S has 
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а studentized range distribution Qn ni 


^ " ims 
degrees of freedom n and 


denominator d 
&dence level of 1 — o or a level of signi 
dentized range Qa nwir=1) is obtained. T 
(Y; = ш) = (У. — и; < R. Since the ab 
Mi T i ‚ both positive and 
negative values of the quantity inside satisfy the inequali is gi 
с | ality. This | 

Eu Deni quality gives an interval 


2 [MSE 
D= Qo n n(r-1) pni (10.14) 


the Tukey interval for w; — u; is given by 


Hi — ш; = (у, У y; + D). (10.15) 
The critical values of the studentized range are given in Appendix Table A.10. 

The Tukey interval is evaluated for each pairwise difference of the means. For 
n treatments, the number of Tukey intervals is n(n — 1)/2. This method is referred 
to as the Tukey honestly significant difference (HSD). 


If the interval contains zero, we conclude that the difference is not significant 
and the hypothesis that ш; — ш; is otherwise rejected. 


Example 10.1. Four heat treatment cycles were tested in an experiment. Each 


treatment was tested on five parts. The measured hardness values are shown in 
the following table: 


Hardness 
Tr. Replic. 1 2 3 4 5 Sum Mean 
Tr 1 43 45 44 42 43 217 43.4 
Тг 2 42 41 42 40 41 206 41.2 
Tr 3 44 45 46 43 44 222 44.4 
Tr4 46 45 43 47 46 227 45.4 


Test the hypothesis that the mean hardness from each heat treatment is the 
same, at a level of significance of 0.05. 


Solution. We have n = 4, г = 5 (see ANOVA1B2.xls, sheet1, on the CD): 


2 
X. — 380192 
Fu 


2 


n r 
Қы” 2.0 m 70,8, 
SST = NUM; rn 1 
TE 
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where total degrees of freedom are rn — 1 = 19; 


n 
7” 
= HLL 29474684, 
SSIR = = = 
where treatment degrees of freedom are n — 1 = 3; 


MSTR = 51 ==. 10,199, 


SSE = SST — SSTR = 70.8 — 48.4 = 22.4, 


where error degrees of freedom are 19 — 3 = 16; 


22.4 
MSE 16 


and 
F- MSTR 16.133 


МЕ лм Me 


At a level of significance of 0.05, Ю.05,3,16 = 3.239. Since F > Foos 316 
(from Appendix Table A.7, also p — FDIST(11.524, 3, 16) — 2.84e-4 0.05), 
we reject the null hypothesis that the mean hardnesses for the treatments are 
equal, and we conclude that the difference in means exists. 

We now calculate the Tukey intervals for the differences in means. We have 
four treatments, and the MSE number of degrees of freedom is 16. From the 
studentized range in Appendix Table A.10, Qo.05,4,16 = 4.05, which is evaluated 
as strnginv(1 — o, n, n(r — 1)) in the program АМОУА1В2.х[5. We determine 


MSE 
p= Ол п.п(ғ–1) — E 4.05 А ==2.142, 
п 4 


and the Tukey interval is 


= 11.524. 


КО Bye O,- y, —D, yy ea D) 
= Q2 — 2.142, 2.2 + 2.442) = (0.058, 4.342) (reject). 


Similarly, 


Ил — из Tukey interval (-3.142, 1.142) (not significant) 
Hı — а Tukey interval (-4,142, 0.142) (not significant) 
H2 — из Tukey interval (-5.342, -1.058) (reject) 
№2 — Ша Tukey interval (—6.342, -2.058) (reject) 
Из — Ша Tukey interval (-3.142, 1.142) (not significant). 


The difference is considered to be significant when the interval does not include 
à Zero. The solution shows that treatment 2 is significantly lower. 
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Table 10.3. Data from a single-factor block experiment 
Block 

4 PEE ИИ 
Treatment ] 2 tee ] owe F Sum Average 
l yn Уі2 Өз У; "4% Yir yi. yi 
2 y» y22 T У2ј сы, yr » >. 
I Vi1 yi2 Yij Yir Ж. Ji 
n Ут Ym ш Ул; Ynr Yn. Yn. 

Ул » il У.) pics yr J^ у. 

UE ХАНА 2-2 >2 


Е. Е 


The program АМОУА1В2.хіҙ (sheet1) solves the single-variable full factorial 
problems. It can handle five or fewer treatments and six or fewer replications. The 
example problem data have been entered into the program and the solution steps 


have been clearly identified. The program can be modified for a larger number of 
treatments and replications. 


Randomized Block Experiments 


Blocking is done to eliminate the influence of extraneous factors. Consider the 
example where our idea is to investigate the difference in the materials supplied by 
three vendors. These materials are processed on four different machines using sim- 
llar processing conditions. We would like to isolate the influence due to machines. 
The requirement is that the material from each vendor must have an equal chance 
of being processed on each of the machines. We divide the experiment into four 
blocks (representing the four machines). The processing of the material from the 
three vendors is done in a random order within each block. We consider и treat- 
ments and r blocks; yj; is the value of the response variable for treatment i in block 
j. The data are arranged in Table 10.3. 
The linear model for the randomized block design is 


уу = HU t ti + Bj +24, (10.16) 


where 5 7 т = Оапа i-i Bj = 0. 
SST is given by 


2 
sst= ^ Y 2. (10.17) 
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SSTR is given by 


) ж y 
= __ У. 
SSIR a E ~ =. (10.18) 


The block sum-squared effect (SSBL) is given by 


SSBL = —— - =. (10.19) 
п rn 


We now write y; — у = Jj — Y. Y. +У. +0 — Y») * 0; —Y.), which is in 
line with у; — u = е; + ti + Dj. We square both sides, apply the summation, апа 
expand as before. On canceling the zero terms, we get 


259509 73 У Oy =F, - 9; +)? 


i-i j=l i-1 j=1 


n r 
+r 0:7? +пу (у,-у.)? 
і=1 ігі 
= SST = SSE + SSTR + SSBL. 


We now have 


SSE = SST — SSTR — SSBL. (10.20) 


The hypothesis to be tested is Eq. (10.5), which is about the equality of the treatment 
means. The degrees of freedom are SST df — rn — 1, SSTR df = n — 1, SSBL df= 
fest S DE ST ие ce Түгү 

The mean squared errors are the variances 


of the errors. The mean squared 
effects MSTR and MSBL, and the mean s 


quared error MSE, are calculated using 


the following: 
MSTR = а (10.21) 
п—1 
MSBL = SSBL (10.22) 
r —1 
MSE = 39À, us (10.23) 
(n — 1) (r — 1) 
The following mean square ratios (variance ratios) are calculated: 
iud MSTR _ MSBL (10.24) 


MSE „жайы, с 
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Table 10.4. ANOVA table single-factor block experiment 


ини 


Source of variation Sum of squares df Mean square Ё 
Treatments SSTR п-1 MSTR MSTR/MSE 
Blocks SSBL r—1 MSBL MSBL/MSE 
Error SSE (n — 1)(r — 1) MSE 

Total SST nr —1 


EE 
We now evaluate p = ЕЮІЅТ(Атк n — 1,(n— 1)(r – 1)) For a level of sig- 
nificance o, the null hypothesis is rejected if p «o. We also evaluate 
p FDIST(Fg;,r — 1, (n — 1)(r - 2. Н р > а, we conclude that the blocking 
may not be effective. The steps are summarized in Table 10.4. 

If the null hypothesis is rejected, we evaluate the Tukey intervals for differences 
in means as presented in the fully randomized single-factor experiment. 


Example 10.2. ^ manufacturer planned to study bar stock from three vendors. 
The pieces are machined on four machines with the same cutting conditions. 
Material from each vendor is cut on the four machines, and the order of cut- 
ting is randomized. The surface finish of the machined surface is the measured 
response. The data from the tests are in the following table: 


Surface finish 
Tr\Blocks 1 2 3 4 Sum Mean 
Tr 1 17 16 10 12 55 1375 
Tr 2 22 19 15 16 72 18 
Tr 3 21 22 18 21 82, 204 
Sum 60 57 43 49 209 17.417 
Mean 20.000 19.000 14.333 16.333 


Is there a difference in the mean surface finish for the three vendors at a level 
of significance of 0.05? (see ANOVAIB2.xls (sheet2)) 


Solution. We have n = 3,r = 4, which gives the following: 


у? 
X. — 3640.083; 
rn 
A % y? 
SST = УУ - = = 104.917, 


іші /=1 
where the total degrees of freedom are rn — 1 = 11; 
п 
УЭ 


SSTR = Јеі Um X = 93.167, 
г ru 
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where the treatment degrees of freedom are n — 1 = 2; 


93.167 


— 46.583; 


2,7 
2 


SSBL — = ж = — 59.583. 


МУТК = 


where the blocking degrees of freedom are r — 1 = 3; 


MSBL — —— = 19.861; 


SSE = SST — SSTR — SSBL = 164.917 — 93.167 — 59.583 = 12.167, 


where the error degrees of freedom are 11 — 3 — 2 = 6; 


MSE — 257 = 2.028; 
MSTR 46.583 
TAA МЕН € 2028 0 c 504 
and 
MSBL 19.861 
F = -------- = ——— = 
Bh CMSPI Зов 


We first check the p-value for Еву: 
р = FDIST( Евг, 2, 6) = 0.001 < 0.05 
from Appendix Table A.7. We conclude that the blocking is effective. 
р = ЕОТУТ( Етк, 2, 6) = 0.00154 < 0.05 


from Appendix Table А.7. At a level of significance of 0.05, we reject the null 
hypothesis that the mean surface finish values for the treatments are equal. We 
conclude that the difference in means exists. 

We now calculate the Tukey intervals for the differences in means. 

We have 3 treatments, and the MSE number of degrees of freedom is 6. 
From the studentized range in Appendix Table A.10, Qo os з6 = 4.342, and we 
have the following: 


MSE 2.028 
De Qan (n-d) —— a 4.3420 = — 3.570. 
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Table 10.5. Two-factor factorial experiments 


———аА./././...  ..........нь 
Å— aaa ——=———————————————ы5ыы 


Factor B 


Factor A 1 ] Ь Sum Average 


] 
i Ул, Ул, ..-, Уук ... у... ХІ... 
зит = у Av. = yi; 
а "m" 
Sum У. ў. 


Vel * 


Average 


The Tukey interval is 


Hi — №2: (У. — 9. D ys, — yo 4 D) 
= (—4.25 — 3.570, —4.25 + 3.570) = (—7.820, —0.680) (reject). 


similarly, for other Tukey intervals, 


ил — из: (—10.320, —3.180) (reject) 
А2 — из: (—6.070, 1.070) (not significant). 


Therefore, ші is the lowest surface finish and its differences with others are 
significant. See АМОУА1 B2.xls (sheet2) for all details. 


Two-Factor Factorial Experiment 


We now discuss the two-factor fully randomized factorial experiment. Consider fac- 
tors A and B each having a levels and b levels, respectively. The ab treatments are 


assigned randomly to the experimental units. The number of replications is r. The 
model is represented by 


Vijk = M + т; + Bj + (1B)ij + £ijk (I €5,2,.,,5,05] — 1,2, S Bk О... r). 
(10.25) 
The (r8) term is the interaction parameter for the two variables; ук is the 
response value for variable 1 at level i and for variable 2 at level j, and К is the repli- 
cation number. The data for a two-factor experiment are arranged in Table 10.5. 


Only the i, j location is filled. Indices i, j, К ranges are as shown in Eqs. (10.26). We 
consider an equal number of replications with the following notation: 


Қ” Бей Leh (10.26) 
Yj. = 257 өй У = = ў = 3 y. PN 
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In the development of the sum-squared effects, we make use of the followin 
identity: 


а Ь r 
Хон = LEY Om з) HDO- 
i=1 j=1 k=1 


EE. 


ey, -y.y «Y A FR, y у 


[zl j=] 
=> SST = ББ + SSA + SSB + SSAB. (10.27) 


The total sum of Squares, SST, is given by 


SST = ууун 


“ыз =. (10.28) 
The sum of squares for the main effects, SSA and SSB, are given by 
s 
i у. (10.29) 
SSA. = =——.— = 
br abr 
b 
а 
j=l y 
SSB = —— – =. (10.30) 
ar abr 
The interaction effect, SSAB, is given by 
а» b 
"NP 
ігі j=1 y 
SSAB = —————— — == — SSA — SSB. (10.31) 
r abr 
The sum-squared error, SSE, is then obtained using 
SSE = SST — SSA — SSB — SSAB. (10.32) 


The associated degrees of freedom are SST df — abr — 1, SSA df =a — 1, SSB 
df = 5-1, SSAB df = (a — 1)(b — 1), and SSE df = ab(r — 1). 

Table 10.6 provides all the mean square ratios. 

The p-values corresponding to F4, Ев, and Е Ан аге obtained to check if the 
null hypothesis can be rejected. The computer program ANOVA1B2.xls (sheet3) 
has been prepared to make all the calculations leading to the ANOVA table. It can 
be used for A (5 levels), B (3 levels), and 9 replications; values of a, b, and r have (0 
be appropriately modified and some formulas need to be copied if the size is larger 
than the example problem that has been entered. 


10.3 Factorial Experiments 221 


Table 10.6. ANOVA table for two-factor factorial experiment 


Source of variation Sum of squares df Mean square F 
Factor А SSA 4-1 MSA = SSA A. MSA 
а-1 "MSE 
Factor B SSB b—1 MSB = SSB Жы MSB 
b-1 MSE 
Interaction АВ SSAB (а 0-1) “МЭШНЕ е мы = 
Sane (a-1)b-1 “ MSE 
Error SSE ab(r = 1) MSE = SSE 
ab(r — 1) 
Total SST abr — 1 


Example 10.3. Two variables — tempering temperature and tempering cycle — 
are investigated in an experiment. Three levels of each variable are tested 
and the number of replications for each variable level combination is 3. 
The response variable measured is the toughness of the material. The data are 


given in the following table: 


39.46, AL, 30-,492-,29 
43 46 42 |47 44 43 
31 85 30 


42 44 41 
40 45 41 
36 46 45 |40 42 41 


Draw your conclusions based on the two way ANOVA. (Hint: Higher tough- 


ness is desirable.) 


Solution. We have a = 3, b = 3, and r = 3. It is convenient to prepare a table 
with sums in i, j locations as shown (see ANOVAIB2.xls, sheet3): 


A\B 1 2 3 Yi.. Ji. 

1 127 126 98 351 39.000 
2 126 131 134 391 43.444 
3 127 123 96 346 38.444 
yj 380 380 308 108 =». 
У... 42.22 42.22 36.44 


d B аге 0.003 and 0.001, and the value for 


Note that the p-values for factors A an 
s are significant. The program also gives 


the AB interaction is 0.005; the effect 
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50.000 
45.000 
, 40.000 
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5. -— 
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|" 35.000 
30.000 
25.000 
1 2 3 
Factor А 
Figure 10.3. 


the confidence intervals for each of the mean values. The calculated results are 
tabulated as follows: 


Source of variation Sum ofsquares df Mean square F Р 
Еасїог А 1352 2 57.6 8.04 0.003 
Factor B 200.3 2 100.15 11.91 0.001 
Interaction AB 180.8 4 45.2 5.38 0.005 
Error 151.33 18 8.41 

Total 667.63 26 


The toughness values are plotted against the levels of A as shown in 
Fig. 10.3. The curves shown are for various levels of B. At level 2 of A, all tough- 
ness values are high. However, the values of B at level 3 are low for A at 1 and 
A at 3; the values for A at level 2 and B at level 2 seem to be a good choice for 
the tempering operation. 


Gage Repeatability and Reproducibility (GR&R) for Measurement Systems 


The repeatability and reproducibility problem considered in Chapter 8, Exam- 
ple 8.5, was solved using the range and average method. It can also be solved using 
the ANOVA approach. The GR&R problem is a two-factor factorial experiment. 
The two variables are the part(s) and the operator(s). Let A represent the parts. 
with a total parts, and let B represent the operators, with b total operators, and We 
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have r replications. AB is the interaction. We then get the variance estimates: 


Crepeatability = 5.15V MSE 


Creproducibility = 5.15 М5А AB 
, 


Vp = 5.15 / MSB - MSAB 
ar 
— 2 
осв&в = 545, repeatability + берго й+у па 2; 
Vr = y orar + Vp. 


We note that Creproducibiitry 1$ evaluated when MSA > MSAB and is taken 


as zero otherwise; Vp is similarly taken as zero when MSB is not greater than 
MSAB. 


Example 10.4. Solve the GR&R problem in Example 8.5 using the ANOVA 


approach. 
Solution. The ANOVA approach has been implemented in sheet2 of 
GageR &R.xls: 

Repeatability 0.04 

Reproducibility 0.00 

Interaction 0.11 

R&R 0.12 

Part Error VP 0.14 

Total Error VT 0.18 


The values compare well with the range approach presented in Chapter 8. 


We now turn our attention to the consideration of two or more variables 
(k 7 2), each having two levels. 


10.4 2* Factorial Experiments 


The experiments discussed in the previous section involved one or two factors or 
variables at several levels, which enabled one to decide the best choice of treat- 
ments. As the number of factors and the number of levels of each factor increase, 
the number of experiments to be performed increases exponentially. For example, 
10 factors at 5 levels each will need 5!9, or 9,765,625, experiments. At the develop- 
ment stage engineers face the problem of making a decision about what variables 
play significant roles. Multifactor experiments with each factor at two levels, high 
(+1) and low (-1), come in handy. We designate А as the number of factors, with 
each factor having two levels. A full factorial experiment involves 25 runs. We call 
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High b ab 
+1 А 
m -І <1 
B а +1 -1 
b -1 +1 
ab +1 +1 
—1 Low 
(1) а 
Low A High 
"d +1 


Figure 10.4. 2? factorial experiment 


these 2* factorial experiments. The number of these two-level experiments increases 
exponentially as the number of factors increases. Some strategies are employed to 
reduce the number of these experiments. We first consider full factorial experiments 
for two variables. 

Let us consider the two-level experiment with two variables, A and B. The 
2? experiment is shown in Fig. 10.4. The low and high levels of A are repre- 
sented by —1 and +1, respectively, and the low and high levels of B are repre- 
sented in a similar manner by —1 and +1. Thus, the four corners of the square are 
(—1, —1), (+1, —1), (-1, +1), and (+1, +1). These may be seen as two coordinates 
of a corner. The first coordinate is the level of A, and the second coordinate, the 
level of B. The figure also shows the four corners as (1), a, b, ab. The convention 
is as follows: if a lower-case letter appears, the corresponding variable is at its high 
and other variables are at a low; if there is no letter, each variable is at its low. Thus, 


(1) > Alow, В lowor(—1, —1) 
а > Ahigh, B lowor (+1, —1) 
b > Alow, B highor(—1, +1) 

ab — A high, B high or (+1, +1). 


The experimental setup table suggested by this arrangement is shown on the 
right-hand side in Fig. 10.4, and the table is easily prepared. We write A, B in the row 
at the top of the table and (1), a, b, ab as the column at the left. In each row where а 
lower-case letter appears, we place +1 at the corresponding column location for the 
variable. In row a, we place +1 at column A; in the row b, we place 4-1 at column B; 
and in the row ab, we place +1 at columns A and B; and at all the other locations 
we place —1. This table shows the settings for the four experiments. However, these 
four experiments are conducted in a random order. 

In the 2? factorial experiment, we add the variable C. Now we have eight exper 
iments, represented by the corners of a cube as shown in Fig. 10.5: (1) represents 
A, B, C at levels —1, —1, —1. Also we add the four rows c, ас, bc, and abc as 
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bc abc 

2 5 2 
(1) -1 -1 -1 
a 1 -1 -1 
b -1 1-1 
ВТО =i 
c -1-1 1 
ac 1-1 1 
be а ГІ 
dc 2 24 c X 


-a +1 


Figure 10.5. 2? factorial experiment 


shown in the table at the right in Fig. 10.5. Extension of the table to 2* factorial 
experiments is easy, although the four-dimensional hypercube is not easily repre- 
sented in a diagram. The data for experimental setup and collection are shown in 
Table 10.7. The table has been entered on звее of the program 2K Factorial.xls for 


use in conducting experiments. 
We note that each column has an equal number of +15 and —1s. The number of 


+1s (or -1s) in a column is 25-1. Once the data are collected іп Table 10.7, we need 
to calculate the factorial effects. In a two-variable case, the factorial effects are the 


Table 10.7. Table for 27,22, 2^ factorial experiments 
Е ТТ 


Repl. 

Run A B С D 1 r Sum 
1 (1) -1 -1 ИО - Хал Уау Хай). 
2 а +1 —1 < = Yal Yar Ya 
3 b -1 +1 NEM -L yb 
4 ab +1 +1 —1 —1 Yab 
5 c nA? P -1 yc 
6 ac 41 -1 41 -1 Уас 
7 bc v4. S I Уһ. 
ә +1 +1 +1 -! Yabe. 
9 d --1 -1 —1 +1 Уа. 

10 аа +1 --1 -] +1 Уаа. 

1 bd 414 = Ж Ум. 

12 ам а я-і +1 Yabd. 

13 cd --1 -1 +1 +1 Уса. 

14 ad а -1 +1 + Jacd. 
15 bed әд +] +1 +1 Ybed. 
16 abd іа +1 + + Yabed. 
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Table 10.8. Main effects and interactions 


А С ВС АВС Sum 5 


-1 -1 +1 -1 +1 +1 -] Уаз. 

ы -1 а 1—1: +1 +1 Ya. 

-1 +1 -1 -1 +1 -] +1 Yb. 

+ +1 +1 “1 -1 -1 - Jab. 

-] -1 +1 +1 -1 -1 +1 Ye. 

+1 -1 -1 +1 +1 -1 -1 Jac. 

-1 +1 —] 4-1 —] +1 -1 Уһ. 

+1 +1 +1 +1 +1 +1 +1 Yabe. 

AoS BoS ABoS CoS ACoS BCoS ABCoS Contrast 

X X X X X X X ЕН. = Contrast/(r2*-!) 


lumn 5 (multiply each term and add). The “.” is 


Note: A ^ 5 => sum product of column А and co 
ications. We make use of the shaded part 


used for summation of responses over the number of repl 
for the 2? factorial experiments, and the full table for the 2? experiments. 


main effects, А and B, and the interaction AB. For the three-variable case, we have 
three main effects, three two-way interactions AB, AC, and BC, and one three-way 
interaction, ABC. If we have k variables, the number of main effects is k, the number 
of two-way interactions is the number of combinations of picking two variables from 
к = (5), and so on. The number of p-way effects with К variables is (5) — Яй: 
In order to determine all effects, we need to prepare the effects table. In the effects 
table, the columns from Table 10.7 for the main variables are directly transferred. 
We create a column for each interaction. As an example, for the interaction АВ, its 
column will be the product of columns A and B. Table 10.8 shows the addition of 
the interactions. 
The properties of the columns in Table 10.8 are as follows: 


1. In each column, the number of +1s equals the number of —1s. 
2. The columns are orthogonal; this means that the sum product of any two 
columns is zero. 


The contrast of A is obtained by multiplying each term of column A with the cor 
responding term in the sum column and adding. Since the columns are orthogonal, 
the contrast is referred to as the orthogonal contrast: 


Contrast, = —y). + Ya. — Yb. + Yab. (for 22) 


Сопігаѕідв = Уі). — Ya. — Yb. + Yab. (for 2”) 
Contrast, = — 0), + Ja. — № + Yab. — Ye. + улс, — Yoc. + Yabe. (юг2) (1039) 


Contrást4g = y(1). — Ya. — Yb. + Yap. + yc. — Уас. — Уьс. + Yabe. (for 2°) 


Contrast y = Sum product (Хо 8) (X = A, B, А гә) 
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X is a placeholder for A, B, AB, and so on. The meaning of (Xo S) as the sum 
product of 5 and the column at X is explained clearly in Table 10.8. Тһе func- 
tion sUMPRODUCT(arrayl,array2) may be used in Excel to calculate the 
contrast. 

The number of differences in the contrast is the same as the number of plus 
signs (or minus signs) in the column. The effect is obtained by dividing the contrast 
by r2k-! (= 2r for К = 2, and 4r for k = 3). Thus, Effect, = conata, Effects = 


сомма... Using the representation of X for A, B, ..., 
Contrast 


The effect is the mean at X high minus the mean at X low. This also applies to 
interactions. 

The sum square, 55, is obtained by dividing the square of the Contrast by the 
number of terms r2^(— 4r for k = 2, and 8r for k = 3): 


Contrast} 
SS — A. (10.35) 
Total sum of squares, SST, is obtained as 
Ж 5 2 
2 4А 
SST = ауе ==. (10.36) 


i=l j=1 


The sum-squared, error, SSE, is obtained by subtracting the sum of all SS y val- 
ues from SST. Each effect or interaction has one degree of freedom, and the total 


df is r2% — 1, The ANOVA procedure for 2* full-factorial experiments is presented 
in the example. 


Example 10.4. In a milling operation, the cutting conditions of feed rate and 
depth of cut are to be chosen to achieve a good surface finish. Low and high 
values for the feed rate and depth of cut have been established and a 2? factorial 
experiment has been performed. Variable A is the feed rate and variable B is 
the depth of cut. Find the main effects and the interaction effects. Discuss what 


effects are significant. 
Runt A B Replications SUM 
1 (1) -1 -1 19 20 21 60 
2 а 1 -1 55 58 61 174 
3 b -1 1 26 25 27 78 


4 аһ 1 1 61 62 63 186 
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Solution. The program 2K Factorial.xls is used for the calculations, (Sheet jg 
for 2? factorial experiments.) We have k — 2 and r — 3: 


А В АВ S 
(1) —1 —1 1 60 
а 1 —1 —1 174 
Ь -1 1 -1 78 
аЬ 1 1 1 186 


Contrast, = —60 + 174 — 78 + 186 = 222 
Contrastg = —60 — 174 + 78 + 186 = 30 


Contrast4g = 60 — 174 — 78 + 186 = —6. 


Contrast А 222 


Eff РН" A = 
IEEE EI РЕ 
Contrast в 30 
ЕСЕ = UTI 
ое о 
Contrast д в —6 
Бес АЕ, "s 
MEN. — pedes 


у. = 60 + 174 + 78 + 186 = 498. 


6 


sa y! 498? 
SST 257» y - эр = 24876 — ;— = 4209.0 (4-3х4-1-11) 


1 jal 3x4 
Contrast? 2222 
eae peer tied коде, 
Contrast? 302 
са Contrast’,, (6)? : 
АВ = ЯТ =” (df — 1) 


SSE = SST — SS, — $$в — $$ лв = 24. 


RESPONSE 
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Figure 10.6. Response curves 


We make use of the preceding calculations in preparing the ANOVA table: 


SumSq df MeanSq F P 
A 4107 1 4107 1369 3.12Е-10 
В 75 1 75 25 1.05Е-03 
АВ 3 1 3 1 3.47Е-01 
SSE 24 8 3 
SST 4209 11 


We note that the effects of А and В are significant. The interaction AB is 
not significant since the p-value is 0.347. The plot in Fig. 10.6 shows the response 
(surface finish) values at various levels of A and В. The finish is the best at A low 
(low feed rate) and B low (low depth of cut). In practice, for a higher material 
removal rate low feed rate, and high depth of cut may be employed with a small 
compromise in surface finish. The curves are nearly parallel implying that there 
is no interaction between A and B. 


Example 10.5. Feed (A), depth of cut (B), and the cutting speed (C) are the 
three variables used in a turning operation and the measured response is the 
cutting force. Lower cutting force is expected to reduce the dimensional errors. 
Draw your conclusions by analyzing the following data. 
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Runtl 

| (1) 
2 а 

3 Ь 

4 ab 
5 C 

6 ac 
7 bc 
8 abc 


A 
-] 
| 
-1 
| 
-1 
1 
-1 


1 
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B C 
- -f 
-] -1 
| =| 
| -j 
21 | 
>] | 
| | 
] 1 


Replications 
24 23 25 
3] 34 36 
35 37 35 
42 4] 40 
22 20 19 
29 27 28 
37 38 36 
40 42 43 


Solution. Sheet3 of 2K Factorial.xls has been prepared for 2? experiments, The 


data have been entered into the program. The formulas for contrast, effect. 


and 


sum-squared values are easy to enter. The SUMPRODUCT ( ) formula is useful in 
performing the calculations. 


Datast A B AB С 

(1) 1 —1 —1 1 —1 
а 2 1 -1 -1 -1 
b 3 —1 1 —1 —1 
аЬ 4 1 1 1 —1 
C 5 -1 -1 1 
ас 6 1 —1 —1 

bc 7 —1 il —1 
abc 8 1 1 1 
Contrast 82 148 —22 —22 
Effect 0:53 12337-183 9 
The ANOVA table is summarized here: 

SumSq df MeanSq 

A 280.17 1 280.17 

В 912.67 1 912.67 

С 20.17 1 20.17 

АВ 20.17 1 20.17 

АС 2.67 1 2,67 

ВС 48.17 1 48.17 

ABC 0.67 1 0.67 

SSE 32.67 16 2.04 

SST 1317.33 23 


AC BC ABC SUM 


d 1 -1 {2 

—1 1 1 101 

1 -1 1 107 

-1 -1 -1 13 

x =] 1 61 

1 зай Де +1 84 

—1 1 -1 1i 

1 1 1 15 

= 24 4 y= 

—0.67 2.83 0.33 784 

F P 

19722 2.91Е-09 
447.02 4.06Е-13 
9,88 6.29Е-03 
9.88 6.29E-03 
131 2.70E-01 
23.59 1.75Е-04 
0,33 5.76Е-01 


We see that A and В (feed and depth of cut) have significant effects since 
р « le-8 for both, The next one is the interaction, BC. The p-value is 0.000175; 
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Table 10.9. Blocking 


A B AB C AC BC ABC 

4-1 -1 --1 -1 “-1 +1 +1 а 
an] +1 -1 —1 +1 -1 +1 Ь 
_1 —1 +1 +1 -1 -1 +1 с 
+1 +1 +1 +1 +1 +1 +1 abc 
-l -1 +1 -1 +1 +1 =) (1) 
+1 +1 +1 -1 -1 -1 -1 ab 
+1 -1 -1 +1 +1 --1 = ac 


-1 +1 -] +1 —1 +1 --1 bc 


the choice may be A low and B low. The BC interaction suggests that high cut- 
ting speed (C) may be the correct choice. Plotting the data will help in observing 
the nature of the response curves. The mean values provided in the spreadsheet 
may be used for plotting various scenarios. 


Blocking and Confounding 


In the 2* full-factorial experiments, the samples were randomly drawn from a homo- 
geneous population. If the experimental units do not come from a homogeneous 
population, blocking is used. Suppose we have a situation where all eight experi- 
mental units of a full 2* experiment cannot be performed under similar conditions. 
The situation may be that four units can be performed one day and the other four 
the next day. Blocking isolates the change in conditions between the two days. 
In another example, the samples come from vendors, and not all samples can be 
obtained at the same time. Blocking is used in these situations. Higher order inter- 
actions are generally used for blocking. For 2? factorial experiments, the choice is 
ABC. We choose the rows in Table 10.8 where the ABC column has all +1 or —1 
values. Table 10.8 is rearranged into Table 10.9 so that all +1s for ABC are at the 
top. For К = 3, the +1s for ABC correspond to a, b, c, abc (when К = 2, the —1s 
for AB correspond to rows a, b). These rows are shown as shaded in Table 10.9. If 
we perform the upper four experimental units, columns A, B, and C are the same 
as columns BC, AC, and AB, respectively. Since the ABC column has all +1s, we 
define J = А ВС. Then, noting that A? = B? = C? = I, we have 


A = A.I = A. ABC = A? ВС = ВС 


and similarly 


В = АС and С = AB. 
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| B and AC are aliases, and C and AB аге ali 
We say that A and BC are aliases, D à i tale The blockine а lli 
ABC is called the generator of the fractional factorial. ng effect is 

with the ABC effect. | 

е the lower half of the table, А = – ВС, В = pe ава С =-АВ The 
effects of А. B. and С are seen as А + BC, B+ AC, and С-- AB for the upper 
half and A — BC. B— AC, and C — AB for the lower half. If the second half of 
the experiments are performed another time, and the data from the tWo fractions 
are combined, the main effects and the interactions can be isolated by simple addi. 
tion and subtraction of the data. 

The ideas of confounding are also used in developing fractional factoria] exper. 
iments. If higher order interaction effects are negligible, we block the highest order 
interaction. In the 2? experiment, if ABC interaction is negligible, we can run the 
experiment with four runs and BC, AC, and AB confounded with A, B, and C. 

We have provided an overview of blocking and confounding in 25 factorial 


experiments. A vast literature is available on fractional factorial experiments, which 
interested readers should explore. 


dSes. 


COR. 


10.5 Summary 


Factorial experiments and the related theory have been introduced in this chapter. 
The example problems have been readily implemented in the computer programs 
included in the CD. These programs may be used as is for problems of similar size 
and may be modified for larger problems. 


The computer programs discussed in this chapter include the following: 


RandomOrderIntegers.xls 
ANOVAIB2.xls 
GageR&R.xls 

2K Factorial.xls. 


EXERCISE PROBLEMS 


Drying time, min 
Varnish 1 23.5 22.4 | 
Varnish 2 19.2 | сті E 


18.8 17.9 20.1 
Varnish 3 24.5 25.3 26.2 23.8 
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Test the hypothesis that the mean drying time for each brand of varnish is the same 
at a level of significance of 0.1. 


10.2. The breaking strength of yarn from three different vendors is compared. Yarn 
samples are taken from the stock in five different rooms where there is a likeli- 
hood of variation in humidity. Use a randomized block approach to test the null 
hypothesis that the breaking strength from the three vendors is the same at a level 
of significance of 0.05. 


Breaking strength, g 
Vendor 1 16.2 18.3 LL 18.5 17.8 
Vendor 2 18.1 20.4 19,7 21,4. 20.3 
Vendor 3 21.5 22,4 21.9 22,9 23.1 


10.3. A randomized block experiment is performed for four operators on four 
machines. The machine is used as the blocking variable. The machining time for 
the same type of parts is compared. 


Machine 
1 2 3 4 
Operator 1 19,1 20.5 19.7 20.5 
Operator 2 192 20.3 20.5 19.6 
Operator 3 19.1 18.2 192 18.9 
Operator 4 21.4 20:2 21 21.7 


Test the null hypothesis that the performance of the four operators is the same. 
10.4. Three different soil conditions and four types of fertilizer were tested to study 


crop yield. Three equal-size plots were prepared for each combination and the 
scaled yield data are given in the following table: 


12 17 14 | 14 18 16 
16> 18201 20° "224778 
21 24 23123 27 22120 28 


Draw your conclusions based оп two-way ANOVA, 
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10.5. Injection pressure (A) and hold pressure (B) are used as the variables in ап 
injection molding operation to study the effect on flash. Flash results in wasted mate. 
rial. Each of the variables is tried at two levels: 


Flash, mm 
(1) y Ж. 2.9 2.4 
а 7.5 6.8 7.1 
b 10.8 11.6 11.1 
ab 9.6 10.1 9.9 


Find the main effects and the interaction effects. Draw your conclusions. 


10.6. A furniture manufacturer tested three variables — type of wood (А), feed rate 
(B), and depth of cut (C) - to improve the surface finish of the product. Two levels 


of each variable are tested. Four replicates of scaled surface finish values are given 
in the following table: 


Surface Finish 
(1) 5 7 7 8 
a 11 12 14 15 
b 15 13 16 17 
ab 1i 10 9 10 
É 18 22 25 20 
ac 29 Эй 28 30 
bc 41 36 39 35 
abc 31 26 27 29 


Determine the main effects and interaction effects, and discuss what effects are sig- 
nificant. 


10.7. The impact of three factors, A, B, and C, is considered in an experiment. The 
performance levels are given for two replications in the following table: 


Treatment (1) a b ab 


C ac bc abc 
Repl. 1 5 7 8 11 10 6 10 5 
Repl. 2 7 8 9 10 12 8 9 8 


Determine the main effect of A, and the effect of interaction AB. 

юз. Show how а 25 experiment may be set up in two blocks. Discuss the confound- 
ing aspects of this experiment. 

109. А paper helico 
full-factorial experim 
(70, 80), and paper 
(Figure from the refe 


pter model is shown in Fig. P10.9; set up а three-factor 
ent using the parameters paper (regular, thick), wing length 


clip (small, large) and determine the optimal combination. 
rence given in Problem 1 0.10.) 
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coin 


KM 


BODY WIDTH 
Figure P10.9. Paper helicopter model 


10.10.? In the paper helicopter experiment in Problem 10.9, the control parameters 
are paper type, wing length, wing width, body length, wing shape, and number of 
paper clips attached. The objective of the experiment is to determine the optimal 
parameters to maximize the time of flight. Set up a 26-2 fractional factorial experi- 
ment and evaluate the main effects and interactions. 

? Data from J. Antony and М. Capon, Teachi Experimental Design Techniques to Industrial Eas- 


neers. International Journal of Engineering Education, vis. n5 (1998) pp. 335-343. (Note: Artide 
may be accessed at www ijee.dit ie/articles/V ol14-S/ijee 1033. pdf.) 
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Reliability Concepts 


11.1 Introduction 


Reliability is the probability that a s 
function for a specified interval un 
ability is the probability of failure. 
necessarily mean that it has comple 
does not maintain the temperature 
be considered a failure. The interv 


ystem or component can perform its intended 
der stated conditions. The complement of reli. 
Failure of a component or a System does not 
tely broken down. If a thermostat works but i 
within the specified tolerance limits, it should 


al to failure may be measured in time (hours) 
or in number of cycles. The Stated conditions of operation must be clearly defined. 


Quality and reliability go hand in hand. Customers look not only for good product 
quality but also for its reliable performance. 


11.2 Reliability Functions 
We define reliability R(t) as the 
continues to operate at time / as 
R(0) — 1 and К(оо) = 
decreasing function, as 
t, the conditional proba 
rate h(t) is obtained by 


probability of survival of an item at time t. If the iten 
intended, clearly the reliability function must satis 
0. The reliability function R(t) may be seen as a monoton 
shown in Fig. 11.1. Given that the item has survived at i 
bility of failure in the interval At is & Атым), The failu 


TET А 4 ro: 
dividing this by At and taking the limit as Ar tends to “ 


= р (Rt t+ At) – R(t) 1 ак — ко (1 
h(t) > = га ПЕЛИ ee 
dl R(t) Lim, ( At — R(t) dt R(t) 


| , hazat 
The function h(t) is the failure rate at time t and is also referred to as the » an 
function. The probability of failure, F(t), is the cumulative distribution functi 
we have the following relation (see Fig. 11.1): | 
(п 
R(t) + F(t) = 1, 
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F(t) 


R(t- Ar) 
Г UM | 
time / 
Figure 11.1. Reliability 


Integrating the left- and right-hand sides of Eq. (11.1), we get fi A(x)dx = 


-In К(х)\ = —In R(t). This can be written as 
- f қада 
ко (11.3) 
From Eqs. (11.2) and (11.3), we have 
-fhod 
OE. - 000 (11.4) 
The probability density of failure, f(t) = F'(t) = — R'(t), is given by 
SLT 
ft)-h(ne^  . (11.5) 


The mean time to failure (MTTF), measured as the expected time to failure after 
the unit is put into operation, is given by 


MTTF = / tf(t)dt = — / "Rude | R(t)dt, (11.6) 
0 0 0 


where integration by parts has been used in the last step. кн 

А өрісі hazard curve has а bathtub shape ав shown in Fig ^ үе on 
curve is also referred to as the life-cycle curve. In the initial "a he sas mortality 
high. This early phase may be interpreted as the debugging p 36 * һы i 
or the break-in period. In the second phase, the failure rate is и: E Pratt 
are random. This is the steady life period. During the final + еы put 
increases rapidly, which is called the rapid breakdown € чирен Ө 
great effort into completing the break-in or the burn-in репо tice to replace the 
reaches the user. Once the useful life is established, it is good prac | 
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Early Rapid breakdown 


h(t) 


Time / 
Figure 11.2. Hazard function 


part at the onset of the rapid breakdown period. Various reliability distributions are 
defined based on the type of hazard function h(t). 


11.3 Failure Distributions 


The most widely used distributions in reliability studies are the exponential distri- 
bution, the Weibull distribution, and the lognormal distribution. 


Exponential Distribution 


In the bathtub model shown in Fig. 11.2, assuming that the burn-in period is 
completed, we may model the failure rate as a constant value, A. In the simples 
model we assume a constant failure rate for 0 < t < оо. We then have Jo (425 


/ ах = м. Equations (11.5) and (11.3) can now be written as 
f(t) = Ает“ 


R(t) 2e", 


(11.7) 

(11.8) 
pd. оға > ‚ failure 

where f(t) given іп Eq. (11.7) is the exponential distribution function for the fA 


model. The model is used extensively in reliability studies. 


Using Eq. (11.6), we obtain the MTTF as follows: 


22271 
MTTF = т. 
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If К components fail in a period of time T, the constant failure rate 4 may be 
calculated using 


А = 2 11.10 
= =. (11.10) 
| We discuss more precise ways of calculating the failure rate values in life testing 
in Chapter 12. Equation (11.10) may be used for failures reported in field studies. 


Memoryless Property of Exponential Distribution 


We define R(¢|T) as the conditional reliability of a new mission of t duration under- 
taken after the unit has completed a duration of time Т. Time t starts from the point 
of completion of time 7. We see that R(r|T) = R(T + t)/ R(T). On evaluating the 
right-hand side of the equation, we find that 


R(T) = e. (11.11) 


The conditional reliability is not dependent on the previous life history. This 
property is referred to as the memoryless property. This property is unique for the 


exponential distribution model. 


MTBF and MTTR 


In addition to МТТЕ introduced earlier, the mean time to repair (MTTR) is the 
average time it takes to restore a failed unit in consideration. The теап time between 
failures (MTBF) is the average time from one failure to the next. MTBF includes the 


MTTR. Thus, 
MTBF = MTIF + MTTR. (11.12) 
The availability, A, is the probability that the system or an item operates satis- 
factorily at any given time when used under specified conditions: 


MTTF 
= =. 11.13 
» MTTF + MTTR ( ) 


When MTTR is small, we do not differentiate between MTTF and MTBF. 
Example 11.1. A washing machine reported 6 failures during a period of 


1,500 hours of operation. The average repair time per failure is 1 hour. Deter- 
mine the failure rate 2, MTTF, and MTBF. 
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Solution. 


MTBF = = = 250 hours 
MTTR = 250 — 1 = 249 hours 
1 1 
2. = — = — = |), 
MTTF = 249 0.00402 per hour. 

Example 11.2. ^ transistor failure is modeled using a constant f 
0.00008/hour. Find the reliability of the transistor after 6,000 hours 
Also determine the MTTF. 


ailure rate of 


of Operation 


Solution. Given А = 0.00008 and R(t) = е^, after 5,000 hours, 
R(5000) = e-(000008)(6000) — ,-0.48 _ 0.6188 
1 
МТТЕ = а 12,500 hours. 


Example 11.3. If a product reliability of 0.9 is to be achieved after 8,000 hours 
of operation, determine the failure rate, assuming an exponential distribution. 


Solution. 
0.9 = R(8000) = e~ 80004 
In (0.9) 


= = 0. 1317/h 
А. 8000 0.00001317/һош 


which is 13.17 failures per million hours (10 hours). 


Weibull Distribution 


Swedish engineer Waloddi Weibull (1887-1979) developed the failure model using 
a hazard function of the type Ct". The Weibull distribution is used extensively in lile 
studies for engineering components. The general model uses three parameters Ее 
shape parameter B, the scale parameter a, and the location parameter y. The hazar 
function, A(t), is given by 


EE ш. 14) 
кое) won a 


The distribution function and the reliability are given by 


‚ОТИ 11.13) 
pir) = © (—*) eC (rm y) 


(116 
К() =e (г> у). 
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Weibull pdf 


Ло 


Time / 
Figure 11.3. Weibull probability density function 


We note that, if у = 0 and В = 1, the Weibull distribution is precisely an 
exponential distribution with A = 1/a. Exponential distribution is thus a special 
case of the Weibull distribution. The Weibull probability distribution function is 
shown in Fig. 11.3 юга = 1, y = 0, and various values of B. For В = 3, the Weibull 
distribution function is similar to the normal distribution. Typical Weibull shape 
and scale parameter values are given in Weibull databases (see, for example, 
http://www.barringer1.com/wdbase.htm). 

For the Weibull distribution, the MTTF is given by 


1 
MTTF = y - aT (5 + 1) (11.17) 


where Г(х) = fj" етігі” is the gamma function of x. When x is an integer, r(x) = 
(x — 1)!. In Excel, the gamma function is calculated using exp (Gammaln(x)). The 
distribution with у = 0 is referred to as a two-parameter Weibull distribution. 


Conditional Reliability R(t|T) for the Weibull Distribution 


The conditional reliability R(r|T) = R(T + t)/ R(T), which defines the reliability at 
T + t starting from completed life T, is given by 


R(t|T) = e PP CI, (11.18) 
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This expression is used for the estimation of left-life of engineering compon 
А è қ " e 
have a Weibull distribution. MS that 


Example 11.4. In a fatigue test, the Weibull parameters are Obtai 
shape parameter В = 1.5, scale parameter о =5,600 cycles, and location par; 

eter y = 0. Determine the reliability at the end of 9,000 cycles of Өр 
What is the MTTF? ч 


Solution. Using R(t) = е С)” on substituting В = 1.5, м = 5600 cycle 
у =0, and t= 9,000 cycles, we obtain R(9000) = 0.1304. Substituting 4 


Eq. (11.17) and evaluating using the Excel function, we get МТТЕ 


= 50554 
cycles. 


We discuss the method of evaluating the Weibull parameters in Chapter 12, 


Lognormal Distribution 


А lognormal distribution model, the natural logarithm of the random variable, is 
normally distributed with a mean value of и and a standard deviation o; и and c may 
be treated as two parameters of the lognormal distribution. The random variable of 


interest in reliability is time г. The probability distribution function (pdf) is given 
by 


9 = = e ы. (0 <t < оо). (11.19) 
Tot 


We note that f(0) — 0 as t — 0. A typical curve for the lognormal pdf is shown in 
Fig. 11.4. The curve is skewed to the right. 


f) 


t 
Figure 11.4. Lognormal distribution pdf 
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The transformation to the standard variable z(t) is carried out using z(t) = 
m and the probability of failure at time t, F(t), is obtained as Ф(д(ї)). The relia- 


my 
| 


bility at time г, R(t), is given by 
R(t) = 1 — Ф(г(4)). (11.20) 


Whereas the expected value and the variance of In(t) are и and o?, the expected 
value and variance of t are derived as 


E(t) = MERS өше (11.21) 
Var(t) = е?#+2° — 2и+о°, (11.22) 


Example 11.5. The life (hours) of a component is modeled using lognormal dis- 
tribution. The two parameters for the distribution are given as mean (и = 5.5) 
and standard deviation (с = 1.6). Determine the reliability of the component at 
1,000 hours and its MTTF. 


Solution. At time t — 1000 hours, 
ЕТ: In(1000) - 5.5 _ 1.408 _ 
z(t) = —' m 16 че 0.880. 


From Appendix Table A.3, Ф(0.880) = 0.8106: 
R(t) = 1 — Ф(2(4)) = 1 — 0.8106 = 0.19. 
From Eq. (11.21), we have 


2х5.5+1. 


МТТЕ = еў = 6 С = 880.1 hours. 


11.4 System Reliability 


А system is made up of several elements or components. In analyzing the system reli- 
ability, the basic assumption is that the reliability of each of the elements is known. If 
it is a time-dependent system, we need the failure rate for each of the elements. We 
then calculate the element reliability using the exponential distribution. A typical 
element is represented in a block diagram as shown in Fig. 11.5. In a system, these 


for time dependent 
element 


Figure 11.5, Element — block representation Rj 


Element / 
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к; em. Қ, 


Figure 11.6. Elements in series 


elements may appear in series, parallel, or a combination of series and paralle] We 
first consider the series and parallel systems. 


Systems with Elements in Series 


А block diagram of a system with n elements connected in series is shown in 
Fig. 11.6. In a real system they may not be connected end-to-end as Shown, If 
the success of every element in the system results in the success of the System, we 
represent it as a series connection. The system is said to fail if any one of the com- 
ponents fails. The links in a bicycle chain may be considered elements in series. The 
system reliability, R,, of a series system is given by 


R = RR- R. (11.23) 

The system reliability decreases as more elements are added. If it is a time- 

dependent system, we make use of the failure rates of individual components in 

calculating the system reliability. Let A4, Ао, . . . , An be the constant failure rates for 
an exponential model. Then 

В =е iit tae (11.24) 


The equivalent failure rate of the System 15 А; = 1, + А +... АЫ: 
The MTTF for the system is given by 
1 


i | 7 o (1125) 
а An 


Example 11.6. А television camera focus system has 8 components in series. 
Each component failure has an exponential distribution with a failure rate of 
40 per 10° hours. Determine the reliability at the end of 5,000 hours of opera- 
tion. Also calculate the MTTF for the system. 


Solution. We have и — 8, апал = 40 х 10-5/hour for each component: 


Мм a Aa ++, + Ag = BA = 32 x 10-5 ош 


R, = e! = 63210755000 _ 0,2019 


1 1 
МАЛ т um emm 
M Я 32x 103 3,125 hours. 
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Example 11.7. If a reliability of 0.95 is desired after 5,000 hours for the televi- 
sion camera in Example 11.6, what should be the failure rate for each compo- 


Figure 11.7. Elements in parallel 


nent? 


Solution. We need е`8^ = 0.95. Taking the natural logarithm, we get 


_ gat = In(0.95) = —0.0513 


0.0513 


— is рео 10797B890uf. 
А 8 x 5000 x /hour 


Systems with Elements in Parallel 


uccess of any one of the elements in the system 
results in the system's success. A block diagram with n elements connected in paral- 
lel is shown in Fig. 11.7. A system with elements connected in parallel is said to be a 
redundant system. If a twin engine turbojet can land safely with only one engine, we 
may model the two engines as a parallel system. A parallel system fails only when 
all the elements in the system fail. Using the cumulative probabilities of failure, 


(11.26) 


A parallel system 1$ one where the s 


Е = hP. Fn. 


The system reliability A, is obtained by using the following relationships: 


СЕЛ (11.27) 
тас '((912..... 


Thus, 


Қ-1-(1-8)(1- №)... 1- №). (11.28) 
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For a time-dependent system with и identical elements, each with exponential 


1 


геј. 
ability е^, 


№ =1- (1 йе ey. (1129) 


The MTTF for this system can be obtained by evaluating the integral Io R (t) 
For a system with п identical elements in parallel, the MTTF is given by 


1 L i 1 
MITF => (14545 ++). (11.30) 


dt, 


Although the system reliability calculation is straightforward for paralle| Sys. 
tems with different failure rates, the MTTF calculation involves the following 
integral: 


МТТЕ = / (1— (1— e ^')(1 — e)... (1 — e?"yyqr, (11.31) 
0 


For the MTTF of a system with three parallel elements with failure rates Ад, А, 
and лз, the integral gives the following result: 


1 1 1 1 1 1 1 
ВСЕ Е ч Е Hex ee Ц. 11.32 
М № М+№ АА. А+ Ay +А + Аз es 


The MTTF for two elements can be obtained by taking the first three terms in 


Eq. (11.32). The Excel program Reliability OfSystems.xlIs provides the calculation of 
MTTF for up to six parallel elements. 


Example 11.8. ^ system has three components connected in parallel. The reli- 
abilities of the components are 0.92, 0.88, and 0.95, respectively. Determine the 
system reliability. If these reliabilities are at time 2,000 hours of operation, what 
is the MTTF of the system? (Note: Assume exponential distribution for the reli- 
abilities.) 
Solution. 


& -1a0aR)(I-Ry)ü- R3) 
= 1 — (1— 0.92) (1 — 0.88) (1 — 0.95) 
= 0.99952. 


In order to calculate the МТТЕ, we need the failure rates of the elements. We 
evaluate them using 


e^" 2092, a, — _ (0.92) _ 0.08338 


B demere m d. -5 /hour. 
" 2000 4.17 x 107° /ho 


11.4 System Reliability 247 


Figure 11.8. Combined system 


Similarly, Аз = 6.39 x 10-5/һош, Аз = 2.565 x 10-5 /hour. 
Now we use Eq. (11.32): 


MITE = 24 1 A 1 ee T 
м № мМ+№ № 22-23 №+мМ An tA2+A3 


On substituting for Ал, A2, and Аз, we get MTTF = 50,751 hours. 


Systems with Series and Parallel Subsystems 


For a system with various series and parallel subsystems, each of the series and par- 
allel subunits is identified and the system reliability is then obtained by combining 
these subunits. Consider the system shown in Fig. 11.8. 

The series-and-parallel systems are identified as I, II, III, and IV. In the first 
reduction, shown in Fig. 11.9, the subsystem reliabilities are evaluated. A second 
parallel subsystem is identified and evaluated, as shown in the second reduction in 


Күү = 1—(1- Ку) (1- Rg)(1 - Ro) 


Figure 11.9. First reduction 
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Ку = 1- (1 - Ку) (1- Ry) E Riy 


Figure 11.10. Second reduction 


Fig. 11.10. The system reliability can be evaluated as 
К; = Ry Rin Riv. 


For a time-dependent series-and-parallel system, the MTTF can be evaluated 
for simple configurations. As the complexity increases, it is not easy to evaluate the 
MTTF using the techniques described here. The Markov model approach is used for 
such evaluation. This method is given in books devoted to reliability. 


11.5 K-of-N Systems 


A. K-of-N system consists of N identical elements of which K elements (K » 1) 
must operate for the success of the system. A schematic K-of-N system is shown 
in Fig. 11.11. Examples of such a system are an aircraft with four engines where at 
least two engines must operate for success; a satellite battery system in which six of 
ten batteries must operate for the system operation; and a V8 engine where four 
of eight cylinders must operate for the automobile to run. Let R be the reliability 
of a component. The probability of its failure is 1 — R. The requirement that K or 
more units are operational is equivalent to K or more successes in N trials. Thus, the 
system reliability К, follows the binomial distribution, given by 


B aft 
К = P | | | REA RNa (11.33) 
j=K VJ 
where (7) = qT 
Any K-of-N 
to operate 
for system 
success 


Figure 11.11. K-of-N system 
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. N N ] "T 
Since > j-o G)R'ü1 — К)! = 1 for the binomial distribution, if К < N/2 then 
the following expression may be used to evaluate system reliability with fewer com- 
putations: 


K/N 
к таю" (11.34) 
j= \ 
Note that if K — N then all N components must operate for the system to 
function, which is equivalent to a series system. For this case we get the familiar 
result, К; = R", for the series system from Eq. (11.33). When К = 1, any one com- 
ponent operating successfully will satisfy the system requirements. Setting К = 1 
in Eq. (11.33), we get А, = 1 — (1 — А), which is the formula for the parallel 
system. 
If the K-of-N system is a time-dependent system, К is given by К = е^“, lhi 
order to calculate MTTF we evaluate / А, (t) dt in Eq. (11.33) to get 


MTTF =- y -. (11.35) 


K-of-N calculations are provided in sheet2 of the Excel program ReliabilityOf- 
Systems.xls. The program includes the function GetR(K,N,Rs), which finds R 
when K. N, and R, are given in Egs. (11.33) or (11.34). This function is useful at 


the system design stage. 


Example 11.9. A system has five components with system success defined as 4 
out of 5. The reliability of each component is R = 0.9 at time T = 1. Determine 


the system reliability and the MTTF. 


Solution. The reliability of a 4-of-5 system is given by 


R, = S (5) К) (1: К) um 9 0.9* (0.1) + H (0.9 
са 4 5 
= (5)0.94(0.1) + (1)0.9” = 0.9185, 


where 
Rz e? = 0.9 
— — |n(0.9) = 0.1054. 


The MTTF is given by 
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Figure 11.12. K-of-N standby redundant system 


Example 11.10. A 2-of-4 system is to be designed to achieve a system reliability 
of 0.95. Determine the component reliability. 


Solution. В can be obtained by trial and error. The function GetR(2,4,0.95) 
included іп the Excel program Reliability OfSystems.xls can be used to find it. 
We find К = 0.7514. 


11.6 Standby Systems 


We now consider systems where some elements are available in standby mode. The 
system reliability improves when it has standby redundancy. A standby unit is inop- 
erative until needed; it is switched on when a unit in the primary system fails. An 
example of standby redundancy is the use of a standby generator in a building to 
ensure the continuity of the power supply. The generator kicks in when the таш 
power supply fails. Fig. 11.12 shows a K-of-N redundant system that starts with N-K 
standby components. When any one of the components fails, a standby componen! 
is switched on. 

We develop some relations for the reliability analysis of systems with standby 
units. The basic assumptions are the following: 


1. The sensing and switching are perfect. This implies that no delay occurs. When 
a unit fails, the standby unit comes into operation instantaneously. 


2. The standby unit is always in working order and it does not fail while 
standby mode. 


it is in 
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Let R = е^ be the reliability of each identical component of the system. Since 
K units must operate for the system's success, the average number of failures 
expected at time г is А Кг. The system reliability R, is the sum of probabilities of 


КЕЛІ.) К failures. Using the Poisson distribution, we evaluate this as 
AK AK (Ко uy 
R ze ГАК + + "T (AKty _ 
| 21 Т ++ (N— Ky |: (11.36) 


In Excel, we can evaluate this using Poisson(N-K, АКЕ, TRUE), which 
the cumulative Poisson probability. Equation (11.36) has been implemented in 
sheet2 of the program Reliability OfSystems.xls. 

The MTBF for the system is given by 
ШЕЛІ (11.37) 

AK 
If only one component is used as a standby unit, we set K — N — L 


MTBF = 


Example 11.11. A system has one basic unit and two standby units. The failure 
rate for each component is 0.005/hour. Find the system reliability at 400 hours 
of operation. Also determine the MTTF of the system. 


Solution. For this system K = 1, 7 9; 0.005/hour, t = 400 hours, At = 2. 
Using Eq. (11.36), 


2 
R 2e" d 


11.7 Summary 


In this chapter we developed the concepts of reliability. We first discussed the relia- 
bility functions leading to the exponential and Weibull distributions. Reliability and 
MTTF calculations for series and parallel systems were presented, which provided 
the necessary background for analyzing K-of-N redundant systems and standby 
redundant systems. We deal with aspects of reliability testing in Chapter 12. 

The computer program discussed in this chapter is Reliability OfS ystems.xls. 


252 Reliability Concepts 


EXERCISE PROBLEMS 


11.1. A newly developed automobile is undergoing a test on the proving 


6 ‚ Br'Ounq 
The testing accumulated 4,240 hours and 16 failures occurred during this Perio, 
Calculate the MTBF value. 


11.2. A computer chip failure rate is 0.00002 per hour. Estimate its reliability after 
1,000 hours of operation using a constant failure rate model. 


11.3. A pressure transducer failure follows the Weibull distribution, The Scale 
parameter and the shape parameter are estimated as 550 hours and 0.6, respectively 
What is the reliability after 600 hours of operation? Determine the MTTF fo; the 
transducer. (Note: Use a two-parameter Weibull distribution.) 


11.4. The life (in hours) of a component is modeled using a lognormal distribution, 
The two parameters for the distribution are given as mean, и = 4.8, and standard 
deviation, с = 2.3. Determine the reliability of the component at 200 hours. and its 
MTTF. 


11.5. A video camera has 20 components in series. Find its reliability if each com- 
ponent has a reliability of 0.999, 


11.6. Two components are placed in a parallel configuration. Determine the relia- 
bility of the system after 500 hours of operation if the component failure rates are 
0.0009/hour and 0.00075/hour. Also calculate the MTBF for the system. 


11.7. A personal computer system consists of the components, the processor unit. 
the monitor, the mouse, and the keyboard. АП components must operate for system 
success. The expected failures per million hours for the components are 120 for the 
processor unit, 200 for the monitor, 150 for the mouse, and 180 for the keyboard. 
Determine the system reliability for a mission time of 500 hours and the system 
MTTF. 


11.8. A mechanical system consists of the 4 components shown in Fig. P11.8. The 
component reliabilities are given in the blocks. Find the system reliability. 


Figure P11.8. 
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11.9. A mechanical system consists of the 6 components shown in Fig. P11.9. Com- 
ponent reliabilities at 100 hours of operation are given in the blocks, Assume an 


exponential distribution, Find (a) the system reliability, (b) the system failure rate, 
and (c) the system MTTF, 


o 


Figure P11.9, 


11.19. A mechanical system consists of the 7 components shown Fig. P11.10. Com- 
ponent failure rates (A/hour) are given in the blocks, Assume an exponential distri- 
bution and find the system reliability at 200 hours. 


Figure P11.10. 


11.11. An aircraft operates on 4 identical turbojet engines, each with a reliability of 
0.96 at 500 hours of operation. Determine the system reliability if 2 of the 4 active 
clements are required for successful operation. Also evaluate the MTTF. 


11.12. A power station has 5 generators operating. Four of 5 generators must oper- 
ate for system success. И each generator has an МТТЕ of 10,000 hours, determine 
the system reliability at 500 hours. Also calculate the system MTTF. 


11.13. A system has three identical components, two of which must operate for sys- 
tem success, The third component is a standby unit. If each component has a fail- 
ure rate of 0,0006/hour, find the system reliability for a mission time of 400 hours. 
Assume perfect sensing and switching. Compare the reliability and МТТЕ of a two- 
components system with no standby. 

11.14. A system consists of 15 identical units, each with an MTTF of 1,000 hours, 


Determine the MTTF if all units must operate for system success. 11 standby units 
may be added to the system to increase the MTTF, determine how many standby 
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units are needed to achieve a system MTTF of 250 hours. (Note: Use Reli abil 
шубу. 


Systems.xls, sheet2.) 
11.15. A system consists of 6 identical units, each with a failure rate of 0.000] hh 
y Our, 


All 6 units must operate for system success. Determine the system reliapjy; 

standby units may be added to the system to improve reliability, determine А 

many standby units are needed to achieve a system reliability of 0.9999, ir" 
» Use 


ReliabilityOfSystems.xls, sheet2.) 


12 
- Ы 


Reliability Testing 


12.1 Introduction 


In this chapter we discuss two aspects of life testing. One aspect deals with the anal- 
ysis of Ше test data of components to evaluate the parameters o, B, and y for the 
Weibull distribution, А for the exponential distribution, and и and o for the lognor- 
mal distribution. Once the parameters are evaluated, the reliability can be evaluated 
at a given life. The second aspect deals with exponent-based life testing. Here we dis- 
cuss the confidence intervals for the mean life, followed by the acceptance sampling 
procedures used in life testing. 


12.2 Weibull Distribution Parameter Estimation 


We develop a procedure for the estimation of the three Weibull parameters, a, B, 
and y. This procedure also works for the exponential distribution. If the shape 
parameter f takes a value close to 1, we conclude that the distribution is expo- 
nential. For an exponential distribution, the failure rate is A = а. The location 
parameter y is generally zero, which defines the two-parameter Weibull distribu- 
tion. The parameter y provides an estimate of the earliest time to failure. If y > 0, 
it defines a failure-free operating period from 0 to y. A negative value of y may 
indicate that failures occurred prior to the start of the test, possibly in storage or in 
transit. is case y occurs earlier than the first failure at t. | 

І | M the parameters, the time-to-failure data for a sample size 
of N are collected. The data for л failures are arranged in an ascending рен 
the time to failure: 4 < h <... < „(п < №). The data are arranged in a table as 
shown: 


256 Reliability Testing 


Time to failure, 


hours or cycles Failure order 
fi 1 
[5 A 
lj ] 
їп n 


We use the median rank MR to evaluate the probability of failure of the jth 


failure with a confidence level of 0.5. MR is evaluated by solving the binomial 
expression 


N 


2 (i | MR*(1 — MR) = 0.5. (12.1) 


к=] 
This has been included as the function MR (j,N) in the Excel program Weibull3.xls. 


Alternatively, we may use the remarkably accurate approximation 


jaz 02 
кеа] ЖАА 12.2 
ATE игу (12.2) 


which is also referred to as Bernard's approximation for the median rank. 
The reliability at the jth failure is evaluated as 


R(t;)) = 1 — МЕ. (12.3) 
For the three-parameter Weibull distribution, we have the relation 
R(t) = e- Cz. (12.4) 
On taking the natural logarithm twice, we get 
In(—In R(t)) = В In(t — у) — Blna. (12.5) 
pe y = In(—In A(t)), x = In(t у), а = В, and b = —В ша, Eq. (12.5) takes the 
orm 


y = ax + b, (12.6) 


which represents the equation of a straight line, 
We develop two additional columns in the table for 


x =la =y), уу =ш(-ша- MR; )). (12.7) 
The table is prepared for y = 0, 
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The squared error with respect to the straight-line fit is given by 
n 
ТЕТІ 024) 
ізі 


For the least squares error, the slope а and the intercept b for the best-fitting 
straight line are given by 


n 
) хуу — пху 
ШЕ 


si n 
) x; - nx? 
j=1 


The shape parameter В and the scale parameter o are then given by 8 — a, and 
-А4%) 
талын 


а 


b = у – ах. (12.9) 


; 


For у = 0, the parameters for the two-parameter Weibull distribution are thus 
evaluated; the analysis also applies for any given value of y. We can make a one- 
dimensional search on y from, say, —2[ to tı for the least squares error and deter- 
mine the three parameters у, a, and f for the data. This approach has been imple- 
mented in the program Weibull3.xls included in the CD. Sheet1 of the program uses 
the golden section search for y. On sheet3, у can be changed from - to t; using 
the spin button to maximize the coefficient of determination, R? (RSQ). The plot 
changes dynamically as the spin button operates. Sheet2 shows the plot of t vs. R(t) 
using the parameters evaluated on sheet. 


Example 12.1. The following data were collected in a test for the evaluation of 
Weibull parameters: 


Time to failure, 


cycles Failure order 
346100 1 
434990 2 
457270 3 
475380 4 
553890 5 
600020 6 
653440 7 
679700 8 
727075 9 
764055 10 


The sample size is 10. Determine the Weibull parameters and evaluate the reli- 
ability at 800,000 cycles. 


258 Reliability Testing 
Solution. 
y —0 x y 

J t MR t—y In(t = y) In(—In(1 — А)) 
1 346100 0.0670 346100 12.7545 —2.6692 
2 434990 0.1623 434990 12.9831 --1,7313 
3 457270 0.2586 457270 13.0330 — 1.2067 
4 475380 0.3551 475380 13.0719 —0.8240 
5 553890 0.4517 553890 13.2247 —0.5093 
6 600020 0.5483 600020 13.3047 —0.2297 
7 653440 0.6449 653440 13.3900 0.0348 
8 679700 0.7414 679700 13.4294 0.3020 
9 727075 0.8377 727075 13,4968 0.5980 

10 764055 0.9330 764055 13.5464 0.9946 


From the spreadsheet, we have ah Xy = —66.746,Y 77, х} = 1749.19, 
x = 13.223, and у = —0.524. On substituting these in Eq. (12.9), we get a — 
4.31, b = —57.55, B =a = 431, anda = e^ 9) = 624,638: MTTF = 568,653. 

For y = 143,980, we get the maximum В5О and the parameters are a — 
3.09, b = —40.39, В = a = 3.09, anda =e?) = 475,060; MTTF — 570,817. The 
Weibull plots for the two cases are shown in Figs. 12.1a and 12.1b. 

The survival graph for the three-parameter Weibull is shown in Fig; 12.1c. 
The reliability at 800,000 cycles is 0.0692. 
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Figure 12.1a. Two-parameter Weibull 
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Figure 12.1b. Three-parameter Weibull 
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12.3 Lognormal Distribution Parameter Estimation 


e to failure in hours or number of cycles (fj) is prepared in ascending 
order as in the previous section. In the next column, In/; values are calculated. Since 
we seek a normal probability fit for Int, the procedure for plotting normal proba- 
bilitv discussed in Chapter 6 is followed for this column. The parameters и and o 


are calculated using the best-fitting straight line equation; и is the In/ value atz-( 
z = 1) - (Int at z = 0). The procedure is implemented in the Excel 


The table of tim 


and o is (Int at 
program Lognormal.xls. 


Example 12.2. The following data were collected in a test and are used to 
attempt a lognormal fit. The sample size is 15. Determine the lognormal param- 
егете. The failure times in hours are 37.2, 39.2, 50.3, 52.6, 54.2, 66.0, 67.6, 70.9, 
99.6, 106.5, 114.6, 128.7, 141.6, 197.3, and 217.1. 


Solution. 

Number i ti In(t;) MR Z-value 
1 37.2 3.62 0.0333 —1.8339 
2 39.2 3.67 0.1104 —1.2245 
3 50.3 3:97 0.1753 —0.9333 
4 52.6 3.96 0.2403 —0.7055 
5 54.2 3.99 0.3052 —0.5095 
6 66.0 4.19 0.3701 —0.3315 
7 67.6 4.21 0.4351 —0.1635 
8 70.9 4.26 0.5000 0.0000 
9 99.6 4.60 0.5649 0.1635 

10 106.5 4.67 0.6299 0.3315 

11 114.6 4.74 0.6948 0.5095 

12 128.7 4.86 0.7597 0.7055 

13 141.6 4.95 0.8247 0.9333 

14 197.3 5.28 0.8896 1.2245 

15 217.1 5.38 0.9545 1.6906 


The plot is shown in Fig. 12.2. The best-fitting line for x = Int and y = zis 
obtained as у = 1.6852x - 7.4592. The coefficients и = 7.4592/1.6852 = 4.4263 
and о = 1/1.6852 = 0.5934 were calculated. 


12.4 Exponential-Based Life Testing and Confidence Intervals 


4 елін; in this section and the next applies to life data from exponential 
istribution. We set the failure rate at А = 1/0, where 0 is the mean life, The 
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Figure 12.2. Lognormal plot 


failure probability density function is given by 

| i 28 
| f(t) = ЕМЕ (12.10) 

The exponential distribution is widely used to model constant failure rate pro- 
cesses. If we substitute u — 21/0, then the distribution is f(u) = (1/2)exp(—u/2), 
which is a chi-squared distribution with two degrees of freedom. Thus, we say 21/0 
has a chi-squared distribution with df — 2, 

Let n be the number of units placed in the life test, and let t; denote the 
time when the jth unit fails. Let k be the most recent failure. The failure times 
are arranged in the order t; € t? <<. А preassigned number of failures, r, 


is decided at the test design stage. We have several choices of testing: 


1. To stop the testing when the number of failures, r, is reached (failure terminated 


test) Or 
2. To stop the test when a preassigned time 70 is reached. If the rth failure occurs 


before this time, the lot is rejected (time terminated test). 
In each of the preceding two cases, ме have one of the following choices: 


A. The failed unit is not replaced (testing without replacement). 
B. The failed unit is immediately replaced (testing with replacement). 
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Failure-Terminated Test 


If 7, represents the accumulated life for the test units until the rth failure, then for 
case 1A (failed items not replaced), 


T=) tj (n— гу, (12.11) 


ізі 


and for case 1B (failed items replaced), 


We note that n – r units run for the time t, in the nonreplacement case, and all 
units run for the time t, in the replacement case. 
The mean life б in each of the cases is estimated using 
л 
0 ==, (12.13) 
r 
It is known that 27; /Ө(= 2ғ0 /@) has a chi-squared distribution with 2r degrees of 


freedom (see the comment following Eq. (12.10)). The 1 — а confidence interval for 
the mean life is given by 


27 2T 


2 sos 
Xo/2,2r Х1-а/2,2; 


(12.14) 


Example 12.3. А failure-terminated test was performed on 15 gyro units with- 
out replacement. The test was terminated after 5 fa 
hours are 642, 674, 705, 722, 
for the mean life using the ex 


ilures. The failure times in 
and 732. Determine the 95% confidence interval 
ponential time-to-failure model. 


Solution. We have n — 15 and r — 5. From Eq. (12.11), we get 


Ir = 642 + 674 + 705 + 722 + 732 + (15 — 5) 732 = 10.795 hours 


10795 


6 = om pe = 2,159 hours. 


From Appendix Table A.5, we have 


sois X0.025,10 = 20.483, х2. 10 = 3.247. Substi- 
tuting in Eq. (12.14), we get 


2 x 10795 іл 2 х 10795 
20483 = = 324 


1054 < 0 < 6649. 
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The calculations are similar for the test with replacement, except that the 7, 
calculation is done using Eq. (12.12). 


Time-Terminated Test 


Let % be the preassigned time for the life test conducted on a random sample of 
„ units. Let x be the number of failures observed during 7. Let the preassigned 
number of failures be r. If r failures occur before the time 7, the lot is rejected. 
Analysis for further decision is only performed on the tests where x < r. For case 


2A (failed items not replaced), 


T, =) tj 4 (n x) (12.15) 
j=l 


and for case 2B (failed items replaced), 


The mean life is estimated using 
ô = 5h (12.17) 
х 
The 1 — а confidence interval for the mean life is given by 
т о (12.18) 


d ХЇ-а/2,2х+2 
that the (x + 1)th failure is about 


2 
Ха/2,2х--2 


This interval is established under the assumption 
to occur when the test is time terminated. 


g Procedures for Life Testing (Exponential-Based) 


procedures is based on the Quality Control and 
fundamental paper on life testing by Epstein and 
failure-terminated or time-terminated life test. 
-Pearson theory tells us that a simple test for 
by an acceptance region of the 


12.5 Samplin 


This presentation on the sampling 
Reliability Handbook H-108, and a 
Sobel.! Let Ó be the mean life from a 
Epstein and Sobel state: *the Neyman 
9 = by against Ө < 00 with Type I error = 9 is given 
form" 

dew ыт (12.19) 

0 > 07377 | 


и Epstein and М. Sobel, Life Testing, Journal of the American Statistical Association, v48, n263 


(1953) pp. 486-502. 
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Figure 12.3. OC curve for r — 5 


The operating characteristic (OC) curve is developed using the procedure spec- 
ified іп Eq. (12.19). Denoting Р(0) as the probability of accepting 0 = 6 when 6 is 
the true value (Type II error), 


2 A 
қ _ Гр, Ө 
Р(Ө) = Pr ( > en — Pr (+ “ pals = Pr (x3 — е.) 


0 0 Ө 
(12.20) 
and Eq. (12.20) can be interpreted as finding P for a given Ө satisfying 
0 
ХР» = ОЖ. (12.21) 


The interpretation of Eqs. (12.20) and (12.21) is shown in the chi-squared dis- 
tribution curve in Fig. 12.3. The probability of acceptance is the area to the right 
of ХР оз, for 69/0 > 0. We also have the parameter и, which appears from df = 
2r. И the consumer's risk point is defined as (б, B), we need to choose the smallest 
integer value of r that satisfies 


Хр < Dat (12.22) 

The final expression in Eq. (12.21) is calculated in Excel using chidist 

(2x2 .»,.2r) for given values of а, ғ, and various values of 0. The plot 0/4 YS: 
Р(6) is the OC curve. The OC curve plot has been introduced in the program 
LifeTestOC.xls. The OC curve for r = 5, and 1 — o = 0,9 is shown in Fig. 12.4. The 
values of r, the number of units tested, n, and o can be varied using the spin button: 
The OC curve passes through the point (0/00 = 1, P(0) = 1 — о). The OC curve 
must keep to the right of the point (6/0, P(9,) = В), defining the consumer's risk. 
If the curve can be manipulated to keep it to the right of the point at A, it gives the 
right choice for r and other parameters, MIL-HDBK-108 gives twenty pages of oc 
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OC CURVE LIFE TEST 


Probability of Acceptance, Pa 


Figure 12.4. OC curve r - 3 


curves for various values of r and 1 — о. The program can be used to generate all 


these curves. 


Lot Acceptance Procedure for Termination upon Preassigned 
Number of Failures 


The estimate of the lot mean life 0 is calculated as given іп Eq. (12.13). 7, is cal- 
culated using Eq. (12.11) for case 1A, where the failed items are not replaced, and 
Eq. (12.12) for case 1B, where the failed items are replaced. Turning our attention 


to Eq. (12.19), we define the constant C: 


2 
с * Xi—a,2r (12.23) 
A 2r 
The lot is accepted if 
ô >C (12.24) 


and rejected otherwise, 

Values of С/00 for various code letters are given in a table in the handbook. 
The value r is changed so that the OC curve is just to the right of the consumer's 
point in the program LifeTestOC.xls. The value of C/ is obtained in cell C4. If the 
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acceptable mean life 6) and the corresponding probability of acceptance, | — a. 


are 
given, the acceptability criterion can be checked. 


Example 12.4. In a life test plan, 12 units of product have been placed on test. 
The failed units were not replaced. The first five failure times in hours were 45. 
62, 122, 240, and 290. The acceptable mean life is 900 hours. Determine if the 
lot meets the acceptability criterion at 1 — а = 0.95. 


Solution. 


ĝ = TEUER MD EI (12 59290 о ТЕЧ 
In the program LifeTestOC.xls, we use the spin button to set = 5, and1— y = 


0.95 (95%). The value of C/6, is obtained as 0.394. We get C = (0.394)(900) = 
354.6. Since Ó > C, the acceptance criterion is met. 


Expected Waiting Time for r Failures in a Sample of Size п 


The waiting time is shortened if the sample size n is larger than the number of fail- 
ures, r. Expected waiting time is obtained as a factor WF multiplied by mean time 
to failure 6). The expected waiting time factor (WF) is given by 


1 1 1 
PE ad 4. 


"ET бар (12.25) 
without replacement, and by 
WF = - (12.26) 
with replacement. 
The waiting time is given by 
Waiting Time = WF 0), (12.27) 


The function WF(r,n) has been introduced 


in the program LifeTestOC.xls to cal- 
culate the ratio WF in Eq. (12:25), 


Example 12.5. Determine the waiting time in terms of 00 
replacement when the sample size is 12 and the number of f 
plan is 5. Compare it with the waiting time for the test with r 


Solution. 


for a test without 
ailures for the test 
eplacement. 


the waiting time — 0.510465. For the test with replacement, 


5 
WF = р” 0.4167, апа waiting time = 0.41670, 
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Example 12.6. The number of failures, r, and the sample size л are to be chosen 


to complete the failure-terminated test without replacement in an average time 


of 300 hours. The mean life 00 = 1,000 hours and 1 — g = 0.9, В = 0.1 at 01/0, = 
0.2. Choose the parameters. 


Solution. We enter 1 – а = 0.9, В = 0.1 at 0; /09 = 0.2 оп sheet1 of the pro- 
gram LifeTestOC.xls. After manipulating the curve by changing r, we find 
that r — 3 satisfies the producer's and consumer's points. Since the test is to 
be completed in an average time of 300 hours, the waiting factor needs to 
be WF = 300/1000 = 0.3. By changing the n-value, we find that л = 11 gives 
WF = 0.302, and п = 12 gives WF = 0.2742. We choose л = 12. 


Lot Acceptance Procedure for Termination upon Preassigned Time 


In designing an acceptance procedure based on preassigned time or r failures, the 
known quantities are the mean life 6%, the probability of acceptance, 1 — o, at the 
mean life, and the probability of acceptance, В, at a given value of 91 (< 65). Using 
these data we obtain r by manipulating the spin buttons on the OC curve in the 
program LifeTestOC.xls. This choice of r is similar to that in the failure-terminated 
test. 

Once the value of r is established, we need to determine the termination time Т 
for assignment. For the failure-terminated test, we established С/00, and we accept 
the lot if the estimated life Ó exceeds C. Using the concept of the waiting factor, 
the following formula is used to calculate the termination time Т in the H108 hand- 
book: 

: = WF d (12.28) 

00 00 
WF is found using Eq. (12.25) for the test without replacement and Eq. (12.26) for 
the test with replacement. Equation (12.28) has been implemented in the program 
LifeTestOC.xls. For the time-terminated test, the value of Т/бу can be found in cell 
C9 for the nonreplacement case, and C10 for the replacement case. T can be calcu- 
lated once this ratio is found. The handbook gives 7/69 ratios in several tables for 
п = 2r, 3r, Ay. We can obtain these ratios for any value of n using the program. 
We illustrate the design of a time-terminated life test plan by means of an example. 


o wae ie 


Example 12.7. Design a time-terminated life test sampling plan without 
replacement which will accept a lot having an acceptable mean life of 1,000 
hours with probability 0.95 (Type I error, 0.05) and the probability of accep- 
tance of 0.1 for accepting a mean life of 300 hours (Type II error, 0.1). Due to 
the constraints in the test lab, the maximum sample size is restricted to 12. 
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Solution. We have 00 = 1,0001, 1 — = 0.95, and В —0.1 at 01/05 = 300; 
1000 — 0.3. Entering these values in sheet1 of the program Life TestOC. xls. and 
changing r using the spin button, we find that r — 7 satisfies the producer's anq 
consumer's points. 

We use the maximum sample size that is permitted, и = 12. (n is changed 
to 12 using the spin button.) For the nonreplacement case, the value of Т/б is 
found to be 0.3848 (from cell C9). The termination time T is now calculated: 


T = 00(7/00) = 1000 x 0.3848 = 385 hours. 


The tables from the handbook only give a choice of n = 2r = 14 for the 
minimum. If this is possible in the lab, we get 7/00 as 0.3092. 


Sequential Life Test Sampling Plans 


In the sequential test plan, the life testing goes on in a continuous manner until а 
decision can be reached. Let j be the number of failed product units observed in 
time г). Let n be the sample size. Consider the kth failure, which takes place at the 


current time г. We calculate V(t), the total length of time survived by all units of the 
product in the test: 


k 

Ив) = > tj + (n — k)t (failed items not replaced) (12.29) 
ізі 

V(t) = nt (failed items replaced). (12.30) 


We establish the acceptance time line 


ho + ks, (12.31) 


and the rejection time line 


hi + ks, (12.32) 


as shown in Fig. 12.5. The acceptability criterion is 


hi ks < V(t) < ho + ks. (12.33) 
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ACCEPT LOT 


REJECT LOT 


Accumulated test time V(t) 


r——— — — 


hi 
Figure 12.5. Sequential life test 


The military handbook H108 uses the formulas developed by Epstein. The con- 
stants ho, h,, and s are calculated using 


ho —InB hi - — |n A s - — 10(00/01) 
a Т a, Aerie 7077 03/0, —1 
o 69/00 —1 Ao 0/01 0 0/61 | (12.34) 


А =(1- 8)/у« ВЕРА 


and is the probability of a Туре II 
lations are approximations of the 
e expressions closely 


where o is the probability of a Type I error at 9, 
error at 61. A and B used in the preceding calcu 
exact expressions. The calculated values obtained using thes 
match the published handbook values. 

For a known value of acceptable mean life 6o, ho, hı, and s are calculated 
using Eqs. (12.34). The sequential life test boundaries are then drawn as shown in 
Fig. 12.5. V(r) defines a point at each failure к. А horizontal dotted line is drawn to 
k -- 1. The V(t) line is a stepped line. If V(t) continues to be inside hy + ks, ho + ks, 
the test can go on and on. In practice we set a limit of го (ro > r) and, from the 
point (ro, ros), a horizontal line is drawn to intersect with Ао + Ks and a vertical line 


is drawn to intersect with hy + ks. The horizontal line represents the boundary for 


2 
B. Epstein, Statistical Life Test Acceptance Procedures, Technometrics, v2, n4 (1960) pp. 435—446. 
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acceptance and the vertical line is the boundary for rejection. И the V(t) line crosses 
the horizontal line, the test is stopped and the lot is accepted; if it crosses the vertica] 
line, the test is stopped and the lot is rejected. The ro-values suggested in handbook 
H108 are given here: 


127и 3$ 6 7 8 9 10 117220083 14 т ig 
r 3 6 9 12 15 18 21 24 27 30 45 60 75 90 120 150 225 399 


The relationships in Eqs. (12.34) have been introduced on sheet2 of the program 
LifeTestOC.xls. The procedure is to enter the ratio 6; /0 and В on sheet! and to use 
the spin button to change r until the OC curve is just to the right of the point 6; /Өу, В. 
We then move to sheet2 and enter the 05-value for the problem. The values of hg, 
hi, and s are given in sheet2. 


Example 12.8. Find a sequential replacement plan that will accept a lot with an 
acceptable mean life of 1,600 hours 9596 of the time and reject a lot with a mean 
life of 400 hours 9096 of the time. 


Solution. For this problem, 9% = 1,600 h, о = 0.05, 01/05 = 400/1600 — 0.25, 
and В = 0.1. On sheet1 of the program LifeTestOC.xls, the values for 6 /б and 
В are entered; 1 — o is changed to 9596 using the spin button, and r is then var- 
ied until the curve moves to the right of the consumer risk point. We obtain 
r — 6. The value of 6, is entered on sheet2. The sequential test plan parameters 
are obtained as Ло = 1412.9, 4, = —1813.98, and s — 795.03. The sequential life 
test sheet can be prepared using these data. 


The handbook also gives parameters that enable us to calculate the expected 
time to reach a decision in the sequential test. 


12.6 Summary 


In this chapter we developed Weibull parameter estimation concepts. The program 
Weibull3.xls calculates the three parameters using life test data. We have also dis- 
cussed the life test plans based on the military handbook, H108. The theory of using 
an OC curve for life tests has been presented in detail. The program LifeTestOC.xls 
gives the OC curve for any specified values of Type I and Type II errors. It provides 
all the necessary parameters for both failure-terminated and time-terminated tests. 
The program also provides the parameters for the sequential life test. 

The computer programs discussed in this chapter include the following: 

Weibull3.xls 


Lognormal xls 
LifeTestOC xls. 
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EXERCISE PROBLEMS 


12.1. A sample of 10 units was subjected to a life test. The failure times in hours are 
obtained as 6, 12, 23, 31, 42, 60, 71, 99, 126, and 187. Determine the Weibull param- 
eters and check if an exponential distribution can be used to model the failures. 
Estimate the MTTF and predict the reliability for a 15-hour mission. 


12.2. A sample of 50 units was subjected to a life test. The failure times in hours are 
obtained as 8, 21, 32, 46, 59, 70, 84, 98, 117, and 126. Determine the Weibull param- 
eters and check if an exponential distribution can be used to model the failures. 
Estimate the MTTF and predict the reliability for a 60-hour mission. 


12.3. A sample of 50 units was subjected to a life test. The failure times in hours 
are obtained as 23, 40, 55, 67, 76, 92, 104, 110, 120, and 124. Determine the Weibull 
parameters. Estimate the MTTF and plot the survival graph. 


12.4. A sample of 50 units was subjected to a life test. The failure times in hours are 
obtained as 4.8, 5.8, 8.4, 21.3, 34.4, 44.0, 44.1, 61.4, 86.3, and 209.3. Determine the 
lognormal parameters using the best-fit approach. Estimate the MTTF. 


12.5. A random sample of 25 light-emitting diodes (LEDs) is subjected to a life test. 
The test is terminated after 5 failures. Failed items are not replaced. The failure 
times in hours are 245, 270, 285, 305, and 362. Estimate the МТТЕ for the LEDs, 
assuming exponential distribution, and find a 9096 confidence interval for the mean 
life. 


12.6. A life test is performed on brake pedals by an automobile manufacturer. The 
number of cycles to failure is the criterion used. А random sample of 40 units is 
tested and failed units are immediately replaced. The test is stopped after 10,000 
cycles; 4 units failed at 1,550, 4,320, 6,540, and 7,930 cycles. Estimate the mean time 
to failure and find a 9596 confidence interval for the MTTF. 


12.7. A life testing plan is terminated at the sixth failure. The test is conducted with- 
out replacement using a random sample of 40 units. The failure times in hours are 
340, 456, 484, 630, 710, and 740. The producer's risk is 0.1, the probability of reject- 
ing an acceptable mean life of 8,000 hours. Determine if the lot is acceptable with 
these criteria. Plot the OC curve and find the probability of accepting a mean life of 
2,000 hours. 


12.8. A failure-terminated life testing plan is to be designed with a producer's risk 
of æ = 0.05 at an acceptable life of 00 = 1,200 hours, and consumer's risk В = 0.1 
at 0.26). The test is conducted without replacement. Choose the least number of 
failures, ғ, satisfying the criteria and find the sample size so that the expected test 
completion time is less than 0,200. (Note: Use the program Life TestOC. xls.) 
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12.9. Design a time-terminated life test sampling plan without replacement. The 
plan should accept a lot that has an acceptable mean life of 1,500 hours With a 
probability of 0.9 and should accept a mean life of 300 hours with probability or 
0.1. Choose the sample size so that the time for terminating the test can be Set at 
150 hours. Plot the OC curve. 

12.10, Design a sequential replacement plan that will accept a lot with an acceptable 
mean Ше of 2,000 hours 90% of the time and reject a lot with a mean life of 300 hours 
92% of the time. 


t тә 


10 


= 


Ua чш t3 SC UR ш оные ьш мю м RUN 0 ш кә EOS шо м к Фу оно ч = 


0.01 


0.980 


0.970 
1.000 


0.961 
0.999 
1.000 


0.951 
0.999 
1.000 
1.000 


0.941 
0.999 
1.000 
1.000 


0.932 
0.998 
1.000 
1.000 
1.000 


0.923 
0.997 
1.000 
1.000 
1.000 


0.914 
0.997 
1.000 
1.000 
1.000 
1.000 


0.904 
0.996 
1.000 
1.000 
1.000 
1.000 


0.05 


0.903 


0.857 
0.993 


0.815 
0.986 
1.000 


0.774 
0.977 
0.999 
1.000 


0.735 
0.967 
0.998 
1.000 


0.698 
0.956 
0.996 
1.000 
1.000 


0.663 
0.943 
0.994 
1.000 
1.000 


0.630 
0.929 
0.992 
0.999 
1.000 
1.000 


0.599 
0.914 
0.988 
0.999 
1.000 
1.000 


0.1 


0.810 


0.729 
0.972 


0.656 
0.948 
0.996 


0.590 
0.919 
0.991 
1.000 


0.531 
0.886 
0.984 
0.999 


0.478 
0.850 
0.974 
0.997 
1.000 


0.430 
0.813 
0.962 
0.995 
1.000 


0.387 
0.775 
0.947 
0.992 
0.999 
1.000 


0.349 
0.736 
0.930 
0.987 
0.998 
1.000 
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Table A.1, Cumulative binomial probabilities 


Cumulative 


x n p 
3 9 0.2 
p 


02 025 03 035 0.4 


0.640 0.563 0.490 0.423 0.360 


0.512 0.422 0.343 0.275 0.216 
0.896 0.844 0.784 0.718 0.648 


0.410 0.316 0.240 0.179 0.130 
0.819 0.738 0.652 0.563 0.475 
0.973 0.949 0.916 0.874 0,821 


0.328 0.237 0.168 0.116 0.078 
0.737 0.633 0.528 0.428 0.337 
0.942 0.896 0.837 0.765 0.683 
0.993 0.984 0.969 0.946 0.913 


0.262 0.178 0.118 0.075 0.047 
0.655 0.534 0.420 0.319 0.233 
0.901 0.831 0.744 0.647 0.544 
0.983 0.962 0.930 0.883 0.821 


0.210 0.133 0.082 0.049 0.028 
0.577 0.445 0.329 0.234 0.159 
0.852 0.756 0.647 0.532 0.420 
0.967 0.929 0.874 0.800 0.710 
0.995 0.987 0.971 0.944 0.904 


0.168 0.100 0.058 0.032 0.017 
0.503 0.367 0.255 0.169 0.106 
0.797 0.679 0.552 0.428 0.315 
0.944 0.886 0.806 0.706 0.594 
0.990 0.973 0.942 0.894 0.826 


0.134 0.075 0.040 0.021 0.010 
0.436 0.300 0.196 0.121 0.071 
0.738 0.601 0.463 0.337 0.232 
0.914 0.834 0.730 0.609 0.483 
0.980 0.951 0.901 0.828 0.733 
0.997 0.990 0.975 0.946 0.901 


0.107 0.056 0.028 0.013 0.006 
0.376 0.244 0.149 0.086 0.046 
0.678 0.526 0.383 0.262 0.167 
0.879 0.776 0.650 0,514 0.382 
0.967 0.922 0.850 0.751 0,633 
0.994 0,980 0.953 0.905 0,834 


Тегт 
0.176 


0.45 


0.303 


0.166 
0.575 


0.092 
0.391 
0.759 


0.050 
0.256 
0.593 
0.869 


0.028 
0.164 
0.442 
0.745 


0.015 
0.102 
0.316 
0.608 
0.847 


0.008 
0.063 
0.220 
0.477 
0.740 


0.005 
0.039 
0.150 
0.361 
0.621 
0.834 


0.003 
0.023 
0.100 
0.266 
0.504 
0.738 


0.914 


0.5 


0.250 


0.125 
0.500 


0.063 
0.313 
0.688 


0.031 
0.188 
0.500 
0.813 


0.016 
0.109 
0.344 
0.656 


0.008 
0.063 
0.227 
0.500 
0.773 


0.004 
0.035 
0.145 
0.363 
0.637 


0.002 
0.020 
0.090 
0.254 
0.500 
0.746 


0.001 
0.011 
0.055 
0.172 
0.377 
0.623 


0.6 


0.7 


08 09 


0.160 0.090 0.040 0.010 


0.064 
0.352 


0.026 
0.179 
0.525 


0.010 
0.087 
0.317 
0.663 


0.004 
0.041 
0.179 
0.456 


0.002 
0.019 
0.096 
0.290 
0.580 


0.001 


0.027 
0.216 


0.008 
0.084 
0.348 


0.002 
0.031 
0.163 
0.472 


0.001 
0.011 
0.070 
0.256 


0.000 
0.004 
0.029 
0.126 
0.353 


0.000 
0.001 
0.011 
0.058 
0.194 


0.000 
0.000 
0.004 
0.025 
0.099 
0.270 


0.000 
0.000 
0.002 
0.011 
0.047 
0.150 


0.008 0.001 
0.104 0.028 


0.002 0.000 
0.027 0.004 
0.181 0.052 


0.000 0.000 
0.007 0.000 
0.058 0.009 
0.263 0.081 


0.000 0.000 
0.002 0.000 
0.017 0.001 
0.099 0.016 


0.000 0.000 
0.000 0.000 
0.005 0.000 
0.033 0.003 
0.148 0.026 


0.000 0.000 
0.000 0.000 
0.001 0.000 
0.010 0.000 
0.056 0.005 


0.000 0.000 
0.000 0.000 
0.000 0.000 
0.003 0.000 
0.020 0.001 
0.086 0.008 


0.000 0.000 
0.000 0.000 
0.000 0.000 
0.001 0.000 
0.006 0.000 
0.033 0.002 
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Table A.1 (continued) 


х в р Тегт 
4 13 04 0.184 
p 


001 005 01 02 025 03 035 04 045 


0.895 0.569 0.314 0.086 0.042 0.020 0.009 0.004 0.001 
0.995 0.898 0.697 0.322 0.197 0.113 0.061 0.030 0.014 
1.000 0.985 0.910 0.617 0.455 0.313 0.200 0.119 0.065 
1.000 0,998 0.981 0.839 0.713 0.570 0.426 0.296 0.191 
1.000 1.000 0.997 0.950 0.885 0.790 0.668 0.533 0.397 
1.000 1.000 1.000 0.988 0.966 0.922 0.851 0.753 0.633 
1.000 1.000 1.000 0.998 0.992 0.978 0.950 0.901 0.826 


0.886 0.540 0.282 0.069 0.032 0.014 0.006 0.002 0.001 
0.994 0.882 0.659 0.275 0.158 0.085 0.042 0.020 0.008 
1.000 0.980 0.889 0.558 0.391 0.253 0.151 0.083 0.042 
1.000 0.998 0.974 0.795 0.649 0.493 0.347 0.225 0.134 
1.000 1.000 0.996 0.927 0.842 0.724 0.583 0.438 0.304 
1.000 1.000 0.999 0.981 0.946 0.882 0.787 0.665 0.527 
1.000 1.000 1.000 0.996 0.986 0.961 0.915 0.842 0.739 


0.878 0.513 0.254 0.055 0.024 0.010 0.004 0.001 0.000 
0.993 0.865 0.621 0.234 0.127 0.064 0.030 0.013 0.005 
1.000 0.975 0.866 0.502 0.333 0.202 0.113 0.058 0.027 
1.000 0.997 0.966 0.747 0.584 0.421 0.278 0.169 0.093 
1.000 1.000 0.994 0.901 0.794 0.654 0.501 0.353 0.228 
1.000 1.000 0.999 0.970 0.920 0.835 0.716 0.574 0.427 
1.000 1.000 1.000 0.993 0.976 0.938 0.871 0.771 0.644 
1.000 1.000 1.000 0.999 0.994 0.982 0.954 0.902 0.821 


0.869 0.488 0.229 0.044 0.018 0.007 0.002 0.001 0.000 
0.992 0.847 0.585 0.198 0.101 0.047 0.021 0.008 0.003 
1.000 0.970 0.842 0.448 0.281 0.161 0.084 0.040 0.017 
1.000 0.996 0.956 0.698 0.521 0.355 0.220 0.124 0.063 
1.000 1.000 0.991 0.870 0.742 0.584 0.423 0.279 0.167 
1.000 1.000 0.999 0.956 0.888 0.781 0.641 0.486 0.337 
1.000 1.000 1.000 0.988 0.962 0.907 0.816 0.692 0.546 
1.000 1.000 1.000 0.998 0.990 0.969 0.925 0.850 0.741 


0.860 0.463 0.206 0.035 0.013 0.005 0.002 0.000 0.000 
0.990 0.829 0.549 0.167 0.080 0.035 0.014 0.005 0.002 
1.000 0.964 0.816 0.398 0.236 0.127 0.062 0.027 0.011 
1.000 0.995 0.944 0.648 0.461 0.297 0.173 0.091 0.042 
1.000 0.999 0.987 0.836 0.686 0.515 0.352 0.217 0.120 
1.000 1.000 0.998 0.939 0.852 0.722 0.564 0.403 0.261 
1.000 1.000 1.000 0.982 0.943 0.869 0.755 0.610 0.452 
1.000 1.000 1.000 0.996 0.983 0.950 0.887 0.787 0.654 
1.000 1.000 1.000 0.999 0.996 0.985 0.958 0.905 0.818 


© члмьььые YANA WwWN ES JANA WNES OU ьш ID D Un dU Im ж 


Cumulative 


0.353 


0.5 


0.000 
0.006 
0.033 
0.113 
0.274 
0.500 
0.726 


0.000 
0.003 
0.019 
0.073 


0.6 


0.7 


0.01 


з 
ЕЗ 


0.851 
0.989 
0.999 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 


0.843 
0.988 
0.999 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 


0.835 
0.986 
0.999 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 


0.826 
0.985 
0.999 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 


16 


17 


18 


ЕКсхасльоәм-с ю O0 а с Un ь чш мю ыо ооо чле Un d ш T9 н Ф e 54 өл оу и Че те а чш 


0.05 


0.440 
0.811 
0.957 
0.993 
0.999 
1.000 
1.000 
1.000 
1.000 


0.418 
0.792 
0.950 
0.991 
0.999 
1.000 
1.000 
1.000 
1.000 
1.000 


0.397 
0.774 
0.942 
0.989 
0.998 
1.000 
1.000 
1.000 
1.000 
1.000 


0.377 
0.755 
0.933 
0.987 
0.998 
1.000 
1.000 
1.000 
1.000 
1.000 
1.000 


0.1 


0.185 
0.515 
0.789 
0.932 
0.983 
0.997 
0.999 
1.000 
1.000 


0.167 
0.482 
0.762 
0.917 
0.978 
0.995 
0.999 
1.000 
1.000 
1.000 


0.150 
0.450 
0.734 
0.902 
0.972 
0.994 
0.999 
1.000 
1.000 
1.000 


0.135 
0.420 
0.705 
0.885 
0.965 
0.991 
0.998 
1.000 
1.000 
1,000 
1,000 


0.2 


0.028 
0.141 
0.352 
0.598 
0.798 
0.918 
0.973 
0.993 
0.999 


0.023 
0.118 
0.310 
0.549 
0.758 
0.894 
0.962 
0.989 
0.997 
1.000 


0.018 
0.099 
0.271 
0.501 
0.716 
0.867 
0.949 
0.984 
0.996 
0.999 


0.014 
0.083 
0.237 
0.455 
0.673 
0.837 
0.932 
0.977 
0.993 
0.998 
1,000 
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Table A.1 (continued) 


0.25 


0.010 
0.063 
0.197 
0.405 
0.630 
0.810 
0.920 
0.973 
0.993 


0.008 
0.050 
0.164 
0.353 
0.574 
0.765 
0.893 
0.960 
0.988 
0.997 


0.006 
0.039 
0.135 
0.306 
0.519 
0.717 
0.861 
0.943 
0.981 
0.995 


0.004 
0.031 
0.111 
0.263 
0.465 
0.668 
0.825 
0.923 
0.971 
0.991 
0.998 


x 
3 


0.3 


0.003 
0.026 
0.099 
0.246 
0.450 
0.660 
0.825 
0.926 
0.974 


0.002 
0.019 
0.077 
0.202 
0.389 
0.597 
0.775 
0.895 
0.960 
0.987 


0.002 
0.014 
0.060 
0.165 
0.333 
0.534 
0.722 
0.859 
0.940 
0.979 


0.001 
0.010 
0.046 
0.133 
0.282 
0.474 
0.666 
0.818 
0.916 
0.967 
0,989 


п 
17 


р 


0.35 


0.001 
0.010 
0.045 
0.134 
0.289 
0.490 
0.688 
0.841 
0.933 


0.001 
0.007 
0.033 
0.103 
0.235 
0.420 
0.619 
0.787 
0.901 
0.962 


0.000 
0.005 
0.024 
0.078 
0.189 
0.355 
0.549 
0.728 
0.861 
0.940 


0.000 
0.003 
0.017 
0.059 
0.150 
0.297 
0.481 
0.666 
0.815 
0.913 
0.965 


р 
0.2 


0.4 


0.000 
0.003 
0.018 
0.065 
0.167 
0.329 
0.527 
0.716 
0.858 


0.000 
0.002 
0.012 
0.046 
0.126 
0.264 
0.448 
0.641 
0.801 
0.908 


0.000 
0.001 
0.008 
0.033 
0.094 
0.209 
0.374 
0.563 
0.737 
0.865 


0.000 
0.001 
0.005 
0.023 
0.070 
0.163 
0.308 
0.488 
0.667 
0.814 
0.912 


Term 
0.239 


0.45 


0.000 
0.001 
0.007 
0.028 
0.085 
0.198 
0.366 
0.563 
0.744 


0.000 
0.001 
0.004 
0.018 
0.060 
0.147 
0.290 
0.474 
0.663 
0.817 


0.000 
0.000 
0.003 
0.012 
0.041 
0.108 
0.226 
0.391 
0.578 
0.747 


0.000 
0.000 
0.002 
0.008 
0.028 
0.078 
0.173 
0.317 
0.494 
0.671 
0.816 


Cumulative 


0.549 


0.5 


0.000 
0.000 
0.002 
0.011 
0.038 
0.105 
0.227 
0.402 
0.598 


0.000 
0.000 
0.001 
0.006 
0.025 
0.072 
0.166 
0.315 
0.500 
0.685 


0.000 
0.000 
0.001 
0.004 
0.015 
0.048 
0.119 
0.240 
0.407 
0.593 


0.000 
0.000 
0.000 
0.002 
0.010 
0.032 
0.084 
0.180 
0.324 
0.500 
0.676 


0.6 


0.000 
0.000 
0.000 
0.001 
0.005 
0.019 
0.058 
0.142 
0.284 


0.000 
0.000 
0.000 
0.000 
0.003 
0.011 
0.035 
0.092 
0.199 
0.359 


0.000 
0.000 
0.000 
0.000 
0.001 
0.006 
0.020 
0.058 
0.135 
0.263 


0.000 
0.000 
0.000 
0.000 
0.001 
0.003 
0.012 
0.035 
0.088 
0.186 
0.333 


0.007 
0.026 
0.074 
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Table A.1 (continued) 


B. р Term 


ШЕсеаслкозае-с- ББ оооло ль ыы о ЕБоххзчалиьььне 
e 
хеј 
= 
о 
с 
Е 
о 
oo 
CA 
N 
о 
--1 
5. 
© 
Cn 
P 
e 
R 
an 


p * probability of success, 


À 


0 


0.01 0.9900 
0.05 0.9512 


0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1 

1.1 
1.2 
1.3 


3.6 


О Aa- 


0.9048 
0.8187 
0.7408 
0.6703 
0.6065 
0.5488 
0.4966 
0.4493 
0.4066 
0.3679 
0.3329 
0.3012 
0.2725 
0.2466 
0.2231 
0.2019 
0.1827 
0.1653 
0.1496 
0.1353 
0.1108 
0.0907 
0.0743 
0.0608 
0.0498 
0.0408 
0.0334 
0.0273 
0.0224 
0.0183 
0.0150 
0.0123 
0.0101 
0.0082 


1 
0.9988 
0.9953 
0.9825 
0.9631 
0.9384 
0.9098 
0.8781 
0.8442 
0.8088 
0.7725 
0.7358 
0.6990 
0.6626 
0.6268 
0.5918 
0.5578 
0.5249 
0.4932 
0.4628 
0.4337 
0.4060 
0.3546 
0.3084 
0.2674 
0.2311 
0.1991 
0.1712 
0.1468 
0.1257 
0.1074 
0.0916 
0.0780 
0.0663 
0.0563 
0.0477 
0.0404 
0.0342 
0.0289 
0.0244 
0.0206 
0.0174 
0.0146 
0.0123 
0.0103 


] 

| 
0.9998 
0.9989 
0.9964 
0.9921 
0.9856 
0.9769 
0.9659 
0.9526 
0.9371 
0.9197 
0.9004 
0.8795 
0.8571 
0.8335 
0.8088 
0.7834 
0.7572 
0.7306 
0.7037 
0.6767 
0.6227 
0.5697 
0.5184 
0.4695 
0.4232 
0.3799 
0.3397 
0.3027 
0.2689 
0.2381 
0.2102 
0.1851 
0.1626 
0.1425 
0.1247 
0.1088 
0.0948 
0.0824 
0.0715 
0.0620 
0.0536 
0.0463 
0,0400 


Table A.2. Cumulative Poisson distribution 


1 

1 

0.9999 
0.9997 
0.9992 
0.9982 
0.9966 
0.9942 
0.9909 
0.9865 
0.9810 
0.9743 
0.9662 
0.9569 
0.9463 
0.9344 
0.9212 
0.9068 
0.8913 
0.8747 
0.8571 
0.8194 
0.7787 
0.7360 
0.6919 
0.6472 
0.6025 
0.5584 
0.5152 
0.4735 
0.4335 
0.3954 
0.3594 
0.3257 
0.2942 
0.2650 
0.2381 
0.2133 
0.1906 
0.1700 
0.1512 
0.1342 
0.1189 
0.1052 


] 
1 
| 
1 


| 

0.9999 
0.9998 
0.9996 
0.9992 
0.9986 
0.9977 
0.9963 
0.9946 
0.9923 
0.9893 
0.9857 
0.9814 
0.9763 
0.9704 
0.9636 
0.9559 
0.9473 
0.9275 
0.9041 
0.8774 
0.8477 
0.8153 
0.7806 
0.7442 
0.7064 
0.6678 
0.6288 
0.5898 
0.5512 
0.5132 
0.4763 
0.4405 
0.4061 
0.3733 
0.3422 
0.3127 
0.2851 
0.2592 
0.2351 
0.2127 


x 


ee se se se se RÀ ыз = 


А 
1.5 


— -і к кь Бы ыл ыы А 


T 


м - = 
кі кі ке к ым ыы RÀ мш ыл ым м ыыы ы мама 


Term 
0.1255 


—À 


0.9999 
0.9999 
0.9998 
0.9998 
0.9995 
0.9991 
0.9985 
0.9976 
0.9962 
0.9943 
0.9917 
0.9883 
0.9840 
0.9786 
0.9721 
0.9642 
0.9549 
0.9442 
0.9319 
0.9181 
0.9027 
0.8857 
0.8672 
0.8472 
0.8259 
0.8033 
0.7796 


Cumulative 
0.9344 
9 10 11 


кі — к к м > MÀ RÀ RÀ камаз ыз RÀ ыш ыш ыш ыз ыз ыш мыл мә 


кез 


кі кі M һа һа ка SO на кана ыз ыз з ыз ыз ыы ыш мыл ыш 


1 

0.9999 
0.9998 
0.9997 0.9999 
0.9995 0.9999 
0.9992 0.9998 
0.9987 0.9996 
0.9981 0.9994 
0.9972 0.9991 
0.9959 0.9986 
0.9943 0.9980 
0.9922 0.9971 
0.9896 0.9960 
0.9863 0.9945 
0.9823 0.9927 
0.9775 0.9904 
0.9718 0.9875 
0.9651 0.9841 
0.9574 0.9799 
0.9486 0.9750 
0.9386 0.9693 
0.9274 0.9627 


кі кі -і кі > һа ым шз ыы ыз ым ка юз з ыз ыш как н 


— 


(continued) 


Table A.2 (continued) 


Term | Cumulative 


0.0037 0.9974 


22 


21 


18 


17 


16 


14 


— 


ыыы -- E E 0 1 1 0 0 00 ыыы 


— -- -- -- -- -- E E 00 0 E 0 0 ыы ыыы 


v e e e e o o o ee e oee ae з Áo Áo eÀ Áo е st = 


0.01 


— = 


ч сч сч сч “іі ы-і LI LI) LM L1 71 1 = = 


m e E NE NE EE E E E SM S 20 0 0 1 M -- -- -- 2 2 


ыыы ы-і ы-і ы-і ы-і ы-і ы-і ы-і ы-і RS - 707 01 1 1 2 2 M 


| 


LEE E EE EE E E E em 0 0 220 0 2 2 1 1 21 = 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
0,9999 


9 


1 
1 
0.9993 0.9997 0,9999 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
0.9949 0.9980 0.9993 0.9998 0.9999 | 


0.9990 0.9996 0,9999 


0.9920 0.9966 0.9986 (0,9995 0,9998 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 


1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 
0.9912 0.9964 0.9986 0.9995 0.9998 0,999 


0.9887 0.9952 0,998] 
64 0.9857 0,9937 0.9974 


66 0.9821 


0.9932 0.9973 0.9990 0.9996 0.9999 1 


0.9980 0.9993 0.9998 0.9999 | 


0.9997 0.9999 1 
e 0.9996 0.9999 1 


qué qd qe тата qi од qo о үзі ы од ой йү гә) тә) үч үзі үй үні үзі үші үші үші == 


$222223522.332323532.3333.3 


A = mean; x = number of events. 


54 0.9962 0.9986 0.9995 0.9998 0.9999 


44 0.9993 0.9998 0.9999 1 
46 0.9990 0.9997 0.9999 1 
48 09986 0.9995 0.9999 1 
52 0.9972 0.9990 0.9997 0.9999 | 


XE 
2; 


36 0.9999 1 
о 0.9998 1 


Table A.3. Cumulative standard normal distribution 


Ф(2) 0 г 
z 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01 0 
-3.9 0.0000 0.0000 00000 00000 0.0000 00000 0.0000 0.0000 0.0000 00000 
-38 0.0001 0.0001 0.0001 0.0001 00001 0.0001 00001 0.0001 0.0001 0.0001 
-27 0.0001 0.0001 0.0001 0.0001 00001 00001 0.0001 0000 0.0001 0.0001 
-3.6 0.0001 0.0001 0.0001 0.0001 00001 0.0001 00001 00001 0.0002 0.0002 
-3.5 0.0002 00002 0.0002 0.0002 0.0002 0.0002 0.0002 0.0002 00002 0.0002 
—3.4 0.0002 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003 
-3.3 0.0003 0.0004 0.0004 0.0004 0.0004 0.0004 0.0004 0.0005 0.0005 0.0005 
-3.2 0.0005 0.0005 0.0005 0.0006 0.0006 0.0006 0.0006 0.0006 0.0007 0.0007 
-21 0.0007 0.0007 0.0008 0.0008 0.0008 0.0008 0.0009 0.0009 0.0009 0.0010 
-3 0.0010 0.0010 0.0011 0.0011 00011 0.0012 00012 00013 0.0013 0.0013 
-29 0.0014 0.0014 0.0015 0.0015 0.0016 0.0016 0.0017 0.0018 0.0018 0.0019 
-28 0.0019 0.0020 0.0021 0.0021 0.0022 0.0023 0.0023 0.0024 0.0025 0.0026 
-27 0.0026 0.0027 0.0028 0.0029 0.0030 0.0031 0.0032 0.0033 0.0034 0.0035 
—2.6 00036 0.0037 0.0038 0.0039 0.0040 0.0041 0.0043 0.0044 0.0045 0.0047 
—2.5 00048 0.0049 0.0051 0.0052 0.0054 0.0055 0.0057 0.0059 0.0060 0.0062 
—2.4 00064 0.0066 0.0068 0.0069 0.0071 0.0073 0.0075 0.0078 0.0080 0.0082 
-2.3 00084 00087 0.0089 0.0091 0.0094 0.0096 0.0099 0.0102 0.0104 0.0107 
—22 00110 00113 0.0116 0.0119 0.0122 0.0125 0.0129 0.0132 0.0136 0.0139 
-21 00143 0.0146 0.0150 0.0154 0.0158 0.0162 0.0166 0.0170 0.0174 0.0179 
_2 00183 0.0188 0.0192 0.0197 0.0202 0.0207 00212 0.0217 0.0222 0.0228 
—19 00233 0.0239 0.0244 0.0250 0.0256 0.0262 0.0268 0.0274 0.0281 0.0287 
—18 0.0294 0.0301 0.0307 0.0314 0.0322 0.0329 0.0336 0.0344 0.0351 0.0359 
217 00367 0.0375 0.0384 0.0392 0.0401 0.0409 0.0418 0.0427 0.0436 0.0446 
216 00455 0.0465 0.0475 0.0485 0.0495 0.0505 0.0516 0.0526 0.0537 0.0548 
215 00559 0.0571 0.0582 0.0594 0.0606 0.0618 0.0630 0.0643 0.0655 0.0668 
14 00681 0.0694 0.0708 0.0721 0.0735 0.0749 0.0764 0.0778 0.0793 0.0808 
213 00823 0.0838 0.0853 0.0869 0.0885 0.0901 0.0918 0.0934 0.0951 0.0968 
—12 00985 01003 01020 0.1038 0.1056 0.1075 0.1093 0.1112 0.1131 0.1151 
211 01170 01190 01210 0.1230 01251 0.1271 0.1292 0.1314 0.1335 0.1357 
-1 01379 01401 01423 0.1446 0.1469 0.1492 0.1515 0.1539 0.1562 0.1587 
99 01611 01635 0.1660 0.1685 0.1711 0.1736 0.1762 0.1788 0.1814 0.1841 
-08 01867 0.1894 0.1922 0.1949 0.1977 0.2005 0.2033 0.2061 0.2090 0.2119 
-07 02148 02177 02206 0.2236 0.2266 0.2296 0.2327 0.2358 0.2389 0.2420 
-06 02451 02483 0.2514 0.2546 0.2578 0.2611 0.2643 0.2676 0.2709 0.2743 
-08 02776 02810 02843 02877 0.2912 0.2946 0.2981 0.3015 0.3050 0.3085 
=04 03121 0.3156 0.3192 0.3228 0.3264 0.3300 03336 0.3372 0.3409 0.3446 
-03 03483 03520 0.3557 0.3594 0.3632 0.3669 0.3707 0.3745 0.3783 0.3821 
-02 03859 03897 0.3936 0.3974 0.4013 0.4052 0.4090 0.4129 0.4168 0.4207 
-01 04247 0.4286 0.4325 0.4364 0.4404 0.4443 0.4483 0.4522 0.4562 0.4602 
2 Areatoleft ^ (See sheet2 for z > 0) (continued) 
-2 0.02275 


Table A.3 (continued) 
D(z) 
2 0 0.01 0.02 0.03 0.04 0.05 


0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 
0.4 0.6554 06591 0.6628 0.6664 0.6700 0.6736 


0.5 0.6915 0.6950 0.6985 0.7019 0.7054 0.7088 
0.6 0.7257 0.7291 0.7324 0.7357 0.7389 0.7422 
0.7 0.7580 0.7611 0.7642 0.7673 0.7704 0.7734 
0.8 07881 0.7910 0.7939 0.7967 0.7995 0.8023 
0.9 08159 0.8186 0.8212 0.8238 0.8264 0.8289 


0.8413 0.8438 0.8461 0.8485 0.8508 0.8531 
0.8643 0.8665 0.8686 0.8708 0.8729 0.8749 
0.8849 0.8869 0.8888 0.8907 0.8925 0.8944 
0.9032 0.9049 0.9066 0.9082 0.9099 0.9115 
0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 


1 

11 

1.2 

1.3 

1.4 

15 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 
16 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 
18 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 
L9 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 
2 


0.9772 0.9778 0.9783 0.9788 0.9793 0.9798 
21 0.9821 0.9826 0.9830 0.9834 0.9838 0.9842 
0.9861 0.9864 0.9868 0.9871 0.9875 0.9878 
0.9893 0.9896 0.9898 0.9901 0.9904 0.9906 
0.9918 0.9920 0.9922 0.9925 0.9927 0.9929 


2.2 

2.3 

2.4 

25 0.9938 0.9940 0.9941 0.9943 0.9945 0.9946 
2.6 0.9953 0.9955 0.9956 0.9957 0.9959 0.9960 
27 0.9965 0.9966 0.9967 0.9968 0.9969 0.9970 
28 0.9974 0.9975 0.9976 0.9977 0.9977 0.9978 
2.9 0.9981 0.9982 0.9982 0.9983 0.9984 0.9984 
3 
3.1 


0.9987 09987 09987 0.9988 0.9988 0.9989 
0.9990 0.9991 0.9991 0.9991 0.9992 0.9992 
32 0.9993 0.9993 0.9994 0.9994 0,9994 0.9994 
3.3 0.9995 0.9995 0.9995 09996 0.9996 0.9996 
34 0.9997 0.9997 0.9997 0.9997 0.9997 0.9997 


3.5 0.9998 0.9998 0.9998 0.9998 0.9998 0.9998 
3.6 09998 0.9998 0.9999 0.9999 0.9999 0.9999 
3.7 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 
3.8 09999 0.9999 0,9999 0.9999 09999 0.9999 
39 1.0000 1.0000 1.0000 1.0000 1 0000: 1.0000 


0.06 


0.5239 
0.5636 
0.6026 
0.6406 
0.6772 


0.7123 
0.7454 
0.7764 
0.8051 
0.8315 


0.8554 
0.8770 
0.8962 
0.9131 
0.9279 


0.9406 
0.9515 
0.9608 
0.9686 
0.9750 


0.9803 
0.9846 
0.9881 
0.9909 
0.9931 


0.9948 
0.9961 
0.9971 
0.9979 
0.9985 


0.9989 
0.9992 
0.9994 
0.9996 
0.9997 


0.9998 
0.9999 
0.9999 
0.9999 
1.0000 


0.07 


0.5279 
0.5675 
0.6064 
0.6443 
0.6808 


0.7157 
0.7486 
0.7794 
0.8078 
0.8340 


0.8577 
0.8790 
0.8980 
0.9147 
0.9292 


0.9418 
0.9525 
0.9616 
0.9693 
0.9756 


0.9808 
0.9850 
0.9884 
0.9911 


· 0.9932 


0.9949 
0.9962 
0.9972 
0.9979 
0.9985 


0.9989 
0.9992 
0.9995 
0.9996 
0.9997 


0.9998 
0.9999 
0.9999 
0.9999 
1.0000 


0 


0.08 


0.5319 
0.5714 
0.6103 
0.6480 
0.6844 


0.7190 
0.7517 
0.7823 
0.8106 
0.8365 


0.8599 
0.8810 
0.8997 
0.9162 
0.9306 


0.9429 
0.9535 
0.9625 
0.9699 
0.9761 


0.9812 
0.9854 
0.9887 
0.9913 
0.9934 


0.9951 
0.9963 
0.9973 
0.9980 
0.9986 


0.9990 
0.9993 
0.9995 
0.9996 
0.9997 


0.9998 
0.9999 
0.9999 
0.9999 
1.0000 


—————— LO! LOUP е 


2 Left Тай Area (See sheet for z = 0) 
1.73 0.95818 


ГаЫе А.4. Standard normal inverse 


Rt Area z-value 


0.15 1.0364 "22 
z- Values for given right-tail area 
Rtarea 0 0.0001 0.0002 0.0003 0.0004 


0.0005 0.0006 0.0007 0.0008 0.0009 


0.000 inf 3.7190 3.5401 3.4316 3.3528 32905 32389 31947 31559 31214 
0001 25002 30618 30357 3.0115 29889 29677 2.9478 29290 29112 28943 
0.002 2.8782 2.8627 2.8480 2.8338 28202 28070 27944 2702 27703 27589 
0.003 2.7478 2.7370 2.7266 2.7164 27065 2.6968 2.6874 2.6783 2.6693 26606 
0.004 2.6521 26437 2.6356 2.6276 2.6197 2.6121 2.6045 2.5972 2.5899 25828 


0.005 2.5758 2.5690 2.5622 2.5556 2.5491 2.5427 2.5364 2.5302 2.5241 2.5181 
0.006 2.5121 2.5063 2.5006 2.4949 2.4893 2.4838 24783 2.4730 
0.007 2.4573 2.4522 2441 2.4422 24372 2.4324 24276 2.4228 
0.008 2.4089 2.4044 2.3999 2.3954 23911 2.3867 2.3824 2.3781 2.3739 
0.009 2.3656 2.3615 2.3575 2.3535 2.3495 2.3455 2.3416 2.3378 2.3339 2.3301 


Кі агеа 0 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 0.009 


0.01 2.3263. 22904 1225 22292 2121973 2.1701 21444 2.1201 2.0969 2.0749 
0.02 2.0537 2.0335 2.0141 1.9954 1.9774 1.9600 19431 1.9268 1.9110 1.8957 
0.03 1.8808 18663 1.8522 1.8384 1.8250 1.8119 1.7991 1.7866 1.7744 1.7624 
0.04 1.7507 1.7392 1.7279 1.7169 1.7060 1.6954 1.6849 1.6747 1.6646 1.6546 
0.05 


1.6449 1.6352 1.6258 1.6164 1.6072 1.5982 1.5893 1.5805 1.5718 1.5632 
0.06 1.5548 1.5464 1.5382 1.5301 1.5220 1.5141 1.5063 1.4985 1.4909 1.4833 
0.07 1.4758 1.4684 1.4611 1.4538 1.4466 1.4395 1.4325 1.4255 1.4187 1.4118 
0.08 1.4051 1.3984 1.3917 1.3852 1.3787 1.3722 1.3658 1.3595 13532 13467 
0.09 1.3408 1.3346 1.3285 1.3225 1.3165 1.3106 1.3047 1.2988 1.2930 1.2873 


0.10 12816 1.2759 1.2702 1.2646 1.2591 1.2536 1.2481 12426 12372 12319 
0.11 1.2265 1.2212 1.2160 1.2107 1.2055 1.2004 1.1952 1.1901 1.1850 1.1800 
0.12 1.1750 1.1700 1.1650 1.1601 1.1552 1.1503 11455 11407 1159 ШИ 
0.13 1.1264 11217 1.1170 11123 11077 11031 1.0985 1.0939 1.0893 1.0848 
0.14 1.0803 1.0758 1.0714 1.0669 1.0625 1.0581 1.0537 1.0494 1.0450 1.0407 


0,15 10364 1092 1.0279 10237 1.0194 1.0152 1010 1.0069 1.0027 hien 
0.16 0.9945 09904 0.9863 09822 0.9782 0.9741 0.9701 0.9661 ios ee 
0.17 09542 09502 0.9463 0.9424 0.9385 0.9346 0.9307 0.9269 о or 
0.18 09154 09116 0.9078 09040 09002 0.8965 08927 0.8890 de de 
0.19 08779 08742 0.8705 0.8669 0.8633 0.8596 0.8560 0.8524 9. 


0.20 08416 08381 0.8345 0.8310 0.8274 0.8239 0.8204 0.8169 нео iai 
0.21 08064 08030 0.7995 07961 0.7926 0.7892 0.7858 a: "s н 
0.22 07722 07688 0.7655 0.7621 0.7588 0.7554 0.7521 ops Nes рез» 
0.23 0.7388 07356 0.7323 0.7290 0.7257 0.7225 0.7192 vis ‹ ea Gunes 
0.24 0.7063 07031 06999 06967 0.6935 0.6903 0.6871 0.6 
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Table A.4 (continued) 


0.003 


0.6651 
0.6341 
0.6038 
0.5740 
0.5446 


0.5158 
0.4874 
0.4593 
0.4316 
0.4043 


0.3772 
0.3505 
0.3239 
0.2976 
0.2715 


0.2456 
0.2198 
0.1942 
0.1687 
0.1434 


0.1181 
0.0929 
0.0677 
0.0426 
0.0175 


z- Values for given right-tail area 


L Area  z-Value 
0.451 0.1231 
0.004 0.005 
0.6620 0.6588 
0.6311 0.6280 
0.6008 0.5978 
0.5710 0.5681 
0.5417 0.5388 
0.5129 0.5101 
0.4845 0.4817 
0.4565 0.4538 
0.4289 0.4261 
0.4016 0.3989 
0.3745 0.3719 
0.3478 0.3451 
0.3213 0.3186 
0.2950 0.2924 
0.2689 0.2663 
0.2430 0.2404 
0.2173 0.2147 
0.1917 0.1891 
0.1662 0.1637 
0.1408 0.1383 
0.1156 0.1130 
0.0904 0.0878 
0.0652 0.0627 
0.0401 0.0376 
0.0150 0.0125 


df 


“кә M 


ет & 
м >: 
О 


0.995 


0.000 
0.010 
0.072 
0.207 
0.412 


0.676 
0,989 
1.344 
1.73: 
213 


0.99 


0.000 
0.020 
0.115 
0.297 
0.554 


0.872 
1.239 
1.646 
2.088 
2.558 


3.053 
Эм l 
4.107 
4.660 
5.229 


5.812 
6.408 
7.015 
7.633 
8.260 


8.897 
9.542 
10.196 
10.856 
11.524 


12.198 
12.879 
13.565 
14.256 
14.953 


18.509 
22.164 
25.901 
29.707 
33,570 


37.485 
45.442 
53.540 
61.754 
70.065 


Table A.5. Chi-square distribution 


0.975 


0.001 
0.051 
0.216 
0.484 
0.831 


1.237 
1.690 
2.180 
2.700 
3.247 


3.816 
4.404 
5.009 
5.629 
6.262 


6.908 
7.564 
8.231 
8.907 
9.59] 


10.283 
10.982 
11.689 
12.401 
13.120 


13.844 
14.573 
15.308 
16.047 
16.791 


20.569 
24.433 
28.366 
32.357 
36.398 


40.482 
48.758 
87,153 
65,647 
74,222 


@ = 12 


Rt Area у? 


0.1 
0.406 


18.549 
12.5 


x^ Values for given right-tail area 


0.95 


0.004 
0.103 
0.352 
0.711 
1.145 


1,635 
2.167 
2.733 
3.325 
3.940 


4.575 
5.226 
5.892 
6.571 
7.261 


7.962 
8.672 
9.390 
10.117 
10.851 


11.591 
12.338 
13.091 
13.848 
14.611 


15.379 
16.151 
16.928 
17.708 
18.493 


22.465 
26.509 
30.612 
34.764 
38.958 


43.188 
51,739 
60,391 
69,126 
77,929 


0.9 


0.016 
0.211 
0.584 
1.064 
1.610 


2.204 
2.833 
3.490 
4.168 
4.865 


5.578 
6.304 
7.042 
7.790 
8.547 


9.312 
10.085 
10.865 
11.651 
12.443 


13.240 
14.041 
14.848 
15.659 
16.473 


1/.292 
18.114 
18.939 
19.768 
20.599 


24.797 
29.051 
33.350 
37.689 
42.060 


46.459 
55.329 
64.278 
73.291 
82,358 


01 


2.706 
4.605 
6.25] 
7.719 
9.236 


10.645 
12.017 
13.362 
14.684 
15.987 


17.279 
18.549 
19.812 
21.064 
22.307 


23.542 
24.769 
25.989 
27.204 
28.412 


29.615 
30.813 
32.007 
33.196 
34.382 


35.563 
36.741 
37.916 
39.087 
40.256 


46.059 
51.805 
57.505 
63.167 
68.796 


74.397 
85.527 
96.578 
107.565 
118.498 


0.05 


3.841 
5.991 
7.815 
9.488 
11.070 


12.592 
14.067 
15.507 
16.919 
18.307 


19.675 
21.026 
22.362 
23.685 
24.996 


26.296 
27.587 
28.869 
30.144 
31.410 


32.671 
33.924 
33.172 
36.415 
37.652 


38.885 
40.113 
41.337 
42.557 
43.773 


49.802 
55.758 
61.656 
67.505 
73.311 


79.082 
90.531 
101.879 
113.145 
124.342 


0.025 


5.024 
7.378 
9.348 
11.143 
12.833 


14.449 
16.013 
17,299 
19.023 
20.483 


21.920 
23.337 
24.736 
26.119 
27.488 


28,845 
30.191 
31.526 
32.852 
34.170 


35.479 
36.781 
38.076 
39.364 
40.646 


41.923 
43.195 
44.461 
45.722 
46.979 


53.203 
59.342 
65.410 
71.420 
77.380 


83.298 
95.023 
106.629 


0.01 


6.635 
9.210 
11.345 
13.277 
15.086 


16.812 
18.475 
20.090 
21.666 
23.209 


24.725 
26.217 
27.688 
29.141 
30.578 


32.000 
33.409 
34.805 
36.191 
37.566 


38.932 
40.289 
41.638 
42.980 
44.314 


45.642 
46.963 
48.278 
49.588 
50.892 


57.342 
63.691 
69.957 
76.154 
82.292 


88.379 
100.425 


2 
с 


toca 


0.005 


7.879 
10.597 
12.838 
14,860 
16.750 


18.548 
20.278 
21.955 
23.589 
25.188 


26.757 
28.300 
29.819 
31.319 
32.801 


34.267 
35.718 
37.156 
38.582 
39.997 


41.401 
42.796 
44.181 
45.559 
46.928 


48.290 
49.645 
50.993 
52.336 
53.672 


60.275 
66.766 
73.166 
79.490 
85.749 


91.952 


0.001 


10.828 
13.816 
16.266 
18.467 
20.515 


22.458 
24.322 
26.124 
27.877 
29.588 


31.264 
32.909 
34.528 
36.123 
37.697 


39.252 
40.790 
42.312 
43.820 
45.315 


46.797 
48.268 
49.728 
51.179 
52.620 


54.052 
55.476 
56.892 
58.301 
59.703 


66.619 
73.402 
80.077 
86.661 
93.168 


99.607 


104.215 112.317 
112.329 116.321 124.839 
118.136 124.116 128.299 137.208 
129.561 135.807 140.169 149.449 


E 


еракакть BURNER ВЕН УСЕЗЕ СЕСЕС Sosua navne 


0.7265 
0.6172 
0.5844 
0.5686 
0.5594 


0.5534 
0.5491 
0.5459 
0.5435 
0.5415 


0.5399 
0.5386 
0.5375 
0.5366 
0.5357 


0.5350 
0.5344 
0.5338 
0.5333 
0.5329 


0.5325 
0.5321 
0.5317 
0.5314 
0.5312 


0.5309 
0.5306 
0.5304 
0.5302 
0.5300 


0.5286 
0.5278 
0.5272 
0.5268 
0.5265 
0.5263 
0.526] 
0.5244 


0.6745 


Table A.6. Student's t-distribution 


м — Ó 


df — 12 
Rt Area t 
0.1 13562 
0.1685 | 
t-Values for given right-tail area 

02 01 005 0.025 001 0.005 бш 
13764 30777 6.3138 12.7062 31.8205 63.6567 318.3088 
10607 18856 29200 4.3027 6.9646 9.9248 22271 
0.9785 16377 23524 31824 4.5407 5.8400 102145 
0.9410 1.53322 2138 27764 3.469 46041 717% 
0.9195 14759 2.0150 2.5706 3.3649 4.0321 5.8934 
0.9057 1.4398 1.9432 2.44669 314277 3.7074 52076 
0.8960 14149 1.8946 2.3646 2.9980 3.4995 47853 
0.8889 1.3968 1.8595 2.3060 2.8965 3.3554 14.5008 
0.8834 1.3830 1.8331 2.2622 2.8214 3.2498 42968 
0.8791 1.3722 1.8125 22281 2.7638 3.1693 4.1437 
0,8755 1.3634 1.7959 2.2010 2.7181 3.1058 4047 
0.8726 1.3562 1.7823 2.1788 2.6810 3.0545 3.9296 
0.8702 1.3502 1.7709 21604 2.6500 3.0123 3.8520 
0.8681 1.3450 1.7613 21448 2.6245 2.9768 3.7874 
0.8662 1.3406 1.7531 2.1314 2.6025 2.9467 3.7328 
0.8647 1.3368 1.7459 2.1199 2.5835 2.9208 3.6862 
0.8633 1.3334 1.7396 2.1098 2.5660 2.8982 3.6458 
0.8620 1.3304 1.7341 2.1009 2.5524 2.8784 3.6105 
0.8610 1.3277 1.7291 2.0930 2.5395 2.8609 3.5794 
0.8600 1.3253 1.7247 2.0860 2.5280 2.8453 3.5518 
0.8591 1.3232 1.7207 2.0796 2.5176 2.8314 3.5272 
0.8583 1.3212 1.7171 2.0739 2.5083 2.8188 3.5050 
0.8575 1.3195 1.7139 2.0687 2.4999 2.8073 34850 
0.8560 1.3178 1.7109 2.0639 24922 2.7969 3.4668 
0.8562 1.3163 1.7081 2.0595 2.4851 2.7874 3.4502 
0.8557 1.3150 1.7056 2.0555 2.4786 27787 3.4350 
0.8551 1.3137 1.7033 2058 24727 27707 34210 
0.8546 1.3125 17011 2.0484 2.4671 2.7633 34082 
0.8542 1.3114 1.6991 2.04522 2460 2.75664 33%: 
0.8538 1.3104 1.6973 2.0423 24573 2.7500 3.3852 
0.8507 1.3031 1.6839 2021 24233 27045 3.3069 
0.8489 1.2987 1.6759 2.0086 2.4033 2.6778 3.2614 
0.8477 1.2958 1.6706 2.0003 2,3901 2.6603 12317 
0.8468 — 1.2038 1.6669 1.9944 2.3808 2.6479 3.2108 
0.8461 1292 1.6641 1990] 299 2.6387 5,95 
0.8456 12910 1.6620 — 19867 23685  26M6 М8У 
0.8452 1291 1.6602 1.9840 2.3642 2.6259 М0” 
0.8416 12816 16449 1,9600 2.2960 2,9788 09 


а= о БЕ 


БЕ етв» вече 


39.86 
853 
5.54 
4.54 
4.06 


3.78 
3.59 
3.46 
3.36 
3.29 


333 
3.18 
3.14 
3.10 
3.07 


3.05 
3.03 
3.01 
2.99 
2.97 


2.92 
2.88 
2.84 
2.79 
2.7] 


2.76 
2.75 


ап 
df2 


Table A.7. F-Distribution 


Appendix 


2 Rt Area 


3 


0.1 
0.0894 


F 


5.4624 


6 


F for right-tail area = 0.1 


6 


Numerator df1 


7 


58.20 58.91 59.44 


9.33 
5.28 
4.01 
3.40 


3.05 
2.83 
2.67 
2.55 
2.46 


2:39 
2.33 
2.28 
2.24 
2.21 


2.18 
2.15 
2.13 
2.11 
2.09 


2.02 
1.98 
1.93 
1.87 
1.85 


1.83 
1.82 


9.35 
9.27 
3.98 
337 


3.01 
2.78 
2.62 
2.51 
2.41 


2.34 
2.28 
2.23 
219 
2.16 


213 
2.10 
2.08 
2.06 
2.04 


1.97 
1:93 
1.87 
1.82 
1.79 


1.78 
1.77 


937 
5:25 
3.95 
3.34 


2.98 
2.75 
2.59 
2.47 
2.38 


2.30 
2.24 
2.20 
215 
2.12 


2.09 
2.06 
2.04 
2.02 
2.00 


1,93 
1.88 
1.83 
ET] 
1.75 


1.73 
172 


9 


59.86 60.19 61.35 62.05 62.53 62.83 


9.38 
5.24 
3.94 
3:32 


2.96 
2:72 
2.56 
2.44 
2.35 


2.27 
2.21 
2.16 
212 
2.09 


2.06 
2.03 
2.00 
1.98 
1.96 


1.89 
1.85 
1.79 
1.74 
1.71 


1.69 
1.68 


9.39 
223 
3.92 
3.30 


2.94 
2.70 
2.54 
2.42 
2.32 


2:25 
2.19 
2.14 
2.10 
2.06 


2.03 
2.00 
1.98 
1.96 
1.94 


1.87 
1.82 
1.76 
1.71 
1.68 


1.66 
1.65 


9.43 
5.20 
3.86 
323 


2.86 
2.62 
2.45 
2:33 
223 


2.16 
2.09 
2.04 
2.00 
1.96 


1.93 
1.90 
1.87 
1.85 
1.83 


1.76 
1.71 
1.65 
1.59 
1.56 


1.54 
1.93 


9.45 
5.17 
3.83 
3.19 


2.81 
2.57 
2.40 
2.27 
2.17 


2.10 
2.03 
1.98 
1.93 
1.89 


1.86 
1.83 
1.80 
1.78 
1.76 


1.68 
1.63 
1.57 
1.50 
1.47 


1.45 
1.44 


9.47 
5.16 
3.80 
3.16 


2.78 


1.81 
1.78 
1.75 


1.63 
1.57 
1.51 


1.37 


9.48 
5.15 
3.79 
3.14 


1.75 


1.67 


1.59 
1.53 


1.31 


1.76 


1.67 
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Table A.7 (continued) / Fay. df 


91 2 RtArea F 
df2 3 0.1 5,4624 


0.0894 6 


Жж 
F бог right-tail area = 0.05 a df, df, 


Denom Numerator dfi 


БЕ SERVE ЕЗЕЗЕ GEGEE bovina arvoon B 


ККЕ EE CEN D КЕСЕ б м а 


161.45 199.50 215.71 224.58 230.16 233.99 236.77 238.88 240.54 241.88 246.46 249.26 251.14 252,33 253.94 
18.51 19.00 19.16 19.25 19.30 19.33 19.35 19.37 19.38 19.40 19.43 19.46 19.47 1948 1949 
1013 955 928 912 9.01 894 889 885 8.81 879 869 8.63 859 857 855 

771 6.94 6.59 6.39 626 616 6.09 6.04 6.00 5.96 1584 577 572 5.68 56 
661 579 541 519 505 495 488 482 477 474 460 452 446 443 44 


599 5.14 4.76 4.53 439 428 421 4.15 410 4.06 392 3.83 3.77 374 3n 
559 474 435 412 397 387 379 373 368 364 349 340 334 330 32 
5.32 446 407 3,84 369 358 350 344 3,39 3.35 320 3.11 304 300 29 
212 426 386 363 348 337 329 323 3,18 1314 299 280 283 278 Ж 
496 ВИЛО 571 348 333 322-314. 207580) 42.98. 1283 273 266 (20 ЖИ 


484 398 959 326 320 309 301: 2951-290 2285 270 260 253 248 24 
445 389 349 326 "311 300 2:91 02854 2:80 275 260 1250 243 238 2% 
407 35: “ӘЛІ «318 303 (292 283 17277971 MAT 251 241 254 229 2Ж 
460 334 "7334 311 296 285 (2.76 270::265 260 244 234 227 222 28 
454 “368 829 2306 49:90 © 2,79. ‘2.71 42.64 122.59 7254. 42.88 228 2220 215 2 


4.49 363 324 301 285 274 2.66 2.59 254 249 233 223 215 210 207 
445 359 320 296 281 270 261 2.55 249 245 229 218 210 205 20 
441 355 316 293 277 266 258 2,51: 246 (241 225 214 26 201 1% 
438 352 313 290 274 263 254 248 242 238 221 211 20 19 19 
435 349 310 287 271 260 251 245 239 235 218 207 199 194 14 


424 339 299 276 2.60 249 240 234 228 224 207 196 187 182 17 
417 332 292 269 253 242 233 227 221 216 199 188 179 17 17 
408 323 284 261 245 234 225 218 212 208 190 178 169 16 15 
400 315 276 253 237 225 217 210 204 19 182 169 159 153 1% 
396 311 272 249 233 221 213 206 200 195 177 164 154 147 19 
19 


394 309 270 246 231 219 210 203 197 193 175 162 152 14 : 
| 


392 307 2.68 245 229 218 2.09 202 196 191 173 160 150 14 
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Table A.7 (continued) / Fay. df, 
dfi 2 RtArea F 
: 3 0.1 5.4624 
0.0894 6 
| F for right-tail area = 0.025 Fa. df df 
Denom Numerator df1 | ' геі а ТАУ дм 
| п 12 3 4 S 6 7 8 о ОИ 


647.79 799.50 864.16 899.58 921.85 937.11 948.22 956.66 963.28 968.63 986.92 998.08 1005.60 1010.33 1013.17 
38.51 3900 39.17 39.25 39.30 39.33 39.36 39.37 39.39 39.40 39.44 39.46 39.47 3948 3949 
1744 16.04 15.44 15.10 14.88 14.73 14.62 14.54 1447 14.42 1423 1412 1404 1399 13.96 
1222 1065 998 960 936 920 907 898 890 884 863 850 841 835 832 
10.01 843 776 739 715 698 685 676 668 662 640 627 618 612 6:08 


881 726 6.60 623 599 5482 570 5.60 5.52 546 524 511 501 495 492 
807 6.54 589 552 529 512 499 490 482 476 454 440 431 42 4421 
7157 6.06 542 505 482 465 453 4.43 436 430 408 394 384 378 374 
7.21 571 508 472 448 432 420 410 403 396 3Л4 360 351 344 340 
6.94 546 483 447 424 4.07 3.95 385 3.78 372 350 335 326 349 315 


6.72 526 463 428 404 3.88 3.76 366 3.59 353 330 316 306 300 256 
6.55 510 447 412 389 3.73 361 351 344 337 315 301 291 284 280 
641 497 425 400 3.77 3.60 348 339 331 325 303 2.88 278 271 267 
630 486 424 389 3.66 350 338 329 3211340802909 120980201 орд 
620 477 415 380 358 341 329 320 312 013060284 02600 0120] 0 2 I 


612 469 408 373 350 324 322 312 305 209и 
604 462 401 366 344 328 316 306 298 292 210 255 244 237 33 
598 456 395 361 338 322 310 301 293 287 ЖЕ СР ЕО 
592 451 390 356 323 317 305 2.6 2498 282 259 244 233 226 22 
587 446 386 351 329 3313 301 291 294 27 255 2080-09 I 


569 429 369 335 313 297 285 2.75 268 261 238 223 2D @м 20 
557 418 359 325 303 087 275 265 257 251 225 а а аа 18 
542 405 346 843 290 274 252 253.245 239 245 189 185^ a ЕМ 
529 393 334 301 2.79 263 251 24 233 227 209 187 17 166 16 
522 386 328 295 273 257 245 235 228 221 197 181 16 159 13 


518 383 325 292 270 2.54 242 232 224 218 194 17 164 155 148 
515 380 323 299 267 252 239 230 222 216 192 175 161 152 145 


БЕ gaso Sekis DEGBE Бо. naowh 


жь 


(continued) 


288 
ап 
df2 
Denom 
df2 1 2 3 4 
1 4052.2 4999.5 5403.4 5624.6 
2 985 99.0 992 99.2 
3 34.1 308 295 287 
4 212 180 167 160 
5 163 133 121 11.4 
6 137 109 9,8 9.1 
7 12.2 9.5 8.5 7.8 
8 11,3 8.6 7.6 7.0 
9 10.6 8.0 7.0 6.4 
10 10.0 7.6 6.6 6.0 
11 9.6 72 6.2 579 
12 9.3 6.9 6.0 5,4 
13 9.1 6.7 5.7 52 
14 8.9 6.5 5.6 5.0 
15 8.7 6.4 5.4 4.9 
16 8.5 6.2 5.3 4.8 
17 8.4 6.1 52 4.7 
18 8.3 6.0 5.1 4.6 
19 8.2 5.9 5.0 4.5 
20 8.1 5.8 4.9 4.4 
25 7.8 5.6 4.7 4.2 
M 7.6 5.4 4.5 4.0 
40 73 5.2 4.3 3.8 
60 74 5.0 4,1 2,6 
80 7,0 4.9 4.0 3.6 
100 6.9 4,8 4.0 3.5 
120 6.9 4.8 3.9 3.5 


Appendix 


Table A.7 (continued) 


F 
y ал, df, 


2 Rt Area F 
3 0.1 5.4624 ч 
0.0894 6 | 
n 
F for right-tail area = 0.01 мыд. 
Numerator df1 
5 6 7 8 № 16 25 4 64 1 
5763.6 5859.0 5928.4 5981.1 6022.5 6055.8 6170.1 6239.8 6286.8 6316.3 6334, 
093 993 994 994 994 994 994 995 995 995 %; 
82 279 277 275 273 272 268 266 264 263 28) 
155 152 150 148 147 145 142 139 137 136 136 
110 107 105 103 102 101 97 94 93 92 9 
вт: 385 983 9Л %0 79 75 98 “TI % 
75 72 70 68 67 66 63 61 59 58 58 
66 Чә 55b 260 550 758 755 553 GA O 000 
6.1 55 М5 055 055 GS 49 747 05 WAS EM 
ss 354 Ge мА Wp 48 AS WHR 7% 41 40 
$5 51 49 #47 46 45 42 40 393 28 М 
5.1 as Tuo 5 ми м8 749 968 996 "W 35 
49 46 44 WB we стай GR 736 94 35 % 
ат 45 "Ag 9 00 959 796 чэм 429 22 Ж 
4.6 42 аЛ 40 39 38 3,5 аа ОЭ 230 М 
4.4 42 40 Bo в (097 са "2 "90 29 2 
4.3 41 50 (798 7201 686 722 (ӘМ 29 28 Ж 
4.2 40 488 саў 2656 125 Go 50 #28 31 8 
ao 20 5908 №6 BE 958 "Su эшо 128 27 26 
4.1 49 97 №6 "G5 оза а 508 M 26 25 
jo 46 "US М8 792 isa Me 626 905 24 : 
35 95 7835 902 чап 90 CF 425 23 7722 А 
26 33 21 30 729 юв 005 929 21 20 e 
33 М1 90 25 "NW 95 06 MON 19 18 e 
эз Чо М2 wy М5 125 WA woo ша <i = 
1.6 
а: 40 78 7 "Z 525 Wa 720 18 17 
32 432 "38 90 О 795 302 "ҰО ка “Ы 9 


Denom 
an 
4 
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Table A.7 (continue 


ӘП 2 RtArea Fd 
a 3 oi 9 
0.0894 í 


F for right-tail area = ( 


ry %а4-%- 


vd 4j ey. ? 


16211 19999 21615 22500 23056 23437 23715 23925 
199 199 199 199 199 5 |< 
50 44 

26 22 


18 


15 
12 
1 


о 0 а = (л ь (ә 


10 


17 


Зесуввеуууззз2% 
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АЗ d2 


2.659 1.128 
1.954 1.693 
1.628 2.059 
1.427 2.326 
1.287 2.534 
1182 2.704 
1.099 2.847 
1.032 2.97 
0.975 3.078 
0927 3.173 
0.886 3.258 
0.85 3.336 
0.817 3.407 
0.789 3.472 
0.703 3.532 
0.739 3.588 
0.718 3.64 
0.698 3.689 
0.68 3.735 
0.663 3.778 
0.647 3.819 
0.633 3.858 
0.619 3.895 
0.606 3.931 
0.552 4.086 
0.477 4.322 
0.426 4.498 
0.389 4.639 
0.336 4.854 
0.301 5.015 


X— R Chart 


X-—s Chart 


Target џи, оо 
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Table A.8. Factors for control charts 


R-Chart 


D2 


3.686 
4.358 
4.698 
4.918 
5.079 
5.204 
5.307 
5.394 
5.469 
2535 
5.594 
5.647 
5.696 
5.74 

5.782 
5.82 

5.856 
5.889 
5.921 
5.951 
5.979 
6.006 
6.032 
6.056 
6.164 
6.329 
6.455 
6.555 
6.712 
6.831 


D3 


ее 


© 


0.076 
0.136 
0.184 
0.223 
0.256 
0.283 
0.307 
0.328 
0.347 
0.363 
0.378 
0.391 
0.404 
0.415 
0.425 
0.435 
0.443 
0.452 
0.459 
0.491 
0:535 
0.565 
0.587 
0.617 
0.638 


D4 


3.267 
2.575 
2.282 
2.114 
2.004 
1.924 
1.864 
1.816 
E 
1.744 
1,717 
1.693 
1.672 
1.653 
1.637 
1.622 
1.609 
1.596 
1.585 
1:575 
1.565 
1.557 
1.548 
1.541 
1.509 
1.465 
1.435 
1.413 
1.383 
1.362 


d3 


0.853 
0.888 
0.88 

0.864 
0.848 
0.833 
0.82 

0.808 
0.797 
0.787 
0.778 
0.77 

0.763 
0.756 
0.75 

0.744 
0.739 
0.733 
0.729 
0.724 
0.72 

0.716 
0.712 
0.708 
0.693 
0.669 
0.652 
0.639 
0.619 
0.605 


c4 B3 


0.798 0 
0.886 0 
0.921 0 
0.94 0 
0.952 0.03 
0.959 0.118 
0.965 0.185 
0.969 0.239 
0.973 0.284 
0.975 0.321 
0.978 0.354 
0.979 0.382 
0.981 0.406 
0.982 0.428 
0.983 0.448 
0.985 0.466 
0.985 0.482 
0.986 0.497 
0.987 0.51 
0.988 0.523 
0.988 0.534 
0.989 0.545 
0.989 0.555 
0.99 0.565 
0.991 0.604 
0.994 0.659 
0.995 0.696 
0.996 0.723 
0.997 0.761 
0.997 0.787 


CLat Y UCLy- Х+ АЕ ІСІр-Х- A;R 
CLat R UCLr= DAR LCLg = DAR 


CLatY UCLy- Х+ As LCLy- F- Аз? 


CL at 7 


: X—Char 


R—Chart 


s—Chart 


t ОС» = цо + Ао\ 
CL at фо 


CL at C401) 


ІСІ; 


UCLR = D200 


UCL, 


= ДХ 


LCL y = цо — А400 


= 400 


LCLg = Di 
LCL, = 8500 


ТЕРЕЗЕ еесіеб 
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Table А.9. Tolerance intervals: Sheet]. Factor k, for one-sided tolerance limits 


g 0.95 
0.99 

0.9 0.95 0.99 nip » 0.95 0.99 
6.155 7.656 10.553 3 13.995 17.370 23.896 
4.162 5.144 7.042 4 7.380 9.083 12.387 
л AS 5741 5 5.362 6.578 8.939 
3.006 3.708 5.062 6 4411 5.406 7.335 
2.755 3.399 4.642 7 3.859 4.728 6.412 
2.582 3.187 4.354 8 3.497 4.285 5.812 
2.454 3.031 4.143 9 3.240 3.972 5.389 
2.355 2.911 3.981 10 3.048 3.738 5.074 
2.275 2.815 3.852 11 2.898 3.556 4.829 
2.210 2.736 3.747 12 2773 3.410 4.633 
2.155 2.671 3.659 13 2.677 3.290 4.472 
2.109 2.614 3.585 14 2.593 3.189 4.337 
2.068 2.566 3.520 15 2.521 3.102 4.222 
2.033 2.524 3.464 16 2.459 3.028 4.123 
2.002 2.486 3.414 17 2.405 2.963 4.037 
1.974 2.453 3.370 18 2.357 2.905 3.960 
1.949 2.423 3.331 19 . 22314 2.854 3.892 
1.926 2.396 3.295 20 2.276 2.808 3.832 
1.886 2.349 3.233 22- 2.209 2.729 3.727 
1.853 2.309 3.181 ИШ 2154 2.662. 3.640 
1.824 2.275 3.136 26 210 2.606 3.566 
1.799 2.246 3.098 28. 2.065 2.558 3.502 
1.777 2.220 3.064 30 22030 2.515 3.447 
1.732 2.167 2.995 35 1 1957 2.430 3.334 
1.697 2.125 2.941 40 1.902 2.364 3.249 
1.669 2.092 2.898 45 1.857 2.312 3.180 
1.646 2.065 2.862 50 1:821 2.269 3.125 
1.609 2.022 2.807 60 1764 2.202 3.038 
1.581 1.990 2.765 NE 1722 2.153 2.974 
1.559 1.964 2.733 . 80 1688 2.114 2.924 
1.542 1.944 2.706 90 1.661 2.082 2.883 
1.527 1.927 2.684 100. 1.639 2.056 2.850 
1.478 1.870 2.611 150 1.566 1.971 2.740 
1.450 1.837 2.570 200 | 1.524 1.923 2.679 
1.431 1.815 2.542 250 1.49% 1.891 2.638 
1.417 1.800 2.522 300 147 1.868 2.608 
1.398 1.778 2.494 400 1445 1.836 2.567 
1.385 1.763 2.475 500 14530 1.814 2.540 
1.354 1.727 2.430 1000 1.385 1.762 2.474 
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Table A.9. Tolerance intervals: Sheet2. Factor k; for two-sided tolerance limits 
(See sheetl for one-sided tolerance limits) 


g 0.95 B 0.99 
nip 0.9 0.95 0.99 n\p 0.9 0.95 0,99 
3 8.380 9.916 12.861 3 18.930 22.401 29.055 
4 5369 6370 8299 4 939 11150 145 
5 4.275 5.079 6.634 5 6.612 7.855 10.260 
6 3.712 4.414 5,775 6 5.337 6.345 8.301 
7 3.369 4.007 5.248 7 4.613 5.488 7187 
8 3.136 3.732 4.891 8 4.147 4,936 6.468 
9 2.967 3.532 4.631 9 3.822 4.550 5.966 
10 2.839 3.379 4.433 10 3.582 4.265 5.594 
11 2.73 3.259 4271 1 3.397 4.045 5.308 
12 2.655 3.162 4.150 12 3.250 3.870 5.079 
13 2.587 3.081 4.044 13 3.130 3.727 4.893 
14 2.529 3.012 3.955 14 3.029 3.608 4.737 
15 2.480 2.954 3.878 15 2.945 3.507 4.605 
16 2.437 2.903 3.812 16 2.872 3.421 4.492 
17 2.400 2.858 3.754 17 2.808 3.345 4.393 
18 2.366 2.819 3.702 18 2.753 3.279 4.307 
19 2.337 2.784 3.656 19 2.703 3.221 4.230 
20 2.310 2.752 3.615 20 2.659 3.168 4.161 
22 2.264 2.697 3.543 22 2.584 3.078 4.044 
24 2.225 2.651 3.483 24 2.522 3.004 3.947 
26 2.193 2.612 3.432 26 2.469 2.941 3.865 
28 2.164 2.579 3.388 28 2.424 2.888 3.794 
30 2.140 2.549 3.350 30 2.385 2.841 3.733 
35 2.090 2.490 3.272 35 2.306 2.748 3.611 
40 2.052 2.445 3.212 40 2247 2.677 3.518 
45 2.021 2.408 3.165 45 2.200 2.621 3.444 
50 1.996 2.379 3.126 50 2.162 2.576 3.385 
60 1.958 2.333 3.066 60 2.103 2.506 3.293 
70 1.929 2.299 3.021 70 2.060 2.454 3.225 
80 1.907 2.272 2.986 80 2.026 2.414 3.172 
90 1.889 2.251 2.958 90 1.999 2.382 3.130 
100 1.874 2233 2.934 100 1.977 2.355 3.096 
150 1.825 2.175 2.859 150 1.905 2.270 2.983 
200 1798 2143 2.816 200 1.865 2.222 2.921 
250 1780 2.121 2.788 250 1.839 2.191 2.880 
300 1.767 2.106 2.767 300 1.820 2.169 2.850 
400 1.749 2.084 2.739 400 1.794 2.138 2.809 
50 177 2070 2,721 500 1277 2.117 ке 
1000 1709 2.036 2.676 1000 1.736 2.068 21 
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Answers to Selected Problems 


Chapter 1 


Search the Internet and refer to other books to prepare your answers. 


2.3. 
2.4. 


2.5. 
2.6. 
2.7. 
2.8. 
2.9. 
2.10. 


3.1. 
3.2. 


Chapter 2 


a) Ф20Н8/17, b) Hole 2019933 Shaft 2070020 


a) Hole basis, b) at MMC Hole 40.000 Shaft, 40.042, at LMC Hole 40.025, 
Shaft 40.026, c) Locational interference fit, d) Interference Max 0.042, 
Min 0.001, Mean dia Hole 40.0125 Shaft 40.034, Mean interference 0.0215, 
Tolerance Hole 0.042, Shaft 0.016, Statistical tolerance 0.045, Interference 
Max 0.044 Min —0.001 

+ 0.011 for a and b 

2 + 0.768 

12 + 0.212, 35 + 0.306, 45 + 0.334 

45 + 0.268 

30.5 + 0.006 Unit tolerance approach, 20.1 + 0.005, 15.2 + 0.005, 65.7 + 0.008 
45H7/g6, Sliding fit, 45H7 (45, 45.025) Mean 45.0125, 45g6 (44.991, 44.9975) 
Mean 44.9943, Mean clearance 0.0183 (Min 0.0034, Max 0.0331) 


Chapter 3 


a) 20.03, b) 0.07 


25H8 (25.000, 25.033), Bonus Table (Size, Tol) (25.000, 0.010), (25.003, 
0.013), (25.006, 0.016), (..., ...), (25.033, 0.043) 
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3.6. 


3.10. 
3.11. 


4.1. 
4.2. 
4.3. 
4.4. 
4.5. 
4.6. 
4.7. 
4.8. 


4.9. 

4.10. 
4.11. 
4.12. 
4.13. 
4.14. 
4.15. 
4.16. 
4.17. 


Answers to Selected Problems 


Sketch similar to Fig. P3.2, 25H7 (25.000, 25.021) Bonus Table (Size 
(25.000, 0.016), (25.003, 0.019), (25.006, 0.022), (...,...), (25.021, 0,03 


Circularity = К (5 — 1) 6.9615 
Circularity — 1.8012 
Parallelism = 17 — (—5) = 22 


‚ Tol) 
7) 


, 


Straightness = 2.530 using Straightness.xls, Angle wrt x axis = 18.435° 
Flatness 0.041 using Flatness.xls, Normal Direction (—0.393, —0.405, 0.825) 
Circularity 0.100 using CircleSphere.xls, Center Location (12.000, 5.000) 
Straightness 0.088 using Straightness.xls, Angle 17.189? (~0.3 radians) 


Circularity 0.414 using CircleSphere.xls, Center Location (1.000, 1.000) 


‚ Cylindricity 0.150 using Cylindricity.xls, Fixed Point (0.000, 0.000, 0.000 


), 
Direction of Axis (0.000, 0.000, 1.000) 
Chapter 4 
0.64 
0.75 
0.12 


Hint: Draw Venn diagram 
a) 0.429, b) 0.457, c) 0.114 
Mean 6.1, Median 6, Mode 6 
2.767 


Mean 9.51, Median 9.6, Mode 9.9, skewness —0.189, kurtosis —0.713, IOL 
0.95 


2/3 

0.3095 

0.78 

a) binomial distribution, b) 0.1901, c) 0.3231, d) Expected и = 2,0 = 1.3416 
a) 0.7916, b) 0.4933 

0.2678 

0.0738 


a) Poisson, b) 0.1339, C) 0.8488 
0.1152 
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4.18. a) 0.0067, b) 0.5595 
4.19. 3.9199 

4.20. 0.9924 

4.21. a) $546.71, b) $126.42 
4.22. chi-squared distribution 


Chapter 5 


1. 264.0514 < и < 275.9486 
5.2. 2.5421 < и € 2.5779 
3. 266.4254 < и < 271.5746, 273 MPa is not acceptable 
4. 29.9385 < џ < 30.9615 
5.5. 335.5996 < u < 342.4004 
6. —1.0543 < ш — и» < 0.0543 
7 


Confidence Interval (Normal Approx) 0.0393 < р < 0.1321 
Confidence Interval (Clopper-Pearson) 0.0451 < р < 0.1449 


5.8. 3.7506 « c? « 12.9115 

5.9. 0.5903 < (01/02)? < 4.47 

5.10. р-уаше = 0.0304, Reject Но 

5.11. p-value — 0.0053, Reject Ho 

5.12. p-value — 0.0804, Insufficient evidence to reject Ho 
5.13. p-value — 0.8032, Insufficient evidence to reject Ho 
5.14. p-value = 0.00070, Reject A 

6.15, 15 


Chapter 6 


Use chapter computer programs to draw charts and draw conclusions. If data ranges 
are changed, make changes in the series ranges in charts. 


Chapter 7 


74. a) UCLy 49.539, LCLy 49.451, ОСІ. к 0.160, LCL» 0.000; b) 4 = 49.495, 
о = R/d; = 0.033 
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7.2. LCLy = 2.890, CLx = 3.001, UCLx = 3.112; LCL = 0.000, СІ 


0.152 
UCL = 0.347 
UCL, = 0.158 | 


74. a) UCLy = 10.225, LCL y = 9.803, UCLs = 0.309, LCL, = 
10.014, о = $/с = 0.157 


7.5. Use program EWMA.xls 

7.6. Use program CUSUM. xls, Sheet 
7.7. Use program CUSUM.xls, Sheet2 
7.8. Use program PNPCharts.xls 

7.9. Use program PNPCAarts.xls 

7.10. Use program C& UCharts.xls 
7.11. Use program C&UCharts.xls 


7.12. a) ОСІ х = 9.015, LCLy = 8.985, UCL 5 = 0.047, 
c) 0.153 


7.13. UCL y — 12.107, LCL y = 11.893, В = 0.970 


0.000; b) , _ 


LCL = 0.000; b) 0.847: 


Chapter 8 


81. C, = 0.833, Cpu = 0.556, Сы = 1.111, Сы = 0.556 


8.2. C, = 0.915, Сш = 0.686, Com = 0.755 
83. Cy. = 4.167 


84. Brand A С, = 0.800, Сы, = 0.400. Cpm = 0.256, Brand B C, = 0.571, Cj. = 
0.476, Cpm = 0.458; Brand B is preferable based on Cpg, С pm 
8.5. Ср = 1.111, Confidence Interval (0.844, 1.369) 


8.6. %R&R = 25.93, % P/T = 18.583 

8.7. Mean — 21.333 MPa, Standard deviation — 1.298 
8.8. Interval (23.896, 40.504) 

8.9. Interval (43.527, 47.473) 

8.10. Interval > 222.68 

8.11. Interval (21.788, 27.212) 

8.12. 0.853 

8.13, 46 

8.14. 0,985 
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Chapter 9 
9.1. 0.294 Binomial 
92. 0.224 Hypergeometric 
93, п-88,с-2 
94. P, = 0.376, Probability of rejecting on the first sample = 0.104 
95. n = 62, с1 = 1, m = 32,0; 23, ASN = 77. Find other possibilities using 
SP2_ATR.xls 
9.6. n = 200, c = 2 (Result from spconline.com) 
97. n 227, К = 1.7372. Reject if (U — x) /a > k (from SP.VAR.xls) 
98 n = 20, M = 6.17% Accept. (Result from spconline.com) 


Chapter 10 


10.1. Reject null hypothesis 

10.2. Reject null hypothesis 

10.3. Reject null hypothesis 

10.4. Soil has significant effect 

10.8. Main and interaction effects are significant 

10.6. p-values for A, B, C, AB, AC, BC, ABC; 0.93, 0, 0, 0, 0.43, 0.002, 
0.036 

10.7. A —0.875, АВ 0.375 


Chapter 11 


111. 265h 

11.2. 0.980 

11.3. 0.349, MTTF = 827.52 h 

11.4. 0.414, MTTF = 1711.3 h 

11.5. 0.9802 

1L6. 0.887, MTTF — 1838.4 h 

11.7. В, = 0.723, МТТЕ = 1538.5 В 

11.8. 0.6706 

119. R, = 0,5806, А, = 0.0072/h, MTTF = 139.85 h 
11.10. 0.7710 
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11.11. 
11.12. 
11.13, 


11.14. 
11.15. 


12.1. 


12.2. 


12.3. 
12.4. 
12.5. 
12.6. 
12.7. 


12.8. 
12.9. 
12.10. 
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R, = 0.9998, MTTF = 13269 h 
R, = 0.9785, МТТЕ = 4500 h 


out standby т 


МТТЕ = 66.67 h, MTTF with 3 standby units = 266.67 h 
К = 0.5488, MTTF = 1667 h, Number of standby units for К, of 0.9999 ы 


h. 


Chapter 12 


а = 69.24, В = 0.9781, у = 1.3513, MTTF = 71.26 h, Reliabilit 
hours — 0.8152. Can be modeled using exponential distribution 
close to 1. 

« = 580.05, 8 = 1.0211, y = —0.7376, МТТЕ - 574.35 h, Reliability 4 


50 hours — 0.9203. Can be modeled using exponential distribution since f 
is close to 1. 


у at [5 
Since £ i 


a = 347.76, В = 1.5601, у = 0.5521, MTTF = 313.11 h 

ш = 7.3036, с = 2.8833 

МТТЕ = 1669 h, 90% Confidence interval (911.7, 4235.7) 
МТТЕ = 100000 cycles, 95% Confidence interval (39056, 246383) 


6 = 4630 h, С = 4203 h, д > C Acceptable. Probability of accepting a mean 
life of 2000 h — 0.0138 


r=4,n=7,0/ = 0.2594 
r -3,п-5,0/0 = 0.2878 
ho = 1175.15, hy = —1077.48, 5 = 792.87 


